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1
For a prime $p$ , let $(\mathcal{K}, \mathcal{O}, k)$ be a p-modular system where $O$ is a complete
discrete valuation ring having the residue field $k$ of characteristic, $p$ which is
algebraic’ally closed and having the qnotient field $\mathcal{K}$ of characteristic r.ero which
will be assnmed to be large $eno\iota lgh$ for any $fi_{11}ite$ group we consider in this
artiele. Let $\mathcal{R}\in\{O, k\}$ . Below, by characters, we mean $\mathcal{K}$-characters.

Glauberman showed in [4] that, when a finite group $G$ is acted by $S$ where
$S$ is a finite solvable group such that $(|G|, |S|)=1$ , there is a one-to-one corre-
spondence between the set Irr(G)s of S-invariant irreducible characters of $G$ and
the set $Irr(C_{G}(S))$ of irreducible characters of $C_{G}(S)$ .

Watanabe showed in [10] that when an S-invariant block $b$ of $G$ ha.s a defect
$gro\iota lp$ centralized by $S$ (often called Watanabe’s situation), then all irreducible
$charac\uparrow_{Pr}\dot{\iota}_{\backslash }^{\backslash }$ in $b$ are S-invariant, all of them are mapped by the Glauberman
correspondence bijectively to the irreducible characters belonging to a single
block $w(b)$ of $C_{G}(S)$ , and $b$ and $w(b)$ have equivalent Brauer categories

In p-block theory, some “good relation“ between blocks having equivalent
Brauer categories is expected. See, for example, articles by Uno and Narasaki
for a formulation in terms of characters.

Recently, Dade gave in [3] a new approach to the Glauberman correspon-
dence and partly generalized it.

In $t_{1}his$ article, we note that, under some assumptions (see Conditions 2.1,
3.2 and 4.1), blocks related by the correspondence of Dade have equivalent,
Braller categories, emphasizing the relation $Pr_{c_{\rho_{d}}^{P}}^{C(P)}{}_{(P)}Pr_{C\epsilon^{\tau},(P)}^{E}=Pr_{C_{F},(P)}^{E’}Pr_{E’}^{k^{\backslash }}$ ,
for groups $E,$ $E’$ and $P$ below. In part,icular, with [10, Proposition 1], this gives
an alternative proof of above mentioned Watanabe’s result.

In fact, under our $a_{\backslash }ss\backslash 1mptions$ , t,he correspondence of Dade induces a perfect
isometry (isotvpy) between $grol\iota ps$ of generalized characters of related blocks,
as in the ($:a_{\iota}se$ of t,he Glauberman correspondence under Watanabe’s situation
([10]). A perfect isometry (isotypy) is a phenomenon in the Character level which
is said to be a shadow of a (splendid) derived equivalence, see [1] and [7], and
we lna.y expect, a (splendid) derived equivalence between relat,ed blocks.
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For details, see [8], and for standard facts, see [9] and [5]. We also referred
$t_{l}o[11]$ in writing this $artie^{\backslash },1e$ .

Notations: For aring $R$ , we denote by $R^{x}$ the $lnllltiplic,ativegro\iota lp$ con-
$sist_{(}ing$ of all $|1it_{1}s$ of $R$ and by $Z(R)$ the center of R. Let $E$ be afinite grotlp.

Denote by $\alpha^{*}\in kE$ the canonical image of $\alpha\in \mathcal{O}E$ . For asllbset $E_{0}$ of $E,$ $\mathcal{R}E_{0}$

$]_{\iota}$;an $\mathcal{R}_{-811}bspace$ of the $gro\iota lp$ algebra $\mathcal{R}E$ spanned by elements of $E_{0}$ . When
$E_{0}$ is invariant by conjtlgation action of $E$ , denote by $(\mathcal{R}E_{0})^{E}$ the $\mathcal{R}- s\iota\iota bspace$

$of\mathcal{R}E_{0^{C}}.onsistiofE-invariantelements.LetE’beast\ln otebyPr_{E}^{E},an\mathcal{R}- linearmapfrom\mathcal{R}Eto\mathcal{R}EdefinedbyPr_{E}(x)=xifx\in E’\not\in$,

and $Pr_{E’}^{E}(x)=0$ if $x\in E-E’$ , which induces an $\mathcal{R}$-linear map $homZ(\mathcal{R}E)$ to
$Z(\mathcal{R}E’)$ . Denote by $h_{E}^{E}$ , an $\mathcal{R}$-linear map from $(\mathcal{R}E)^{E’}(\supset Z(\mathcal{R}E’))$ to $Z(\mathcal{R}E)$

defined by $R_{E}^{E}(\tau)=\sum_{y\in[E’\backslash E]}\tau^{y}$ for $\tau\in(\mathcal{R}E)^{E’}$ . For a $s\backslash lbsetC$ of $E$ , we denote
$\hat{C}=\sum_{x\in C}x\in \mathcal{R}E$ . For $\psi\in$ Irr(E), there is $\bm{t}$ algebra homomorphism $\omega\psi$

