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Abstract

We give a brief survey of results on Siegel disks of some rational func-
tions with bounded type rotation number. A Siegel disk of some polynomial
with bounded type rotation number has the quasicircle boundary containing
its critical point. In order to construct such a Siegel disk not of a polynomial

but of a rational function, we consider some Blaschke product and employ the
quasiconformal surgery.

1 Results

Let P,(2) = z* + €¥™*z. Then the following theorem holds if @ is of bounded type.

Theorem 1 (Ghys-Douady-Herman-Shishikura-Swiatek, [6]). If an irrational
number a € [0, 1] is of bounded type, then the boundary of the Siegel disk A of P,

centered at the origin is a quasicircle containing its critical point —€*" (2.

Let O, m(2) = €™°2(1 + z/m)™. Geyer showed the following theorem which is
extended to some polynomials. Note that P, is conformally conjugate to Qq, 1.

Theorem 2 (Geyer, [1]). Let m > 1 be a positive integer. If an irrational number
a € [0, 1] is of bounded type, then the boundary of the Siegel disk A of Qe,m centered
at the origin is a quasicircle containing its critical point —~m/(m + 1).

For complex numbers A and u with Au # 1 and a positive integer m, let
z+A\"
uz+1) -’

Foum(2) = z(
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The origin and the point at infinity are fixed points of F; ,, ,, of multiplier A and x™
respectively. In the case thatu = 0, -

From@=z@z+A)".

Therefore the rational function F, , , of degree m+1 is considered as a perturbation
of the polynomial F, o, of degree m + 1. Note that F'; ¢, ,, is conformally conjugate
to Qg m if A™ = €@,

- Main Theorem. Let m > 1 be a positive integer and u € D. If an irrational
number « € [0, 1] is of bounded type and e™*u™ # 1, then there exist suitable pairs
{(/lj, I“])}’jnal with

() A7 =& ur =pmand 4y, # 1 for je(l,...,m)
Gi) 4 # % ifj#k

such that for each j € (1,...,m), the boundary of the Siegel disk A; of Fy, . m
centered at the origin is a quasicircle containing its critical point.

Main Theorem contains Theorems 1 and 2. Moreover we obtain the following
corollary.

Corollary. Let m > 1 be a positive integer, a € [0, 1] be an irrational number of
bounded type, ™ = ¢ with €™u" # 1 and {(;,u))})}., be as in Main Theo-
rem. If B € [0, 1] is an irrational number of bounded type, then the boundaries of
Siegel disks A; and AT of Fy,u,m centered at the origin and the point at infinity

respectively are quasicircles containing one critical point.

2 Key Theorems

Let m > 1 be a positive integer. We consider the Blaschke product

Be.go,m(z) - eZm'moz (_z_—-f—z-)'"( z-b )m

l-az] \1-bz
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of degree 2m + 1 with ab#1and0 < lal < |b] < o0. Let

x= {(m +1)? + (m = 1)27% + 2(m?* = Drcos2n(2p + 0 + cu)}-l
X {D1 cos 27t + D, cos 2m(yp + 6 + w)
+Ds c08 21(3¢ + 6 + w) + Dy 08 21(3¢ + 26 +2w))

and

y={m+ 17 + (m — 122 + 2(n* — 1)rcos 2n(2p + 0+ w))
X {Dl sin 27t ~ D, sin 2n(p + 6 + w)
+D; sin27(3¢ + 6 + w) — Dy sin 271(3¢ + 20 + 2w)},

where

Dy = (m+ 1)*)(2m + 1) = 2m(m* - 1)1,
D, =2m(m® - Dr - (m - 1)*(2m - 1)1,
D3 =—~(m+ 1)27', Dy =-(m-—- 1)272.

Theorem A. Let u = re*™™ ¢ D and let a = a(6, ) and b = b(6, ¢) with |a| < |b| be
complex numbers satisfying relations a + b = x + iy and ab = re®%), that is, a
and b are the solutions of the equation

Z? — (x + iy)Z + re” 26+ = (, M
where x and y are as above and (6, ¢) € [0, 112. Then the following holds:

() In the case that'r = 0, solutions of the equation (1) are a = 0 and b =
(2m + 1)e2™,

() In the case that 0 < r < 1, the equation (1) does not have double roots.
Moreover 0 < la] < 1 < |b| < 0.

(c) In the case that r = 1 and 2¢ + 8 + w = 0 (mod 1), the equation (1) has
double roots and a = b = &¥™%.

