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Some remarks on grand Furuta inequality

- BB IRIRE MHAK B (Eizaburo Kamei)
Maebashi Institute of Technology

1. Introduction. Throughout this note, A and B are positive operators on a
Hilbert space. For convenience, we denote A > 0 (resp. A > 0) if A is a positive
(resp. invertible) operator. We begin from Furuta inequality ([6],[7],[9]).

Furuta inequality: If A > B > 0, then for eachr > 0,

+r
> B%

C-3

(F) AT > (ABPA%)E  and (BEAPBY)

holds for p and q such that p > 0 and q > 1 with (1 4+ 7)q 2'P+r.

This yields the Léwner-Heinz inequality;
(LH) A> B >0 implies A* > B* for any a € [0, 1].

We had reformed (F) in terms of the a-power mean (or generalized geometric
operator mean) of A and B which is introduced by Kubo-Ando as follows [16]:

Afe B=A3(A"3BA"1)*A? for a €0, 1],

the case a ¢ [0, 1], we use the notation |} to distinguish the operator mean.

By using the a-power mean, Furuta inequality is given as follows:
(F) A > B >0 implies A"uﬁBPSA for p>1 and 7> 0.
Based on this reformulation, we had proposed a satellite form of (F) [12],[13];
(SF) A > B >0 implies A"'ﬁﬂ_:B”SBSAfor p>1 and 7>0.

On the other hand, Ando and Hiai showed the next inequality [1],[11].

Ando-Hiai inequality: Ando-Hiai had shown the following inequality:
(AH) If A B<I for A, B>0, then A" §, B"<1 holds for r>1.

From this relation, they had shown the following inequality (AHy). It is equivalent
to the main result of log majorization and can be given as the following form:

(AHy) A7'fy A3BPA 3 <T = AT §# (A iBPA~Y)Y <I, p>1,r>1
P P _
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Furuta had constructed the following inequality which interpolats (AH,) and (F),
we call this grand Furuta inequality ([2],{4],[8],[9])-

Grand Furuta inequality: If A > B >0 and A > 0, then for each 1 < p and
telo, 1, :

(GF) AT amee (ATIBPATE) < AN
holds fort <r and 1 < s.
The satellite form of (GF) is given also as follows ([2],[14]):
—r4t —tr t 7]
(SGF) AT e (4°h, B?) < B (< 4),

We pointed out that (F) and (AH) are obtained from each other and gave a
generarized form of (AH) ([3],[5]).

For a € (0, 1) fized,

(GAH) Afa BSI = Af e B <I forr,s>1.

Using (GAF), we modified (GF) as follows [15]:

Theorem A. IfA> B >0 and A> 0, then for each 1 <p andt € [0, 1],
AT e (A'Y, BP) < A iy BP
holds fort <r and 1 < s.

Recently, Furuta has shown the following theorem concerning to the above the-
orem [10].

Theorem F. Let A> B >0 with A>0,t€[0, 1} and p > 1.Then
F(\ p) = A 3{AR (A" BP A~ A A3} 500 43
satisfies the following properties:
(i) F(r, w) > F(r, 1) 2 F(r, s) 2 F(r, )

holds for any s’ > s>1, r>tandl —-t< (p—thw<p-—t.

(i) F(q, 8) 2 F(t, ) 2 F(r, ) 2 F(r', s)
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holds for anyr' >r >t, s>1landt—-1<qg<t.
In this note, we observe this theorem from the a—power mean.

2. Review of Theorem F. We rewrite Theorem F by the form of a-power
mean. Then
- I 1 _t
FO\ p)= A7 f 1ua (ATTBPAT2)

t

and by putting B; = (A~ BPA~%)7, (i) and (ii) of Theorem F are written as
follows: ’

(1) AT ﬂ pl_“tw:_' B{P—t)w 2 AT ﬁ;::_._: Bf—-—t
—r (p—t)s s (p—t)a'
2 AT fazpe By U2 AT | azue By
and
.o —-q (p—t)s -t (p-t)"
(i) : A uz_.’_g__;_-:j - By 2A ﬂr—)—p_el. = B;

B§P_t)’ ng—t)& .

> AT 1o >SATH ey
- HGIZ?%W - ﬁz;l‘—‘e%?

