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Approximation Processes of Bernstein-type Operators
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Abstract
We give a generalization of the Bernstein polynomials on the closed
unit interval of the real line, and consider the uniform convergence and

the degree of approximation by the generalized Bernstein-type opera-
tors.

1. Introduction

Let N denote the set of all natural numbers. Let f be a real-valued con-
tinuous function on the closed unit interval I = [0, 1] of the real line R and let
n € N. Then nth Bernstein polynomial of f is defined by

) B.(f)(z) = Zf( H(2)e'a -2~ @en.

It is well known that the sequence {B,(f)}nen converges uniformly to f on I
(cf. [3])-

Nowadays there are various generalizations of (1) and one of them is the
following ([2], cf. [1], [9)):
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where {sy, }nen is a sequence of natural numbers. If s, = 1 for all n € N, then
Cn(f, 8n, T) = Ba(f)().

In this paper, we further generalize (2) to the multidimensional case and
consider its uniform convergence with rates in terms of the modulus of conti-
nuity of functions to be approximated. For the details, we refer to [8].

2. Convergence theorems

Let 1 < p < oo be fixed and let R™ denote the metric linear space of all
r-tuples of real numbers, equipped with the metric

dp(z,y) = (Z:=1 |lz: — yc‘lp) v (1<p<o0)

max{|z; — 3| : 1 < <7} (p = ),
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where
T = (:171,372, ‘. 7:‘01‘), Y= (y17y2) e ’yr) € R".
Fori=1,2,...,r, ¢; denotes the ith coordinate function on R" defined by
Bi((E) =T;
for all x = (z1,23,... ,2,) € R". Then we have
(dp(ﬂ,‘, y))q -<— C(pa q,”') Z Iei(w) - ez(y)'q (:L"y € Rr) q > 0)7
i=1
where
ra/® (1<p<oo,p#gq)
Clp,g,r) =11 (1<p<oo,p=gq)
1 (p = 00).

A subset X of R" is said to be locally closed if for each point z € X, there
exists an open neighborhood V, such that X NV, is (relatively) closed in V.
Note that X is locally closed if and only if there exist an open set O and closed
set F' such that X =ONF.

From now on let X be a locally closed subset of the first hyperquadrant

RTF:(wl)x?"" 7$T)ERr:$i_>_0a ISZST}

Let B(X) denote the Banach space of all real-valued bounded functions on X
with the supremum norm || - ||x. Also, we denote by C(X) the linear space
of all real-valued continuous functions on X and set BC(X) = B(X) N C(X).
Let b = (b1,bs,... ,b,) € X, where b; > 0fori=1,2,...,r. Let Y be a closed
subset of X N Hp, where

Hy = {(z1,22,... ,2,) ER":2; < b;,i = 1,2,...,7}.

Let {tn;i}nen,? = 1,2,...,r, be strictly monotone increasing sequences of
positive integers and let {m,;}nen,? = 1,2,...,7, be sequences of positive
integers. Let {Vni}lnen,? = 1,2,...,7, be sequences of positive real-valued

functions defined on Y which satisfy
’Yn(jlaj?v s ,j'r; kla k27 ‘. ak‘r; :II)

= (M (2)(J1 + k1), Tn2(2) (G2 + K2), - - -, Vo (2)(r + ki) € X

forallz € Y andalln € N, where j; =0,1,2,... ,vp;and k; =0,1,2,... ,m,;—
1 (:=1,2,...,r). Foreachn € N,a,8 € R, we define

Pos(a, B) = (?)Ma —B8 (7=0,1,2,...,n).
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Let n €N, f € BC(X) and = = (z1,22,... ,Z,) € Y. Then we define

(3) BV‘n.,l,--- Wwn,r (f; 7TL’!&,I) M | mn,r; ’771,1) s ey ’Yn,r; b) (IIJ)
Un,1 Mn1—1 vp2 mp2—1 VUn,r Mn,r—1
=1 n,ibi .11=0 k1=0 j2=0 kz=0 jr=0 ky=0

f(fyn(jhj% v ,jr; kla k2) ey kﬂ .’E)) le/n,i,j.- (b'i; xi)’

which forms a positive linear operator of BC(X) into B(Y).
Remark 1. Let r =1,b; =1 and X =Y = 1. We define

Vp1 =N, Myp1=S8n, Tni(T)=1/(n+s,—1) (neN,zeY).