(d) Inthe case thatr = 1 and2¢ + 6 + w % 0 (mod 1), the equation () does not
have double roots. Moreover 0 < |a] < 1 < |b| < oo.
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(e) In the case (a), (b) or (d),

Ba,¢,m(2) = lerimoz( z —f ) ( z—b )

l=-az] \1-bz

is a Blaschke product of degree 2m + 1 and the point at infinity is a fixed point
of Bg,,,m With multiplier u™. Moreover z = €™ is a critical point of By, ,,m

and By, , it : T = T is a homeomorphism, where T is the unit circle.

Let £ : T — T be an orientation preserving homeomorphism and denote by p(f)
the rotation number of f.

Theorem B. Let a € [0, 1] and let u = ré*™ € D, a = a(b, ¢) and b = b(6, ¢) be as
in Theorem A. Then for the Blaschke product

Be,go,m(z) — e2m'mez( z —-3 )’” ( z—-b )m’

l-az] \1-bz

Bg,p,mit : T — T is an orientation preserving homeomorphism. Moreover
(@) If0 < r < 1, then there exists (80, ¢o) € [0, 11* such that p(Bg,, 4, mlt) = @.

() Ifr =1and a+mw % 0 (mod 1), then there exists (6o, @o) € [0, 1% such that
P(Bsy, po.mlr) = @ and 2¢p + 6 + w # 0 (mod 1).

3 Proof

Proof of Main Theorem. By Theorem B, there exist (6, ¢) € [0, 1]* such that the
degree of By, ,,m is 2m + 1 and p(Bg,,mit) = . Then there exists a quasisymmetric
homeomorphism 4 : T — T such that 40 By ,, wlr 0 57!(z) = Ra(2) = €™z since a is
of bounded type. By the theorem of Beurling and Ahlfors, & has a quasiconformal
extension H : D — D with H(0) = 0. We define a new map By, ,, m as

Bo.gm on &\ D,

gﬁ,gp.m =
H'!oR,oH onD.
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The map By, ,,,, is quasiregular on C since T is an analytic curve. Moreover B, ,, n
is a degree m + 1 branched covering of C. We define a conformal structure o7, , » as

(
H'oy on D,

Topm = §(B},.m) 00 onBy7,, @) \DforallneN,
70 onC\ Uy, 85", D),

where o is the standard conformal structure on C. The conformal structure o, o, m
is invariant under By, , » and its maximal dilatation is the dilatation of H since H is
quasiconformal and By, ,, » is holomorphic. By the measurable Riemann mapping
theorem, there exists a quasiconformal homeomorphism ¥ : ¢ — C such that
¥*0o = 06,4.m Therefore ¥ o By, » o P! is a rational map of degree m + 1. We
~ normalize ¥ = ¥; by ¥,(0) = 0, ¥;(b) = —1, and ¥;(c0) = oo, where 1, = &2 */m
forje(l,...,m).

Lemma. Ifu # 0, then there exists p; with 7 = ™ such that
F/lj,uj,m = \Pj o 89,¢_m ] ‘P;l

Proof of Lemma. Define ¢; as £, = —'¥;(1/a). Note that A; # ¢; since such '¥; is
unique. Since orders of zeros and poles are invariant under conjugation, we obtain
that

-1 | Z+/1j "
¥;oBgpmo¥; (2) =1z Z+ &

Since multipliers of fixed points are also invariant under conjugation, we obtain that
;A ,
G

1 1

(%0 Bapno¥;) ()

By the equations (1) and (2), we obtain that (£;4)” = 1. Then there exists an m-th
root of unity v; such that §; = v;/u. Therefore

z [(z+4;\" z+/1,-)”'
o¥il(2) = =z|——
v w0 - 5 () -G

(¥ 0 Bopm 0 ¥7') (0) = - = &™ 1)

and
=" @

m
zZ+4; AR
_—_—] - z(#jz + l) - FA/.MJ,m(z)o
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where u; = u/v;. m]

Letpu; = Oforall j € {1,...,m} if u = 0. Itis easy to check that the pairs
{(4;, u))Y., satisfy (i) and (ii). The map F,,,, . has a Siegel disk A = ¥,(D) with
a critical point ¥;(¢?™¥) € A. Moreover A = ¥/(T) is a quasicircle since ¥, is
quasiconformal. O

Proof of Corollary. Let I(z) = 1/z. Then F;  y m =T 0 Fy 4, mo I. Let Aand A,
be Siegel disks of F,,,,m centered at the origin and the point at infinity respectively.
By Main Theorem, the boundary of A contains a critical point of F,,,, ». On the
other hand, I(A) is the Siegel disk of F,, 4, m centered at the origin. By Main
Theorem, the boundary of J(A.) contains a critical point of F),, o, ». Therefore the
boundary of A.. contains a critical point of F,, ., m- ]
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