We point out that Theorem A can be written more precisely,

AT Yo (A'f, B?) < (4G, BP)OW < B < A' fiy B
p—t)s+r

—t

Because A" f_j-esr  (A! b, BP) < (At b, BP)&" < B is already shown in our
p—t)s-tr :

proof of (SGF). So the result of Theorem A has shown the folloing inequality.
‘ —r (p—t)s —t - (p—t)s 1-t
A ﬁzﬁ‘g-j; Bl <A ﬂm B1 < Bl ’

and Furuta improved on the second inequality of this form to
—t (p—t)o< —q _ (p—t)s 1<g<
A ﬂ(,r})—,—_ﬁB1 <A uz;}_—ff.t}.;Bl- , t—=1<g¢g<t

Furuta’s process is the following: )
Since 0 <t —gq <1, (A5 BP° 4% )&-0:F < A*~? holds by (LH), and we can obtain
the result as follows: '
—t (p—t)s
A7 e B
= BP™ fnean A

p—t)stt

— (p—t)s . (p—t)s . —t
Bi" 7 Hgztamiee (B Hggerg A7)
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B?—t)s B o—t)s—14¢ (A—-t # .- ng_t)’)

p—t)s+q

= BF™ fonure ATH(ASBE A8 ETT A

p—t)st+q

< B§P—t)8 # St A"EAI43
(p—t)s

= A—q ﬁ ;::i.-p!q Bl .

3. Modification of Theorem F. Furuta’s results (i) and (ii) are holds suppose
A > B,, but in Theorem F this order does not hold. We search a suitable relation
between A and B, by the help of (GAH).

A > B > 0 implies A* > B* > 0 for ¢t € [0, 1] by (LH). This is equivalent to
A~ fe BP™t < I. By (GAH), we have

Af - _BP =By ., A<

p—t+r p—ttr
That is,
A>B>0 = A4 - BFI<I = A"} ., BFP<Iforr>r s>1
. p—t+r EF—_t')-T?’

So we begin from the assumption A" §__- ng <

p—t+r

Lemma 1. Let A, B>0and A~ ”;.—1; B? < I forp, r > 0. Then the following
hold:
(i) . AT s BP<B' 0<6<p
and
(i) | .A-*uﬁ_:BrsA* —r<A<o.

These results are already known, but these play essential roles in our following
discussions. We can arrange Theorem F as follows except F(q, s) > F(t, s) for
t—1<g<0. ,

Theorem 1. Let A, B> and A™" ﬁ,—r,: B? < I forp, r > 0. Then
(1) AT Ii% BPF < AT ﬁ%% B*

holds forp>u>6 >0 and

(i) AT ﬂ%i-_'r: BP< AT ﬂ%%: B?
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holds forr >t >0, —t<A<p.

Proof. (i) is obtained by the followin calculation:
A7 Hoyr BP = A7" Hs4r (A7 fusr BP) < A77 f54r B
pEr = T BT
(ii) can be shown as follows:

A7 flage BP = BP o-a A7 = BP fooa (BP Hzps A7)

p+r
— P - P ..t:____ —t P
= B"lHeoa (A7 fotae B”) S BP o A7 = A7 fays BP.

4. Applications. Return to Theorem A, we summarize the above discussions.

Theorem A(1). IfA>B>0andte[0, 1), p>t, r>¢ 0<8< (p—t)s,
then

—rtt (At t e o . ty pp
AHY s (AR BP) < (A', BYTHT < A sa (A'H, BP)
holds for min{é + t; 1} >a>0.

This is equivalent to

B§p—t)s (p—t)s )

-r —;t (p—t)s a—t
A uip—‘z§:+r S A ﬂprai:-H Bl S A ﬁip—stﬁ;‘:—a B]'
Ifp>landéd=1-t a=t-—q, we have Furta’s result (ii) containing the case
t-1<¢g<0. '

Under the assumption A™" ttp_;w B{” =) < I, our Theorem A can be written as
follows:

Theorem A(2). Let A, B > 0 and put B, = (A‘%BPA'é)FiT forp>t>0.
IfA™ §_- ng_t) <Ifor r>t>0, then fors > 1 '

p—ttr
(l) A—r+t uﬁ_&; (At ha Bp) S A-'r-H ﬂ-ﬁ% (At h;ﬂ—;BP)

holds for0 <6 < u< (p—t)s and
. —r4t air t P} < t PT%
(ii) AT e (A, BF) < (A° f, BF)TOF

holds for ~t<A< (p—t)s.
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But this case reduces to Theorem 1 because

() &= A7 H s BY™ <A fuu BY

and

() = AT boage, BU S AT g, BUT
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