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Recant Topics From Compettive Glame Theery
B s 3hm 2 ( Mo Sakaguch?)
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, 9: é_-'l‘wo-player One-sided 'Games of Deception. Two numbers z; and z; are chosen
from [0, 1] by means of independent bivariate uniform distribution on [0, 1]*. Player I now
looks at the numbers privately and chooses one of the two and opens it to Player II, and
the other number is covered. Player II then accepts either one of the opened number or the
covered number, and receives from player I the number he accepted. Player I (II) aims to
minimize (maximize) the expected payoff to II. '

In Baston and Bostock (Ref.[1]) it is proven that the strategies;

o* : Choose the nearest number to } among z; and z,, and open it. The other number
is covered.
for I and

7* : Accept the opened (covered) number if it is > (<)},
for II, constitute an optimal strategy-pair, and the value of the game is 7/12.

By Sakaguchi (Ref.[5]) it is proven that, if z; and z3 are independent bivariate standard
normal distribution in (—c0,00)3, then the above strategy-pair o* and 7* with 4 replaced
by 0, is optimal, and the value of the game is zﬁ{;— rs 0.2337.

48 Two-player Two-sided ,Games of Deception. Let X),X3,Y1,Ys are i.i.d. rvs
with an identical p.d.f. " Player I observes (X;,X,) and chooses his decision number 6, €
[0,1]. Player II observes (Y;,Y3;) and chooses his decision number ; € [0,1}. Each player’s
choice of his decision number is made independently of the opponent’s choice.

Player I chooses the nearest number to'6; among z; and z; and open it and the other
number is covered. Player II chooses the nearest number to 63 among y; and y2 and opens it
and the other number is covered. If II's opened number is > (<)6,, then I gets II's opened
(covered) number. If I's opened number is > (<)f3, then II gets I's opened (covered)

number. For the sake of symmetry it should be 8; = 63(= 6, say). Both players want to
choose the optimal § which maximizes the common expected payoff, they can get.
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Now @k (X,%2) be a bivariab vvr obey ng & pertectly
5Y mm etre di;;frihaﬁoh- Tt vs shown Hhat ﬁr(l )blvanhfe um'{wth
and 2) bivart® normal JJ'Si'w’L_

the less correlated is between the two component variables, the more effective player
I’s deception becomes, at least, when the correlation is oppositely directed. It is aho shown that,
for (2) if independence is assumed, the value of the game is (2 — Vv2)/V2x = 0.2337.
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(' ‘ ) - f(zlt 32) = e-(lrl-'q){l + 7(25-“ - 1)(23—" - 1)}:(31a33) € (0: °°)2

where 7, |y| < 1, be a given constant. It is easily seen that f(®1,23) is symmetric with
identical marginal pdf g(z) = e~*,0< 2 < oo, and that the correlation coefficient is equal
to (1/4)y. This bivariate pdf is one of the simplest one that has identical exponential
marginals and correlated component variables. For( [ ) ana ' ‘

the bivariate horma.l”

(%) fer,2) = ;11-¢' (f_l."'_“_l.) '-1-4’ (ﬂf’&) 1(21,23) € (—00,00)?,

31 (5]
(i.e., asymmetric but independent), an optimal strategy-pair would be difficult to find.
iC. SQQM ntial Deteption Game. [Ref 5]

