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A remark on construction of circular codes

| Noboru NAKAHATA (#48 %)
Tokai University Junior College (FR#E KFHEHAKFEER)

Shizuoka Institute of Science and Technology (## M3 LHlK%)

Abstract. In this paper we treat the circular codes. We present a method of constructing circular
codes. We first make a ”large” very pure monoid by using the homomorphism from a free monoid to
a semigroup. Next, by selecting subsets of its base, we can gain various circular codes.

1. EXRMNAEBR

UTFCHEATAHELRZBICOVWTHARITY. RAEIFEHINDIABICOVTIL, #IZiE, J.Berstel
and D.Perrin[1] ,A.H.Clifford and G.B.Preston[2], ® G.Lallement(3] # 2R /- L.

A BT (letter) DEA LTS, ADTOHMRIIw & A LOFE (word) &, BEOREGZEFH LTE.
ALDEWwFOXFOERA% alph(w) TRT. BOLXENLLDIEESY A* TRT. A" »LEF/LEHRV
T-EE&% AT TRT. A* EIZFEDIF (concatenation) T2IRMHALZ EFRT D & A IXZR 1 L HIT
4% free monoid 2723, A* OO HRE M IXBAIST 1 #F>& X, submonoid & FHINS. [ree monoid
D EHATAV submonoid M 13X, ME—DOMUNERR C = (M —{1}) - (M —{1})? &8>. T OB/ ER
FAEMOEEELES MOEECH, ¥ XTDu,m>1, ETXTD x,2, , LnyY1,Y2, 1 Ym € C
WXL

TiXg Ty =YY2 Ym => N=m, i =Yy, 1 <1< n.

|
Yoshiyuki KUNIMOCHI (B8#§ E4T), Genjiro TANAKA (B JKER)
|
|
|

| - T L X, ClXcode EMWITNA. Z D& % M X free submonoid & FEEN 3.
M % free monoid A* @ submonoid & L, C% M OEEELTH. b L,

| CATNC =20

MEE D IZ2461E, Cix A E®D prefix code &g 3. H-EWxtE LT ATCNC =@ BV ILDE
x C 1T A Lo suffix code &M EIEN 5. C M prefix code D> suffix code TH D & &, C i bifix code T
D EEIND. EBICLY, prefix code C KBTI, T8O we COEDERTFIXC DFRICKRD I
Lidizu.

M % A* ® submonoid &7 3. T XTD y,v € A IZF L, FEX (v, uwv e M = v e M| BRI T
B L X, M A* O right unitary subinonoid & FREN 5. RERIZ, TXTD u,v € A* IZXF L, HHX
(u,vu € M = v € M) BWRILT D & X, M T A* D left unitary submonoid &FFIENHD. L, M A
right unitary 2>~ left unitary A2 54E, M X biunitary &FRIHD.

C C A* % code &3 5.C 73 prefix code T D= DUEA74&MFIT C* 75 right unitary THDHZ
ETHD. £LT, CHsuffix code THBHDUEFFRMEIL C" 2% left unitary THH I &L TH 5.
([1,p.46,Prop.2.5]). #- T C 3 bifix code TH B 7 D DLEA43Z&{M1X C* 28 biunitary monoid TH 5
ZETHD.
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A* @ submonoid M ¥, LAFTORGZTMIZT & &, very pure submonoid & FFIER S :
u,v € AN, uv,vu E M = u,v € M.
very pure submonoid ®EIEIT circular code & METN 5.

EE L pq>0FEHETD. code C B A DFEDEEDB ug, uy, -, Uppg KDWT,
Ui-1u; €ECY, (1<i<p+q)=up, € C*

RALFRMGEMITIROIE, CiX (p,q)-limited TH B LIFINS.

C % (p, g)-limited code TH D72 HIE, C* IX very pure TH 5 ([1], p.329,Proposition 2.1).

JELETRVWRELTD. TN TDzg,ye JC/H Loy =y LEHTD. JITHERFBLFIND.
CESie, EFYHIzy =2 TEBIND. EFEH T LABEH T O¥RLELTOERKS =TI xJ
IXE AR (rectangular band, (3,p.51]) &IN5

MR 1. I 2T, JERETFYEHETE. S=IxJ ¥R LTOEEETS. p: A* > ST %
morphism &4 5. T % S DIEEDOMOS¥EHELTDH L, M= 1 (T)U {1} X very pure submonoid ¢
5. TOEEIL (1,1)-limited THS.