$homZ(OE)$ to $o$ determined by $\omega_{\psi}(\overline{C(x)})=|E|\psi(x)/|C_{E}(x)|\psi(1)$ where $C(x)$ is
a $c.onjt\iota gacy$ class of $E$ containing $x$ , see [5, III, 2.5]. Let $F$ be acyclic $gro\backslash lP$

and $\check{F}=Hom(F, \mathcal{K}^{x})$ the dual grollp of F. If there is an epimorphism $\pi:Earrow F$ ,
$F$ ac.ts on Irr(E), denoted by left mtlltiplIcation, by $(\lambda\psi)(x)=\lambda(\pi(x))\psi(x)$ for
$\lambda\in\check{F},$ $\psi\in Irr(E)$ and $x\in E$ , see [3, Proposition 1.15, and (1.16)]. Let $G=Ker(\pi)$ .
If $\phi\in Irr(G)$ is $E$-invariant, that is, $\phi\in Irr(G)^{E}=\{\phi\in Irr(G)|\phi(g^{x})=\phi(g)$ for any
$g\in G$ and $x\in E$ }, then $\phi$ has $|F|$ distinct extensions to characters of $E$ , in fact,
which form aset $Irr(E|\phi)=\{\psi\in Irr(E)|[\phi,\psi\downarrow_{G}^{E}]_{G}\neq 0\}$ where $[\cdot, ]$ is the $1lStlal$

Inner $prod_{1}\iota ct$ , and $Irr(E|\phi)=\{\lambda\psi|\lambda\in\check{F}\}$ where $\psi$ is any element of $Irr(E|\phi)$ , see
[3, Proposltion 1.19]. Denote by $e_{\phi}$ the primitive idempotent of $Z(\mathcal{K}G)c,orr\triangleright$

sponding to $\phi\in Irr(G)$ , see [5, III, 2.4].

2
We say that $(*)_{E,G,E’,G’,r}$ holds if the following holds:

$E$ is afinite group with anormal $s\iota lbgroupG$ stlch that the $q\iota lotientgro\iota lp$

$F=E/G$ is c,yclic of order $r$ . Let, $\pi$ : $Earrow F$ be the canonical epimorphism.
$E’$ is a $Stlbgro\iota\iota p$ of $ESllc,h$ that $E=GE’$ . $G’$ is anormal $Sllbgro|.lp$ of $E’$

defined by $G’=G\cap E’$ . Let $F_{0}$ be the set of generators of $F,$ $E_{0}=\pi^{-1}(F_{0})$

and $E_{0}’=\pi^{-1}(F_{0})\cap E’$ . $E_{O}’$ is atrivial intersectiom sllbset of $E$ with $E’a_{\iota}s$

its $normali^{t}zer$ , that is, $E_{0}’\cap E_{0^{\tau}}’=\emptyset$ , the empty set, for any $\tau\in E-E’$ .
Under the above condition, Dade gives a $on\triangleright t\triangleright one$ correspondence between

$Irr(G)^{E}$ and $Irr(G’)^{E’}$ . [ $3$ , Theorems 6.8 and 6.9] should be referred for precise
statements. Below, we always assume the following:

Condition 2.1. $r=q^{n}$ for a prime $q$ and $n\in \mathbb{Z}_{>0}$ .
$Thro\iota tght_{o11}t$ this article, let $E,$ $G,$ $E’,$ $G’$ be $f^{\backslash }11chthat_{\iota}(*)_{A^{\backslash },G,b^{\backslash }G’}’,,’$ . holds.

Let $F=E/G$ and let, $\pi$ : $Earrow F$ be the canonical epimorphism. For a subgroup
$H$ of $E$ such that $\pi(H)=F$ we will consider the action of the dual group $\check{F}$ of
$F$ on $Irr(H)$ defined by the restriction of $\pi$ to $H$ .

Under Condition 2.1, the correspondence of Dade can be described as:
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Theorem 2.2. (Dade) There is a bijection

$Irr(G)^{A^{\neg}}arrow Irr(G’)^{E’}$ , $\phirightarrow\phi_{(G’)}$ $(*)$

which $sati,9fi,es$ the following:
$\bullet$ When $q$ is odd, there are a unique sign $\epsilon_{\phi}\in\{\pm 1\}$ and a unique bijection

$Irr(E|\phi)arrow Irr(E’|\phi_{(G’)})$ , $\psi_{i}\vdasharrow\psi_{i(E’)}$ $(**)$

such that
$(\psi-\lambda_{q}\psi)\iota_{E’}^{E}=\epsilon_{\phi}(\psi_{(E’)}-\lambda_{q}\psi_{(E’)})$ $(***)$

holds as generalized character.$s$ for any element $\lambda_{q}\in\check{F}$ of order $q$ .
$\bullet$ Wh.en $q$ is 2, if we choose a sign. $\epsilon_{\phi}$ arbitrary, there $\dot{k}\S$ a unique bijection

$(**)$ such that $(***)$ holds.
We call both the correspondences $(*)$ and $(**)$ in Theorem 2.2 the $Glauberman-$

Dade correspondence of characters. For a relation to the Glauberman corre-
spondence, see [3, Section 7].

$BeJow$ , we denote by $C(x)$ the conjugacy class of $E$ containing $x\in E$ and
by $C(x’)’$ the conjugacy cla. $s$ of $E’$ containing $x’\in E’$ .
Remark 2.3. Since $E_{0}=u_{\iota\epsilon[E’\backslash E]}(E_{0}’)^{t}$ (disjoint union), see [3, Lemma 6.5],
we see that there is a one,-to-one correspondence between the set of conjugacy
cla.sses of $E$ contained in $E_{0}$ and the set of conjugacy classes of $E’$ contained in
E\’o, and $Pr_{E}^{E},$ $(\overline{C(x’)})=\overline{C(x’)}’$ for $x’\in E_{0}’$ . Hence, $Pr_{E}^{E}$ , induces an isomorphism
between $\mathcal{R}- spac,es(\mathcal{R}E_{0})^{E}$ and $(\mathcal{R}E_{0}’)^{E’}$ .