Then (3) reduces to (2).
Remark 2. Let X = Y = I" be the unit r-cube and b = (1,1,...,1). We
define

Mn; =1, Yni(®@) =1/vng (neN,zeY,i=12,...,7r).

Thenn (3) reduces to the following r-dimensional Bernstein operators:

Un,1 Vn,2 Un,r

NG T B) DETH BF{C L)

Vv, V
J1=0 j2=0 Jr=0 nl Un, 2

X ,I:! (V;z) (L — ;) e
(cf. [3)).

Theorem 1 If
lim |[Ypilly =0 (t=1,2,...,7),
n—>+o00
Lm || iYnilly =0 (t=1,2,...,7)
n—o00
and

lim “Vnz')’nz b,'lxuy =0 (’b = 1,2, .. ,’I'),

n—roo

then for every f € BC(X),

lim ”BVn,ly---aVn,r(f; Mpiy--- sMnr; Tniy- - s Trry b) - fnY = 0.
n—00



29

Let {¢n,i}nen, @ = 1,2, ... ,7, be sequences of nonnegative real-valued func-
tions defined on Y. We define

1
Vn,i + mn,i + (Pn,z(m) -1

Vni(T) =
forallne N,z €Y and for ¢ = 1,2,... ,r. Suppose that

’Yn(j17j2)" . 7jf‘; k17k27 - 7k7‘;$) e X

forallz € Yandalln € N,wherej; =0,1,2,... ,v,;and k; = 0,1,2,... ,my;—
1(i=1,2,...,r). Then from Theorem 1, we have the following:

Theorem 2 If
im 2% =0 (6=1,2,...,7)

n—oo Vn,i

and
Pn,

i
i
Un,

then for every f € BC(X),

lim

T}Lnélo ”Bun,1,.-. ,Vn,r(f; Mpis .- 5 Mnr; Yndy -+ s Tors b) - f“Y = 0.
Remark 3. Let b= (1,1,...,1) and we define
oni(z) =0 (neN,ze€Y,i=1,2,...,7).

Then (3) reduces to the form

(4) By, 1 m2,. ,Vn,r(f§ Mn,1,Mn2,--- y M, ) ()
o 1 Vn,1 Mnp,1—1 vn,2 mn2—1 Vn,r Mn,r—1
im1 Tlnsi j1=0 k3=0 j2=0 k=0 jr=0 kp=0
f( j1+k1 j2+k2 jr+kr )
ceey
Vn,1+mn, —1,Vn2+mn,2—1’ Vn,r+mn,r“1

T () as

t=1
Furthermore, if
Mp; =1 (neN,i=1,2,...,7),

then (4) becomes the following form:

Vn,1 Vn,2 Un,r

IR, O DD DEED VL Crestra BRP )

51=0j3=0  jr=0 ’




30

l/n),' i Vn i3]
XH(]z>$§(l_xi) A
=1

(neN,fe BC(X),z€Y).
In particular, if X =Y =1", we have B, , ... ;... va. = Bn, (cf. Remark 2).

Theorem 3 The following statemets holds for all f € BC(X):
(@) If .
lim —2 =0 (i=1,2,...,7),

n—>00 Vn,i
then

lim ”BVn,lyVn,2,--- wn,r (f; mn,l? mn,23 M mn,r) - f”y = 0'

n—o0

(b) nli—rllolo “Bun'l,l/n,g,...,lln,,-(f) - f”y = 0.

3. Rates of convergence

Let f € B(X) and 6 > 0. Then we define
wp(f,6) = sup{|f(z) — f(¥)| : 7,y € X, dp(x,9) < 6},

which is called the modulus of continuity of f. Obviously, w,(f, -) is a monotone
increasing function on [0, 00) and

wp(f,0) =0, wp(f,0) <20Ifll  (620).