BEBR. BAGM NI, ML A* @ submonoid THB. ug, uy,us € A* IZ2WT, ugur, uruz € M, EIRET
2. p(ug) = (P a), p(ur) = (k,1), p(uz) = (5,t) £FD&L. puouwr) = (p,l) €T, p(uruz) = (k,t) €T
E0 (k)@ 0) =k1DET. £-T ou)eT.  QED.

Fl1. A= {a,b}, S={1,2} x {1,2} £ 3. pa) = (1,1),p() = (2,2) £T3. S;;1 ={(1,1)} iz>
T, My = 1(S11)U{1} = {1,a}UaA*a iZFAL . My OBEECy L, GRE1ICLY, (1,1)-limited code
THD. LnLesb Cpid(1,0)-limited TH (0,1)-Imited ThAgV. 2272 h, ab-a=aba € C THD
M, ab,ba ¢ C§ THINHLTHD. £/, FBDF| ab, a, aba, ba € A* (2T, aba, aaba, ababa € C}
THDHH 5 (3,0)-limited TH (0,3)-limited TH A2V,

C={a}uU{ab™ad™ . -ab™alr>1,m;>21,1<i<r}

eBL. CH{l,a}UaA*a ZEMTHIDITALCNTH 5.

Uy =C1C~ {1} = {™ab™ - .ab™a|r>1,m; > 1,1 <i<r}

DEY, Uy iXbTHRERBOANLRA. £oT, Uy =C 1 UUIC =0. £oT, U;nC =0,i=1,2.
FoTCiEeede THY, C=CyTHD. 2FED, CiI M) DEETHD. LoT, BEICELY CiX
(1,1)-limited TH 2. F£7=, M= ¢ 1(1,2)U{1} = {l} Uad*d TEDEEKIZ

atbt = {a™b" | m, n > 1}.

THb.

DX S 72 ERR limited code & {ENIE, FIITXER circular code THB. -~ T, EREENETR
VWERSYEES D b circular code Tdhd. - T, BHERHIEE D2 LD LICL D FHV D A limited
code iZ72 D E[REME L $H 5. KIE, C OETCRVMEEOESE ST limited code Tdh 5. C 1 (1,1)-limited
CH BN, C I (21)-(1,2)-limited T B = L ICEET S,
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C DIEBEDZETRWVESES L E7- (2,1)-,(1,2)-limited THDZ &5 LY — A2 HF CIEA L TEL.

gl 2. u,v € AY & alph(u)Nalph(v) =0 THDHL S LTS, bL w(A*)1N(A*) "ty = {1, u}
=T ES }
C=u+ (wvh)tu={u} U {u™uv™ . .uv™u|r>1m>11<i<r}

DETRVMEB ORI ESIT (1,2)-, (2,1)-limited code TH 5.

FEA. Ciicode THD. HIDICKRDZLICEFETS. DR CORIERELTS. 1€ A% D(A")In
(A 1D ET A Eu(A) INA) u={L,u} THEIND, z2=1, c=uFEiE, HBp;,ps, -ps €
N, s> 1, IZ2WT g =uPruvP? - -uvPu THD. 2FY D(A*)"'N(A*)"1D = {1}uDu {u}.

D 73 (1,2)-,(2,1)-limited T$H 5 Z & E#RT. wug,u1, uz,uz € A* IC2WT, wuiy; € D*,i=0,1,2, 2%
MLTW3BET B E,

] /

ug = WoZ1, U1 = V1w, T1y1 € D, wp, w; € D*,
I 7

Ul = W1T2, U2 = YaWs, T2y2 € D, wy, w; € D*,
! /

U = WaT3, U3 = Y3Ws;, Z3Y3 € D, wy, w3 € D,

EERTD. 2 X DOTDERFTHD. FLTEE 22 X yuy € D* DBEREFTHD. LoTHRD I
DEEEEZRD.

Case (a). Z2 W D DOHITNERFTHD.

COBE, X DOXOERFTHY, O DDHIZTOERFTHS. 2FEV z, € D(A*) I n
(A"ID={1}uDu{u}. L7EdH>T, uy,uz € D*.

Csae (b). z2 B D OXEEFEERFELLTE L.