The correspondence in Theorem 2.2 can be $de_{\wedge}sc,ribed$ in terms of central
primitive idempotents corresponding to characters, see also [6]:

Proposition 2.4. $Pr_{E}^{b},(\overline{C(x’)}e_{\phi})=\overline{C(x’)}’e_{\phi_{(c:)}}$, for $x’\in E_{0}’$ and $\phi\in Irr(G)^{E}$ .
For Proposition 2.5, see also the proof of [10, Proposition 2(ii)]:

Proposition 2.5. Let $\phi\in Irr(G)^{A}$ and $\psi\in Irr(E|\phi)$ . Then, for $\sigma\in(OE_{0})^{A^{\urcorner}}$ ,
it holds that

$\omega_{\psi}(\sigma)=\epsilon_{\phi}\frac{|G|}{\phi(1)}\frac{\phi_{(G’)}(1)}{|G|}\omega_{\psi_{(\Gamma’)}}.(Pr_{E}^{E},(\sigma))$ .

In the remainder of this section, let $P$ be an arbitrary subgroup of $G’$ such
that there is some element $s\in E_{0}’$ centralizing $P$ .
Lemma 2.6. $(*)_{C_{b^{\backslash }}(P),c_{:(P),C_{B},(P),C_{c},(P),r}}$. and
$(*)_{C_{arrow},(P)/Z(P),C_{Cj}(P)/Z(P),C_{b^{\backslash }},(P)/Z(P),C_{*},,(P)/Z(P),r}$ hold.
Remark 2.7.

$(\mathcal{R}E_{0})^{E}(\mathcal{R}E_{0}’)^{E’}\underline{Pr_{b^{\backslash \prime}}^{B}}$

$Pr_{c_{b^{\backslash (P)}}^{\neg}}^{B}\{$

$(\mathcal{R}C_{E}(P$

$)_{0})^{C_{\mathcal{B}}(P)}arrow(\mathcal{R}C_{E’}(PPr_{c_{B’}^{g}(P)}^{c\backslash (P)}o\downarrow$

$Pr_{G_{8’}(P)}^{B’}$

$)_{0})^{C_{B’}(P)}$
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Lemma 2.8. $N_{E}(P)=N_{A^{\urcorner}}’(P)C_{A^{\urcorner}}(P)$ and $N_{G}(P)=N_{G’}(P)C_{G}(P)$ .

Remark 2.9. Note that $R_{E}^{B^{\urcorner}}$ , is the inverse of $Pr_{E}^{E}$, : $(\mathcal{R}E_{0})^{E}arrow(\mathcal{R}E_{0}’)^{E’}$ . For
$\phi’\in Irr(G’)^{b’}$ and $\psi’\in Irr(E^{l}|\phi’)$ , denote by $\phi_{(G)}’$ and $\psi_{(E)}’$ the Glauberman-Dade
corresponding characters respectively. Similar statements as in Propositions 2.4
and 2.5 and Remark 2.7 hold, replacing $E,$ $G,$ $E’,$ $G’,$ $\phi,$ $\phi_{(G’)},$ $\psi,$ $\psi_{(E)},$ $\sigma$ ,
$Pr_{E’}^{b^{\backslash }}$ and $Pr_{C_{h^{7}},(P)}^{C_{h^{\backslash }}(P)}$ by $E’,$ $G’,$ $E,$ $G,$ $\phi’(\in Irr(G’)^{E’}),$ $\phi_{(G)}’,$ $\psi’(\in Irr(E’|\phi’)),$ $\cdot\psi\{E$)’

$\sigma’(\in(\mathcal{O}E_{0}’)^{E’}),$ $b_{E}^{E}$ and $n_{c_{r,’(P)}}^{C_{l^{\neg},}.(P)}$ , respectively.

3
For a finite group $G$ , a primitive idempotent of $Z(\mathcal{R}G)$ of $\mathcal{R}G$ is called a (p-)
block (idempotent). $brightarrow b^{*}$ determines a bijection $be$tween blocks of $G$ over $\mathcal{O}$

and $k$ , and so blocks over $k$ are denot$ed$ with superscript $*$ . Denote Irr(b) $=$

$\{\phi\in Irr(G)|be_{\phi}\neq 0\}$ . If $\phi\in Irr(b)$ , then $\phi$ is said to be in $b$ and $b$ conntains $\phi$ .
For blocks $b$ of $G$ and $\hat{b}$ of $E$ where $E$ is a finite group having $G$ as a normal
subgroup, we sav that $\hat{b}$ covers $b$ if $\hat{b}b\neq 0$ .

For a finite group $E$ and a block $\hat{b}$ of $E$ , we denote by $\omega_{\dot{b}}^{*}$ the algebra homo-
morphism from $Z(\mathcal{O}E)$ to $k$ determined by $(\omega_{\psi}(\sigma))^{*}$ for $\sigma\in Z(OE)$ , where $\psi$ is
any element in $Irr(\hat{b})$ , see [5, III. 6.4].

