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Quasi-convexity of model function and ordering process
in self-organizing maps
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1. EAMGECHERE~YY 7ETIV

A& E Kohonen [7| B 7V TV X Lic& LTHIS N TWAHOEBG L Yy TEFIVIC
B BIEF L EFNBEROMRICHET 3 —DDOHEBNERTHS. HCERL Y 7€
TIVeE T 5/ — FEFE /— FOEE OICEN 3 H 2 EOBAIMEICDONT, EFLOD
RUAREDFERDOBRIC X D EET 5.

C T TS BB L~ v TIIERICEANTD b LEEISHFIZE L, 7VdU X
LEIFRIC U TIVTHBH, FOREEERSE DHASH TRV,

AHE TR, B~y STV R/ —F, J—FDfE, 1>Fv bk, ¥ 7otk
ADADDBERICK>TEET 5.

(i) IZINTD/—ROEELTS. I3, EldzZLODSEHEMOMERTES

L9 %.

(i) &/ —Fi&, ZhFh1DODE%2ED. VE/—FOEOEMETS. VIE/ VL
ZHTHBLRETS. VIIBIB/IVLE|- || £T5. mG)Z/—FiDfEEL
T, ZOXEm : I — V 2E7)VEIE (model function, reference function) & FES
TEIiCTB. e, MZETIVBBOERK, mo: 1 -V ZEHETVERET 5.

(i) XcVERAVTY MERLTB. z0,21,22,... EXBAVTY MFET S,

(iv) 2870t R LTUTD 2 D%RET 5.

Learning process 1

(a) ZEIE:

I0me, zi) = {i* € I | lIma") — 2l = inf llmi(@) - all |
(mk (3 M,:L‘k € X),
N@) ={jel|di,i)<e} (iel).
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(b) #2H¥RK: 0<a<l

(c) FFik:
(1—aym(i)+azx ifi€ U N(&%),
M1 (i) = el (m.ae) k=0,1,2,....
mi (%) ifig U N,
i*el(mg,zk)

2. Rf/—FE 1XT/—FEFETIV
(i) BEM@ED/—RERESTS. 1={1,2,...,n} CN.
(i) /— FEOZEMZR (-7 RVL) T 5. mg = [mo(l),mo(2),:-- ,mo(n)]
LI Licss.
(iii) zo,z1,Z2,... € X C R ZANFET B.
(iv) Learning process 2, Learning process 3 D—HEEZRET 5.

Learning process 2

(a) 22 HIER:

Imi,¢) = {&* € T | Ima(i") — @] = inf Imi(0) - 7l }
(mi € M,z € X),
MG ={jel|li—il<1} (i€l).

(b) Z2Y¥HR: 0<a<l

(c) 75tk
(1 —a)ymi(i) + oz, fi€e U Ny(7%),
mk+1(i) = el (me,r) k= 0, 1, 2, e
mi(2) ifig U Ni(i%),
i*el(mg,zx)

Learning process 3

(a) ZLIEIA:

J(m, ) = min{i* el ‘ [mi(i*) — 24| = inf [me(i) - xki}
(my € M,z € X),
M@ ={jell|li-i<1} (e ,
(b) #Y#: 0<a<l
(c) HE:
(l—a)mk(z')+aa:k if1 € N1(J(mk,:l}k)), k=012 ...

mk-i-l(i) = {mk(z) if 2 ¢ NI(J(mkaxk))v
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G, nf@D/—F1,2,... nhHD, ZOZFhFRIH LT/ — Rl mo(1), me(2), .. .,
mo(n) WEZAENTVA. TODEE, A>Ty M TSP LD E ) — RO@EH
HHEND. 20 € X BANENIAESE, mo(1),mo(2), ..., mo(n) DENT z, LBEE
WEDZREY, ZOMICHNIST S/ — R LZOEBED /— R LTy