IOEBEHDAdED, ' € A IOWVWT 2 =2'd THD. o Txyidu TRDLS. DEVHB z2€ A I
DTz =z2u. —HyiFuus € D* DERFTHEING, yu=1F7 B g iTudDHd3ERT v #1
WZDWT, yo = ulv, v € A* THB. REBOBEIT woy; = zuu'v € D THDH. ZHRFHE. #-T,
=1 £»T, zo€ D. X-Tu, uy € D*. Q.E.D.

W® 3. u,ve At ¥ alph(u) Nalph(v) =0 LT 5.
C=(uwh)? = {ww™uww™. . .uv™ulr>1,m; >1,1<i<r}

DR TRVEEOH LS T (1,2)-,(2,1)-limited code T 5.

M2 LERRREEAIC XD, K- TRERA AR T,

SLEizX Y, #1251+ 5 code C DETRVMEEDOEHSEAIX (2,1)-,(1,2)-limited THD. C FOLR
DEAIZOWTODERLDOIZFa FIFLUTTCHB;
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(1) D = (abb*)(abb*)*a DZETRVMEEDHRDEES Do L, p+q=2TIDHLO2REEDp, ¢q>01
L, (p,q)-limited Tix72V .

(2) X CA* % code & TB. X2, p+g=3THdLIRMEEDp,q>3IZ%L (p, q)-limited T
D, MDATXATN X =0Thd&LE, X idcomma-free &I 3.

EBBrZEETS. D= (abb*)"a DETRVEEDHSESE Do IE comma-free TH 5.
B)Yn=23,T5. CMN=A"NC DEBDEIES Dy 1T comma-free Th 5.
(4) Do % D = (ab)*a PIEEDOHIHEE LT 5.
(i) Card(Dy) =1, Dg = {w}, w # a, 2 0¥, Dg % (3,0)-,(0,3)-limited T 5.
(ii) Card(Do) = 272 51E, Do iXEE OB k > 1 2%t L (k, 0)-,(0, k)-limited THEAzV>.
(ili) IROFEH (*) ZWEl2T n>0,m > 2 BEELES, Do i (1,1)-, (0,k)-, (k,0)-limited TIX72V>,
=L k>2
(x) (ab)™a, (ab)"*™a € Dy 2 BB n<I<n+m, THDHL I KL (ab)la ¢ Do.
(iv) Card(Dy) 2 2,0 € Dy TH Y, M ORDRME (xx) ZM7zd & & Do 1d (1,1)-limitted THhH 5.
(xx) (ab)"a, (ab)"*™a € Dy, m >0, n> 0 == (ab)la € Do,¥l, n<I<n+m.
#1%21E, Dg = {a, aba, ababa} X (1,1)-limited code T&H 5.

M12 = L‘P((li 2)) = aA*b —t%@ggli
C = {a™b"|m, n > 1}.

ZDCIKDOWNWTDLETRVWESES Ditcode ThHD. LT DI >WNWTEARM L LOX BHT.

R 4. u,v € AT, alph(u) Nalph(v) = 0 &T5. utvt ODEBEOZETRVESTESIT (1,2)-,(2,1)-
limited T& 5.
FER R

(5) T 2EBREEENHEE N, 0¢ N, DEBDOLETRVEIELE LTS, o: S — N ZEEOHKL
5. D={a"|ne S} &H<.

(i) bLEEDO mne SIZHL, £F m<n= a(m) < a@)] &HT251E, Dikp+qg=2T
HDLIERBD p,g > 0L (p,q)—~limited THB. F£7= Card(D) > 272 51E, D ¥ comma-free
THE7zv.

(ii) bLEED m,n e SITHFL, RiFim >n= a(m) < a(n)] EW=T725iE, DX comma-frece
TH5. £7 Card(D) > 2726, EED p,g > 0,p+ q = 2, XL (p, ¢)—limited T2V . 4T
D= {adv¥|k=1,2,--- ,n—-1},n>2, &< & DiF comma-free TH 3.

(6) n > 1, a™bt = {a"b* |k > 1} DETRVMEREOHYES Dy i3,

(i) (0,2)-,(1,1)-limited T# 3.

(if) b L Card(Dg) =1 2 HIX, Dg X (2,0)-limited TH» 5. b L Card(Do) > 275X, p>21Zx
L (p,0)-limited TiL7zV>.
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