Lemma 3.1 follows from results in [2].

Lemma 3.1. Let $E$ be a finite group with a norm $al$ subgroup $G$ such that $E/G$

is cyclic of prime power order $r$ . Let $\pi$ : $Earrow E/G$ be the canontcal epimorph,$i,sm$

and $E_{0}$ the $in\cdot\iota$ erse image $b\iota/\pi$ of the set of generators of $E/G$ . Let $b$ be a block
of $G$ and $\hat{b}$ any block of $E$ covering $b$ . Then:
(1) The following conditions are equivalent: (In (ii) and (iii), $C(s)$ is the con-

jugacy class of $E$ containing $s.$ )
(i) $b$ is covered by $r$ distinct blocks of E. –

(ii) There $i,s$ an element $s\in E_{0}$ such that $\omega_{\hat{h}}^{*}(C(s))-\sim\neq 0$ .
(iii) Th,ere $i,s$ an element $s\in E_{0}$ snch that $C(s)b\in Z(\mathcal{O}Eb)^{x}$ .

(2) If the conditions in (1) hold, then $p\neq q,$ $b$ is E-invariant and $Irr(b)^{E}=Irr(b)$ .

For groups $E$ and $G$ and a block $b$ under the sitUation in Lemma 3.1, we say
that $(\star)_{E,G_{:}b}$ holds, if the equivalent conditions in Lemma 3.1 (1) hold.

Below, we always assume the following:

Condition 3.2. $b$ is a block of $G$ such that $(*)_{E,G,b}$ holds.

A subgroup $D$ of a finite group $G$ is called a defect group of a block $b$ of $G$

if $D$ is a maximal p-subgroup of $G$ such that $Pr_{C_{G}(D)}^{G}(b^{*})\neq 0$ , which is uniquely
$detern\dot{u}ned$ up to G-conjugation. If $|D|=p^{d},$ $d$ is called a $(p)$ -defect of $b$ . A
bloc,$kb$ has defect $0$ if and only if Irr(b) consists of only one character, called a
characrer of $(p)$ -defect $0$ . For a p-subgroup $P$ of $G,$ $Pr_{C_{C}(P)}^{G}$ : $(kG)^{P}arrow kC_{G}(P)$

becomes a ring epimorphism, and $Pr_{Cc(P)}^{G}(b^{*})$ is a central idempotent of $kC_{G}(P)$ .
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A block $e$ of $C_{G}(P)$ snch that $Pr_{C_{G}(P)}^{G}(b^{*})e^{*}=e^{*}$ is said to be associated with
$b$ . $Pr_{C_{G}(D)}^{G}(b^{*})t)econles$ a sum of blocks of $C_{G}(D)$ which are $N_{G}$ (D)-conjugate.
Every block of $C_{G}(D)$ appearing in the decomposition of $Pr_{C_{C}(D)}^{G}(b^{*})$ contains
the unique irreducible character such that $Z(D)$ is contained in its kernel, which
is called a canonical character of $b$ . Canonical characters can be viewed as
irreducible characters of $C_{G}(D)/Z(D)$ , which have defect $0$ . Canonical characters
of $b$ are determined up to G-conjugation.

Proposition 3.3. $\{\phi_{(G’)}|\phi\in Irr(b)\}$ are contained in some uniquely determined
block $b_{(G’)}$ of $G’$ .
Remark 3.4. $Pr_{E}^{E},(\overline{C(x)}b)=Pr_{E}^{E},(\overline{C(x)}b)b_{(G’}{}_{)}Henc,ePr_{E}^{E},((\mathcal{O}E_{0})^{E}b)\subseteq(OE_{0}’)^{g^{\backslash }\prime}b_{(G’)}$ .
Lemma 3.5. There are some $s\in E_{0}’$ and a defect group $D$ of $b$ such that $D\leq G’$ ,
$s$ centmlizes $D$ and $\overline{C(s}$) $b\in Z(OEb)^{x}$ .

Below, let $D$ and $s$ be as in Lemma 3.5.

Lemma 3.6. If $(\star)_{E,G,b}$ holds and, for a p-subgroup $P$ of $G_{f}e$ is a block of
$C_{G}(P)$ associated with $b$ , then $(\star)_{C_{E}(P),C_{G}(P),e}$ holds.

By Remarks 2.7 and 3.4 and Lemmas 2.6 and 3.6, we have:

Proposition 3.7. Let $P$ be $a.9ubgro\tau xp$ of $D$ and $e$ a block of $C_{G}(P)$ associatecl
mith $b$ . Then $e_{(C_{(:},(P))}$ is a block of $C_{G’}(P)$ associated with $b_{\{G’)}$ . In $panic\uparrow\iota lar$,

$b_{(G’)}ha\uparrow e$ a defect gronp $containi,ngD$ .

If a block $\hat{e}$ of $C_{E}(P)$ is associated with a block $\hat{b}$ of a finite group $E$ , then

$\omega_{\hat{b}}^{*}(\sigma)=\omega_{\hat{c}}^{*}(Pr_{C_{E}(P)}^{E}(\sigma))$ for $\sigma\in Z(OE)$ , (\dagger )

see $1^{r}\backslash$) $V$ , Theorem 3.5].