The classical full-information best-choice problem first discussed by Gilbert and
Mosteller in 1966 is extended to a sero-sum bilateral sequential game by introducing an oppo-
nent player (I) who looks at a sequence of r.v.’s privately and decides whether to “open” or
“cover” each r.v. He is allowed to cover at most m times. If the statistician (player IT) accepts
a r.v. he receives from I his accepted variable, and the game terminates. If II rejects a r.v,,
the game is continued to the next round starting with the next r.v. privately observed by I.
Player I (II) wants to minimise (maximise) the expected payoff to II. For this m-opportunity
n-round sequential game, an optimal strategy-pair of the players and the value of the game are
found for general distribution of the iid sequence of r.v.’s. It is shown that under the optimal
play player I deceives his opponent, i.e. covers the r.v. if it is very small as well as if it is
considerably large. Two examples are given to illustrate the procedure to derive the solution of
the game. It is shown, for example, that when the distribution is uniform in [0,1], and n = 13,
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II can get 0.8126, 0.7561, 0.7067, if m = 1,2, 3, respectively, dtlfough he.ca.n get. 0.8791 if
his opponent is not allowed to cover (i.e. m = 0). Finally the Poisson-arrival version of the
continuous-time sequential game with a given final time is also formulated and solved.
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ofy) = 0.0467, ofY) = 0.6897, v{? = 0.7410, and AP = 0.0739

Game value is ug) = 0.;1067,
wherglthe horizgontal line segment represents the abcissa of 0 Sz S1,and O-r, 0-a, and c-m
~ mean the decision-pair open-reject, Open-accept and cover-mix with < 8,5 >, respectively.
ON TWO-PERSON “REAL” POKER BY NEWMAN Players I and IT each

aate 1 unit and are each dealt a “hand”, namely, a randomly chosen real number in [0,1].
Each sees his, but not other's hand. First I bets any amount (& 0) he chooses. Next IT
decides whether he sees the bet or folds. The payoff is as usual. Hence the rule of the game
is described by the diagram (in which sgn z = 1 (#>0), 0(s=0), or ~1(s < 0)):

Player Hand 1at Move 2nd Move Payoff to 1
I z bet A(z)
y I { fold -=-------- 1
T e ----- (1+ f(z))ogn(z ~ y)

The solution ingeneously suggested by Richard Bellman and proved by Newman is as
follows: An optimal strategy for I is, when his hand is z, to bet

unique root 4 in [0, co) of the equation ,

3(2/(B+2))-2(2/(B+2)P=1-T2, #0Sz<1/T,
0, ' if1/7S = S 4/7,

{(12/7) (1 - 2)-2)1/2 _ g, if4/7<z S 1.

The optimal strategy for II is to see the I's bet, 8, if and only if his hand y exceeds
1-(12/7) (8 +2)~1. The value of the game is 1/7. { Re: [2]

Figure 1 describes this optimal strategy-pair. Newman pointed out the following two
interesting points: :

p*(z) =



152

(1) II’s strategy is featureless. He merely sees the bet if his hand is good enough. I's

strategy, on the other hand, is very slick. He very systematically and boldly bluffs on
0 < z < 1/7. For example he bets 8* (0.142815) = 200(cf.1/7 = 0.142857), which would

otherwise correspond to the superb hand z = 0.89996. . )
(2) The number 7 is present in an essential way in the solution. (The explanation of this
mystical appearance is not given.) e
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(0‘7 x Mdj bl A‘QI b)' 'D-["; | 3. (b). payoff is defined by sgn (x —y) and
(c) player 1 isallowed to choose an arbitrary real amount of bet, Once either of the
three is removed, the presence of the number 7 in the solution disappears.
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a mystvious number, We canprove;

.An optimal strategy for 1, when his hand is z, is to bet
a unique root 8 in (0, 00) of the equation
Pi(z) = 3¢ ~2£%=1-~4z, where { =2/(2+8), H0Sz<1/4,
0, if1/4<zS1,



153

if z < y becomes known;

0 if0Sz<1/4
g@ ={ H05s<1/
3/(1—z) —2, ifl/4<z 1
if £ > y becomes known.