Also, f is uniformly continuous on X if and only if
i 6)=0.
al—lgulo wp(f,8) =0
Now we here suppose that X is convex. Therefore, we have

wp(f,£6) < (1 + &)wp(f,0)

for all £,6 > 0 and all f € B(X) (cf. [4, Lemma 3 (ii)}, [5], [6, Lemma 1 (b)],
[7, Lemma 2.4 (b)]). Let {€.}nen be a sequence of positive real numbers.

Theorem 4 For all f € BC(X) and alln € N,

”Bun,1,--. Wn,r (fiMni, o s Mnr; Yy - - 5 s b) — flly £ ”1X + »U'n”pr(f, €n),
where for allz €Y,

pin(@) = min{ C(p,1)ex? 3 ims(@), VOB, | D bns(@)

t=1 t=1
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r3/p (1<p<oo,p#2)

Clp,r) = {1 (p = 2,00)

and Ti\2
tni(®) = (b = Vas7ni(@))* = 1072 4(2) (3)

) i) (s~ D)

1 1, ,
+ 5 = 1) (7 — 5)7,4(2).

Theorem 5 Suppose that v, ;vni(z) < b; for alln € Nz € Y and for i =
1,2,...,r. Then for all f € BC(X) and alln € N,

Bu,.,l,...,un,.-(f; Mpis-.- s Mprs Yoy -« - 5 Vnges b) - f”Y < ”1X + Tn”pr(f, E’n)7

where for allz € Y,

To(T) = min{C(p, r)e;? i'rn,z-(w), VC(p,r)et z;:'rn,i(:v)}

i=1

and

i i 1 1
Til@) = (7)) (0= U 10i @)+ Fvnin2 (@) + 5 (M= 1) (Mni = 5)724().

Theorem 6 For all f € BC(X) and alln € N,

“an,l,vn,z,---,vn,r (f7 M1, Mp2, ..., mn,r) - f”Y < ”1X + nnllep(f, 5n),

where for allz € Y,

m(x) = min{C’(p, r)e;? inn,i(a:), VC(p,r)et Z nn,i(:c)}

and
UniZs

(Uni + My — 1)2
1) 1
2 (Vn’i -+ Mnp,i — 1)2 '

ni“l 2
(@) = (=) 4
Vni + Mpi — 1

1
+ §(mn,,- - 1) (mn,,- -
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Theorem 7 For all f € BC(X) and alln € N,

(5) ”Bl’n,l,un,2,---,Vn,r (f: Ma,1, mn,2, oo amn,r) - f”Y

< (1 +min{Mr,yC(p, ), \/M,.YC (p, r)})wp(f, 6r),
where 1
M.y = max{|le} + 31x|l, :i=1,2,... ,r}

and

~ mn,i-l 2 1
en = JZ((Vn,,‘ +mn,,- - 1) + l/n,.;_)-

Remark 5. From (5), we obtain the following estimate for all f € BC(X)
and alln e N:

(6) ”an,l,vn,z,--- ,Vn,r(f; Mn1, M2, .- -, mn,r) - f”Y

< (1422 D)oy (1,60,

where

r mnz-l 1 ) . mn,—l 1
n = - + < ( - + )
¢ Z(Vni +mu;—1 Vni E NUny,; Ungi

=1 ’ ’ ’ =1

Therefore, the inequality (6) improves the estimate given in [2, Theorem 2] for
r=1,bp =1,X =Y =1land v,; = n. Also, we can get the following estimate
for all f € C(I") and all n € N (cf. [6], [7]):

r

D UBrssniss e (5) = Fllr < &alm P (fr 60y | 305,

=1 Uni

fn(P,T)=1+min{C(p’r)’ \/C’(T,_}

In particular, if vn,; = nforalln e N;e =1,2,... ;rand B, := By, ;4 ,,... vns>
then (7) establishes the inequality

1Bn(f) = flir < (1+mm{rc(f’r), : TC:?(p’T)})wp(f, \—;——)

for all f € C(I") and all n € N.
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