Proposition 3.8. Let $\overline{\zeta}\in Irr(C_{G}(D)/Z(D))$ be such that its inflation to $C_{G}(D)$

is a canonical character $\zeta\in Irr(C_{G}(D))$ of $b$ . Then the following are equivalent:
(i) $(*)_{E’,G’,b_{(G)}}$, holds.
(ii) $b_{(G’)}$ has the same defect as $b$ .
(iii) $\overline{\zeta}_{(C_{(i},(D)/Z(D))}$ is a chamcter of defect $0$.

Proof. $(i)\Rightarrow(ii)$ follows from Proposition 3.7 and Remark 3.10 below.
$(ii)\Rightarrow(iii)$ follows ffom the commutativity of the Glauberman-Dade corre-

spondence and the inflation.
We show $(iii)\Rightarrow(i)$ . Let $\xi\in Irr(C_{E}(D)|\zeta)$ and $\hat{\phi}\in Irr(E|\phi)$ for $\phi\in Irr(b)$ be

such that the block containing $\xi$ is associated with the block containing $\hat{\phi}$ . Let
$\psi’\in Irr(E’)$ be snch that the block containing $\hat{\zeta}_{(C_{\mathcal{B}},(D))}$ is associated with the
block $\hat{b}’$ containing $\psi’$ . Note that $\hat{b}’$ covers $b_{(G’)}$ . Note also that $\overline{\zeta}_{(C.(D)/D)}\neg$

’
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being defect $0 i_{1}nplies\epsilon_{\zeta}\frac{|C_{(j}(D)|}{\zeta(1)}\frac{\zeta_{((i_{t^{i\prime}}(/))}(1)}{|C_{G},(D)|}\in \mathcal{O}^{x}$ . Then, by (\dagger ) and Proposition
2.5,

$0\neq(\omega_{\hat{\phi}}(\overline{C(s)}))^{*}$

$=(\omega_{\xi}(Pr_{C_{L^{\backslash }}(D)}^{E}(\overline{C(s)})))^{*}$

$=( \epsilon_{\zeta}\frac{|C_{G}(D)|}{\zeta(1)}\frac{\zeta_{((D))}c_{c:}\prime(1)}{|C_{G},(D)|}\omega_{\hat{\zeta}_{1^{(i_{h_{r}^{\backslash \prime}}(l)))}}}.(Pr_{C_{h^{\backslash \prime}}.(D)}^{C_{h^{\backslash }}(D)}(Pr_{C_{b^{\backslash }}(D)}^{E}(\overline{C(s)}))))^{*}$

$=( \epsilon_{\zeta}\frac{|C_{G}(D)|}{\zeta(1)}\frac{\zeta_{(C_{G’}(D))}(1)}{|C_{G},(D)|})^{*}(\omega_{\hat{\zeta}_{(G_{B’}(D))}}(Pr_{C_{B’}(D)}^{E’}(Pr_{E’}^{E}(\overline{C(s)}))))^{*}$

$=( \epsilon_{\zeta}\frac{|C_{G}(D)|}{\zeta(1)}\frac{\zeta_{(C_{G’}(D))}(1)}{|C_{G},(D)|})^{*}(\omega_{\hat{\zeta}_{I_{\partial’}\langle l))}\prime},(Pr_{C_{b^{\backslash \prime}}(D)}^{E’}(\overline{C(s)}’)))^{*}$

$=( \epsilon_{\zeta}\frac{|C_{G}(D)|}{\zeta(1)}\frac{\zeta_{\langle C_{i’}(D))}(1)}{|C_{G},(D)|})^{*}(\omega_{\psi’}(\overline{C(s)}’))^{*}$

Hence, $\omega_{\hat{b}}^{*},(\overline{C(s)}’)\neq 0$ , and so (i) holds for $b_{(G’)}$ , see Lemma 3.1. $\square$

Remark 3.9. Assume that the equivalent conditions $(i)-(iii)$ in Proposition 3.8
hold and that $q$ is odd. We use above notations. We can show that there is
some block $\hat{b}_{(\mathcal{B}’)}$ of $E’$ such that $Irr(\hat{b}_{(E’)})=\{\psi_{(E’)}|\psi\in Irr(\hat{b})\}$ , see [8, Proposition
3.5(3)]. We can also show that $\hat{b}_{(E’)}=\hat{b}’$ , see [8, Lemma 5.4], and we may take
$\hat{\phi}_{\{b’)}$ for $\psi’$ . Then we have, for any $\sigma\in(\mathcal{O}E_{0})^{E}$ ,

$\omega_{\dot{b}}^{*}(\sigma)=(\epsilon_{\zeta}\frac{|C_{G}(D)|}{\zeta(1)}\frac{\zeta_{(C_{G’}(D.))}(1)}{|C_{G},(D)|})^{*}\omega_{b_{(F’,)}}^{*}(Pr_{E’}^{E}(\sigma))$ .

On the other hand, by Proposition 2.5, we have,, for any $\phi\in Irr(b)$ ,

$\omega_{\dot{b}}^{*}(\overline{C(s)})=(\epsilon_{\phi}\frac{|G|}{\phi(1)}\frac{\phi_{(G’)}(1)}{|G|})^{*}\omega_{\dot{b}_{(F_{d}’)}}^{*}(\overline{C(s)}’)$

and we see that

. $( \epsilon_{\phi}\frac{|G|}{\phi(1)}\frac{\phi_{\langle G’)}(1)}{|G|})^{*}=(\epsilon_{\zeta}\frac{|C_{G}(D)|}{\zeta(1)}\frac{\zeta_{(C_{G’}(D))}(1)}{|C_{G},(D)|})^{*}$ .