The optimal strategy for II is to see the I's bet B, if and only if his hand y exceeds
yﬁ(ﬂ) =1~ (3/2)/(2+ B). The value of the game is 1/4

B B
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z - T v
0 1/4 1 0 1/4 1
i (=) Bi(=z) v(B) -
3y ) fnfeve;ﬁ'nj o obsevie how (i) anel(2.), menivonel vn 1o }’M"i*mu
vage, Wil ma ke changes jn these tiromamples,

On. open prblem . I X hao pdf 2% his hifh bet is risky 15
thexe 15 hand Ad+nb, wndt which he wouldn't Mmake a feature-

Qoes pet7 (Refl6I(])

On Threa~Member Commitiee A 3-player(=member) committee
has players I, II and III. The committee wants to employ one specialist among n appli-
cants. It interviews applicants sequentially one-by-one. Facing each applicant player I(II,
III) evaluates the management ability at X1(Y;, 21) and computer ability at X3(Y2, Za)-
Evaluation by the players are made independently and each player chooees, based on his
evaluation, either one of R and A. The committee’s choice is made by simple majority. If
the committee rejects the first n — 1 applicants, then it should accept the n-th applicant.
Denote

(1.1) §=nAnn=nAn(=nAzn

If the committee accepts an applicant with talents evaluated at x,y,s by I, II, III, resp.,
then the game stops and each player is paid £,7,¢ to I, II, ITI, resp.. If the committee
rejects an applicant, then the next applicant is interviewed and the game continues. Each
plaver of the committee aims to maximize the expected payoff he can get. '
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The two different kinds of talents (management and computer abilities) tor eacn appu-
cant, are bivariate r.v.s, i:i.d. with pdf

(1.2) h($1,$2) =1+7(1- 2z,)(1 — 2z3), Y(z1, 32) €0, 1]2: <t

for player 1. For II and III, pdfs axe h(y1,ya) and h(31, z3) respectively, with the same . I
X1(X3) for 1 is the evaluation of ability of management (foreign langusge), then v will be
0<y<1. Tf X is the evaluation of the compnter ability, then v may be ~1<v<0.

The bivariate pdf (1.2) is one of the simplest pdf that has the identical uniform margins
and correlated component varisbles. The correlation coefficient is equal to v/3. :

Denote the state (j,X,y,s) where x = (z1,%2), etc., to mean that Q) the first j — 1
applicants were rejected by the committee, (Dthe j-th applicants is currently evaluated at
x,y, s, by I, II, Il resp. and @n—j applicants remain un-interviewed if the j-th is rejected
by the committee. ‘The state_is.illustrated bv the Figure 1.

Committee
1 evaluates at x & chooses R/A

y —eee———- p0O....0
Do o----< go.-g

/ (n~J) Applicauts
I o~ %

Figure 1. State (j,x,y,)

.We define us = Expected payoff ' player I can get, if I is in state (j, X, y, ) and all players
play optimally hereafter.
.Deﬁnpu,,forn,mdw,,form,simﬂaﬂy. Moreover we introduce a number
' 1 1]
c--E:(€)=2/ dmf. -’Bah(zt,za)dtz=l+-l-'7
0 0 3 3
where §s in [3/10, 11/30] for Vy € [-1,1].
TheOptimalityEquationofour&piqerz-choioewetagegameit

(1.3) (ug) v3o wg) = Ex.y.-\[_' Expected payotts facing M:(197 )
(jE[l,n],un=u,.=m"==E,(€)=c),, '

go‘n? Ye

. R by M.’I.R(xvY1 5)
(14) M;(x,y, &) <<

AbyI — Mja(x,y, =)

: RbyIl AbyIN
(1.5) Mja(x,y,8)= RbyI |y, v, w

u, v, w
AbyO[w v wl§ n ¢

= u’ u) w 5’ 711 (

(1.6) Mjalx,y,35) &, 7. C[& n ¢
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because of the simple majority rule.
In each cell, the subscript j + 1 of j41,9j41, W41 i8 )
omitted. We use this convention hereafter too, when needed.

Te 15 cloar +ad for T in state (5,x,,%), B (A) dominates A (R), fus1 > (<) Bx
J“;’DI" 2tw for 1 (I[i), ug+1 and § ore replaced by vs41 and n (wy4+1 and §).

let
HO=E 18>0 = (A G+r oty 3
§W 2 E[31(1ow)] = w2+ U (%-% u+Su?)
We Prove : o;mmal ezpected payoff to 1 satisfies the recursion
ug = Q(uz1), Vi€l,n—1,un=c,
e Q(u) = u [1 — 8(f(w))? + 2(f(w))*] + (f (u))*(c —29(w)) +2f (w)g(u).