Remark 3.10. Starting by the condition $(\star)_{E’,G’,b’}$ for a block $b’$ of $G’,$ $statarrow$

ments as in this section hold, replacing $E,$ $G,$ $E’,$ $G’,$ $b,$ $\phi,$ $\phi_{1G’}{}_{)}Pr_{E’}^{E},$ $\cdots$ by $E$‘,
$G’,$ $E,$ $G,$ $b’,$ $\phi’(\in Irr(G’)^{E’}),$ $\phi_{(G)}^{\prime r}b_{E}^{B},,$ $\cdots$ , respectively. We see immediateJy

$that,evenwhen\phi’hasdefect0,\emptyset_{t_{emtofindexp1icite,xamp1e.S11(hthatthe}^{isnotne,cessari11yhasde,fe,ct0.Ont,he}}’of,herhand,wedonotso1vetheprob(G$ .
eqnivalent conditions $(i)-(iii)$ in Proposition 3.8 does not hold (or to prove that
t,he conditions always hold) $\iota rnder(\star)\iota,G,b$ .
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4
Below, we assume the following:
Condition 4.1. $(\star)_{E’,G’,b_{(\cdot)}}\tau$

’ holds.
Then, in particular, $b$ and $b_{(G’)}$ have a defect group $D$ . Below, for simplicity

we denote $b’=b_{(G’)}$ , and denote $(b^{*})’=(b’)^{*}$ .
Proposition 4.2. $Irr(b’)=\{\phi_{(G’)}|\phi\in Irr(b)\}$ , and so $Pr_{E}^{E},(\overline{C(x’)}b)=\overline{C(x’)}’b’$ for
$x’\in E_{0}’$ .

Remark 4.3. $b^{(r)}=b$ means $b^{(*)}=b$ if $\mathcal{R}=O$ and $b^{(*)}=b^{*}$ if $\mathcal{R}=k$ :

$( \mathcal{R}E_{0}(\cdot)b^{(\cdot)}(\mathcal{R}E_{0})^{E}\frac{Pr_{b^{\neg\prime}}^{b^{\backslash }}\sim}{\prime}(\mathcal{R}E_{0}’)^{B’}\downarrow$

$)^{E}b^{(*)}arrow(\mathcal{R}E_{0}’)Pr_{h’}^{h^{\backslash }}o.\downarrow$

$(\cdot)(b^{(\cdot)})’$

$g\backslash ’(b^{(*)})’$

Apair $(P, e^{*})$ of a $rs\backslash lbgroupP$ of afinite group $G$ and ablock $e^{*}$ of $C_{G}(P)$

is called aBrauer pair. $G$ acts on Brauer pairs by $(P, e^{*})^{g}=(P^{g}, (e^{*})^{g})$ where
$g\in G$ . $(P, e^{*})\ddagger s$ called a $b$-Brauer pair if $e$ is $a_{\iota}ssocIated$ with a $b1o$e&b of
G. For a $Bra\iota 1e.r$ pair $(P, e^{*})$ and anormal $Stlbgro\iota lpQ$ of $P,$ $the,re$ exists a
tlniqtle $P$-invariant $blot^{\backslash }J\sigma f$ of $C_{G}(Q)81lc,hthat_{1}Pr_{C_{G}(P)}^{C_{G}(O)}(f^{*})e^{*}=e^{*}$ , in which $ca_{\iota}se$

denoted by $(P, e^{*})\underline{\triangleright}(Q, f^{*})$ . See [9, Section40] for the definition of the relation
$(P, e^{*})\geq(R, |^{*})$ for Brauer pairs $(P, e^{*})$ and $(R, |^{*})$ , which makes the set of $Bra\backslash ler$

pairs of $G$ apartially ordered set. It is known that $(P, e^{*})\geq(R, |^{*})$ if and only
if $(P, e^{*})\underline{\triangleright}(P_{1}, e_{1}^{*})\underline{\triangleright}\cdots\underline{\triangleright}(P_{n}, e_{n}^{*})=(R, |^{*})$ for asequence of subgroups $P_{i}$ of $P$

such that $P\underline{\triangleright}P_{1}\underline{\triangleright}\cdots\underline{\triangleright}P_{n}=R$ . In fact, for asubgroup $R$ of $P$ and aBratler pair
$(P, e^{*}),$ $the,re$, exists allnique bloc,k 1*of $C_{G}(R)s\iota lch$ that $(P, e^{*})\geq(R, |^{*})$ . $(P, e^{*})$

isab-Bratler pair if and only if $(P, e^{*})\geq(1, b^{*})$ .
The $Br\cdot a\cdot uer$ category $\mathcal{B}_{G}(b)$ of ablock $b$ of $G$ is acategory stlch that

Ob $(\mathcal{B}_{G}(b))=$ { $(P,$ $e^{*})|(P,$ $e^{*})$ is a b-Brauer pair}
and, for $(P, e^{*}),$ $(Q, f^{*})\in Ob(\mathcal{B}_{G}(b))$ ,
Mor $((Q,f^{*}),$ $(P, e^{*}))$

$=$ { $\varphi:Q\sim P|there$, exists $g\in G$ such that $(Q,f^{*})^{g}\leq(P,$ $e^{*})$ and $\varphi(u)=u^{g}$ for all $u\in Q$ }.
For a b-Brauer pair $(D, b_{D})$ where $D$ is a defect group of $b,$ $\mathcal{B}c(b)<(D,b_{\dot{O}})$ is a

full subcategory of $\mathcal{B}_{G}(b)$ such that $Ob(\mathcal{B}_{G}(b)\leq(D,b_{D}^{*}))=\{(P, e^{*})|(P, e^{n}\overline{)}\leq(D, b_{D}^{*})\}$ ,
which is equivalent to $\mathcal{B}_{G}(b)$ , see [9, $Lemma47.1$ and p.428].

We fix a bBrauer pair $(D, b_{D}^{*})$ of $b$ and, for a subgroup $P$ of $D$ , denote $(P, b_{P}^{*})$

the uniquely determined kBrauer pair such that $(D, b_{D}^{*})\geq(P, b_{P}^{*})$ . Note that
$(\star)_{C_{b},\langle P),C_{t*}\cdot(P),b_{l^{3}}}$ holds. For simplicity of notations, we denote $(b_{P})’=(b_{P})_{(C.(P))}\neg$

”

which is $a_{L}ssociated$ with $b’$ by Proposition 3.7 and hence $(\star)c_{B},(P),C_{i},(P),(br)’$

holds by Lemma 3.6. Denote $(b_{P}^{*})’=((b_{P})’)^{*}$ .
We denote by $C(x)_{(P)}$ the conjugacy class of $C_{E}(P)$ containing $x\in C_{E}(P)$

and by $C(x’)_{(P)}’$ the conjugacy class of $C_{E’}(P)$ containing $x’\in C_{E’}(P)$ .
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Theorem 4.4. The Bmuer categories $\mathcal{B}_{G}(b)$ and $\mathcal{B}_{G’}(b’)$ are $eq_{?1},i\uparrow$)$0,lent$ .

Proof. It $\iota Stlffices$ to show that categories $\mathcal{B}_{G}(b)*$ and $\mathcal{B}_{G’}(b’)\leq(D,(b_{t},)’)$

are isomorphic.
Firstly note that, for $x’\in G’$ ,

$C(\overline{s^{x’})_{(P^{\lambda’})}’}((b_{P}^{*})’)^{x’}=(C\overline{(s)_{(P)}’}(b_{P}^{*})’)^{x’}=(Pr_{C_{b^{\backslash \prime},}(P)}^{C_{b_{J}^{\backslash }}(P)}(C\overline{(s)_{(P)}}b_{P}^{*}))^{x’}$

$=Pr_{C_{F’\lrcorner},(P)^{r:}}^{C_{h^{\neg},}(P)^{:r’}}’((C\overline{(s)_{(P)}}b_{P}^{*})^{x’})=Pr_{C_{F_{\lrcorner}’}(P^{\acute{x}’})}^{C_{h^{\backslash },}(P^{x})}(c(\overline{s^{x’})_{(P^{\iota’})}}(b_{P}^{*})^{x’})’$ .

Hence, we have
$((b_{P}^{*})’)^{x’}=((b_{P}^{*})^{x’})’$ for $x’\in G’$ . $(\#)$

We show that for any objects $(P, b_{P}^{*}),$ $(Q, b_{Q}^{*})$ of $\mathcal{B}_{G}(b)\leq(D,b_{\dot{D}})$ such that
$(P, b_{P}^{*})\geq(Q, b_{Q}^{*})$ , it holds that $(P, (b_{P}^{*})’)\geq(Q, (b_{Q}^{*})’)$ . It suffices to show the $ca_{A}se$

$(P, b_{P}^{*})\underline{\triangleright}(Q, b_{Q}^{*})$ . Note that $P$ normalizes $C_{E}(Q),$ $(b_{Q}^{*})’$ is P-invariant by $(\#)$

and $Pr_{C_{hi}(P)}^{C,\backslash (Q)}$ : $(kC_{E}(Q))^{P}arrow kC_{B}(P)$ Is a ring homomorphism. We have

$Pr_{C_{h^{\backslash \prime}}(P)}^{A^{\backslash \prime}}(\overline{C(s)}’(b^{*})’)(b_{P}^{*})’$

$=pr_{C’,.(P)}^{C,.\backslash (P)}’\backslash l’(Pr_{C_{l^{\backslash },}.(P)}^{C_{l}:,(Q)}(Pr_{C_{l_{J}^{\backslash }}\cdot(Q)}^{E}(\overline{C(s)}b^{*})))(b_{P}^{*})’$

$=Pr_{C_{b^{\backslash },},(P)}^{C_{h^{\backslash },}(P)}(Pr_{c_{B}^{h_{d}}}^{C}’\{P)(Pr_{C_{L^{\backslash }}(Q)}^{A^{\backslash }}(\overline{C(s)}b^{*}))b_{P}^{*)}$

$=Pr_{C_{h^{\backslash }},’(P)}^{Cp_{\grave{d}}(P)}(Pr_{Cp}^{C_{B}}\{P)(Pr_{C\epsilon(Q)}^{E}(\overline{C(s)}b^{*}))Pr_{C_{b},(P)}^{C_{b^{\backslash }}(Q)}(b_{Q}^{*})b_{P}^{*)}$