“hA u\7 uz7 JN '7 u"l" 7uh=c'

In real world n moy be 20 o7 50, So making #e 1ol

Un  Up—l Un—2 ‘' U2 u,
y=—1| 8/10 0.3420 0.3685

0 | 1/3 03821 04121
11/30 0.4284 0.4620

1
\'5 use {—\&R‘ (R(‘G(q-]‘)“

Ahother ﬁa‘mj of 3-member committee /S 2 1t wants &
tmploy one spekialist dmong n applicants.

The committee interviews applicants sequentially one-by-one. kFacing emu
applicant each member chooses either A(=accept) or R(=reject). If choices are dif-
ferent, odd-man’s judgement is not neglected and he can make some arbitration for
deci co s A or R :Y3,25) be the evaluations of the j-th
applicant’s ability by the committee members, where X1,Y5,2; are i.i.d, with Uy
distribution. Each member of the committee wants to maximize the expected value up
of the applicant accepted by the committee. This three-player two-choice multistage
game is formulated and is given a solution, as a function of p € [0, 4] i.¢., odd-man’s

power of arbitration. It is shown that tn T teo(P) and g (p) decreases as p & [0, 3]

Define the state (1, 2,y, z) to mean that the committee evaluates the present applicent

at 2(y,z) by I (I, II) and n — 1 uninterviewed applicants remain if the present applicant
is reiectad bv the committee.
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Let EQV(=eq. value) for the n-stage game be (tn, Un, wn). Then the Optimality Equa-
tion is

1
(‘2 l) (un, v, wn) = Ezy.4[EQV of Ma(z,9, 2)}, (ﬂ Zlu=n=u= §) )

where the payoff matrix Mn(z,y, 2) in state (7, %, y, z) is represented by

Rbyl —~ Mur(z,y,2)
(2;1.) Mq(z,y, 2) <

AbyT — Mna(®2,

s R s A
(23) Mur(z,9,%)= I’sR Y, v, w P2y, ) + By, v, w)
’s A | p(2,y,7) + B(u,v, ) (v, v,w) + F=,y, 2
(0 Moy = (b B [y e) PR

In each cell, the subscript. n —1 of un—1,9p-1,Wn—; is omitted. We use this
convention hereafter too, if needed.

I'[’ % ;hom i'W u,,'f‘ u ,W)uer-e Uyjssa w,,'zu! root ' (_‘{"’) af

(3p-1( “3—“‘? +(pr) u-+ =0, if ]y s
Cbmpu‘l‘a,‘h‘on 9+ ves

p=0 0.1 0.2 03 1/3 o035 04 172
teo(p) = J= M 0.7071 0.6605 0.6304 0.6069 3/5 0.5967 0.5872 0.5698

If the odd-man appears, and has some power of arbitration the committee stands at dis-
advantage, in the sense that its gain uo{p) — } decreases as p € {0,4] increases. The
committee gets less, as odd-man’s power of arbitration becomes stronger. 52¢ Rei(8)

REFERENCES,
[\ Deception games, Int. 3. of Game Th., 17 (1989), 129-13¢
(2] AmodeX Eor'yepd” poker, Opr.Res,(1959) 5%~ 560.
By M.Sakaguchr[33~ 193,

(31 Math Japon 35(1990) $27-¢36 (%] SCIMJES (0073403
(53 Math. Japor 39(1992) 813~%26 (6] Math Japon 3/(1985) ok 535

(1) Clah Tnpor 39(1976) 16%-176. (83 ScM L (200) 3/-36
(1) To nppear in GTA KNV (20m)

*3-26-4 MIDORIGAOKA, TOYONAKA, OBAKA, 560-0002, JAPAN,
FAx: +81-6-6856-2314 E—m: minorusQtcct.saq.ne.jp