$=Pr_{C_{l^{\backslash \prime},}.(P)}^{C_{h},(P)}(Pr_{C,\prime\backslash (P}^{C_{l,}.(Q}\}(Pr_{C_{h^{\backslash },}(Q)}^{E}(\overline{C(s)}b^{*})b_{Q}^{*}))(b_{P}^{*})’$

$=Pr_{C_{h^{\backslash \prime}}.(P)}^{C_{h^{\backslash \prime}}(Q)}(Pr_{C_{h^{\backslash \prime}}(Q)}^{C_{l_{\vee}}.(Q)}(Pr_{C_{F}(Q)}^{b^{\backslash }}(\overline{C(s)}b^{*})b_{Q}^{*}))(b_{P}^{*})’$

$=Pr_{C_{b^{\backslash }},(P)}^{C_{b^{\neg\prime},}(Q)}(Pr_{C_{F’}(Q)}^{C_{8}(Q)}(Pr_{C_{B}(Q)}^{E}(\overline{C(s)}b^{*}))(b_{Q}^{*})’)(b_{P}^{*})’$

$=Pr_{C_{h’}}^{C_{l_{h}^{\neg\prime}}},\{Q)P)(Pr_{C_{b’}(Q)}^{C_{l^{\backslash }},,(Q)}(Pr_{C_{h_{-}\prime}(Q)}^{h^{1}}(\overline{C(s)}b^{*})))Pr_{C_{b_{d}^{\neg}}}^{C_{l_{\grave{d}}’}}\{P)((b_{Q}^{*})’)(b_{P}^{*})’$

$=Pr_{C_{l^{\backslash \prime}}.(P)(\overline{C(s)}’(b^{*})’)Pr_{C_{h^{\backslash },},(P)}^{C_{h^{\backslash \prime},}(Q)}((b_{Q}^{*})’)(b_{P}^{*})’}^{L^{\backslash }}’,-$.

Then since $Pr_{C,\prime\backslash ’(P)}^{A’}(\overline{C(s)}’(b^{*})’)\in Z(kC_{E’}(P)Pr_{C_{1^{\backslash }}..’(P)}^{E’}((b^{*})’))^{x}$ , multiplying

the inverse, we have $(b_{P}^{*})’=Pr_{C_{S},(P)}^{C_{\mathcal{B}’}(Q)}((b_{Q}^{l})’)(b_{P}^{*})’$, and so $(P, (b_{P}^{*})’)\underline{\triangleright}(Q, (b_{Q}^{*})’)$ .
On the other hand, $G’$ controls fusin in $\mathcal{B}_{G}(b)*,$ , that is, we may assume

that morphisms in $\mathcal{B}c(b)\leq(D,b_{\dot{D}})$ are induced by conjugations of element,$s$ of $G’$ ,
see Lemma 2.8 and [9, Section 49].

Hence, the. $a_{\iota}ssertion$ follows from above arguments. $\square$
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Remark 4.5. With the notations in above proof,

$(kC_{E}(P)_{0})^{C_{h^{\backslash }}(P)}b_{P}^{*}(\cdot)^{x:}|arrow(kC_{E’}(P)_{0})^{C,\backslash \prime(P)}’(b_{P}^{*})’Pr_{c_{b’,}^{b^{\neg}},(’)}^{c^{\neg},.(P)}\downarrow$

.

$(kC_{E}(P^{x’})_{0})^{C_{l},(P^{J:})}\urcorner b_{P^{x’}}^{*}arrow(kC_{E’}(P^{x’})_{0}$
ノ

$)^{C}’(i_{:^{\backslash ’ t)}},Pr^{(i_{h^{\backslash }}\langle l^{x’})}o\prime lx’$

$(\cdot)^{:t’}$

お ’ $(P^{a:’})(b_{P:r’}^{*}.)’$

and

$(kC_{E}(Q)_{0})^{C_{E}(Q)}b_{Q}^{*}arrow^{Pr_{c_{B’}^{\mathcal{B}}(Q)}^{G(Q)}}(kC_{E’}(Q)_{0})^{C}$
酬 $(Q)(b_{Q}^{*})’$

$p/:_{J}^{\backslash (c1}’/\backslash (P\{$

$(kC_{E}(P)_{0})^{C_{l_{d}^{\backslash }}(}$

$P)p_{r_{C_{h^{\backslash }}(P}^{C_{h^{\backslash }}.\langle Q}}\cdot\}(b_{Q}^{*})arrow(kC_{E’}(P)_{0})^{C_{b_{\vee}^{\backslash l}}(P}Pr_{6_{B’}^{\backslash }(P)}^{Ci_{h^{\neg}}\langle\Gamma)}o\downarrow$

$p_{r_{(i,:^{\backslash \prime 1^{Q}\}},}}^{c_{b^{\backslash \prime},}}\rho$

$)p_{r_{C_{F’,}}^{C_{h^{\backslash \prime}}}\{((b_{Q}^{*})’)}Q)p)$

$(kC_{E}(P)_{0}(\cdot)b_{P}\downarrow$ $)^{C_{F}(P)}b_{P}^{*}(kC_{E’}(P)_{0})^{C_{p\prime}(P)}(b_{P}^{*})’\underline{Pr_{c_{\mathcal{B}’}(P)}^{Cg\langle P)}o}|(\cdot)(b_{P}^{*})’$
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