mi(é) = (1 — a)my(3) + oy

WBREN, ThLSO/ — RISH L TRPESEAENT, mi() = mel) %5, A
YTV by, T, 23, X LT, TOERBYETEICED, BRic/ — FOEFHEBC
tbh, E]B#&C:E'?Il/ﬁgﬁ mi, Mg, ms,... b‘%;ﬂ‘:ibﬁéh%
CODXRSBHFBEZIEER, BOEBLEE, TRVERCEYT, HELES, &
/— FOEDEFIC H HBORAMNRNZ L h5 D, EE, e/ — RES, /—
FOMEDZER, FESEBNT, HALEOK O DRKENESNSENS. £, ©
NOOREZFAT S Lickb, BLOEMENGHEATWS.

3. ETINORPIRRRIZDONT
ROEHE, EFIVBEBOMAMEEICET IR TRETHS.
Theorem 1 Learning process 2 Z{RET 5. EFIVEIB m1, ma, ms, ... I L TLLFA

AR D iro.
(i) ET VB my DT L CHRAMINTH 3 4551E, EFVEK mey1 B I _ECTHEFEIMN

Th%.
(i) EFVBISm, A ] L CHBRD THB%5E, EFVEM me,, &1 _FCHIERD
TH%.

(iii) EFIVEE me BT L CHRBEFAEMTH B 551E, EFVER men, b I ETRS
BEAEmmTH 5.

(iv) ETVBEE M W T L THRBEFARD THZ55IE, EFVER me, b T L THE
BB THB.

C T TCOHFPEIYE, BEIERAMEDOL S I, EFVEBD—EZOREICKTD L, 20O
REMEEND LVSEKICENT, TOXS SRR B R LY v 7E 7L ORIY
WREMES T LICT B, EFVORIGRIEL U THR TR B TOMMME, BEut P
NH5.

2K/ — FEFIDBEEEZS.

(l) /"‘F ’%I=I1X12. fcfib
Il:{1,21""Nl}’I2={1’27"',N2}’ d](('&,]),(k,l))zlZ'—k|+|]—ll

(i) /— FEZER V I (-, ) 2 DNBEEE T 3.
(111) Lo, T1,Z2,... € X cvVv ‘i/{ :/7°‘y ]‘5‘]8'@'%.
(iv) Learning process
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(a) ZZHEHA:
I(m,z) = {i* € I | |m(&") = o]l = inf | m(s) - =/l }
(me M,z € X),
Ni(6) = {j € I| di(5,i) <1} (i€ D).
(b) YHK: 0<a<l
(c) At

(1-a)m(i)+az ifi€ N(&),
m'(d) = )

U
i*cl(mx k=0,1.2.....
m(i) if @ ¢ itEIL(Jm m)Nl(i*)’

Condition 5 3XTD (5,5) € e LT
Im(i + 1,5) = m(, )| < |lm(i +2,5) = m(E, )
Im(i — 1,5) — m(, §)|| < [lm(E - 2,5) = m(, 7))l
lm(3, j + 1) — m(@@, §)|| < Im(E, 5 +2) — m(, )|
Im(i, 5 — 1) = m(,5)|| < Im(@,j — 2) — m(5,5)l|
M DIID.

Z T, Condition 513 E F/IVORILKRAEIC A WA, FRELUTUTOEEZED
ehbhs.

Theorem 2 LD 2XT/— FERAIETFNVEZRET 5. Fi\
Im(@,3%) — =l = min, Im(i, ) - .

ERERT (1,5 D—RICEET B LRET 5. TOLE, LUFAY D 1L D.

(1) (@) (,5), G+1,5), G +2,5) € N(i*,7) N LT [m@E+1,5) = m@G | < [m(i +
2,5)—m(s, )| mHIE, TRNTD o,z LT lm/ (i+1, 7)) —m/ (G, 5)|| < ||m/(i+
2,7) — m/'(3,5)|| BEDILD.
b) (,7), G —1,7), (i —2,5) & N1(i*,5*) @R LT ||m(i — 1,5) —m@G, )| < lm(i —
2,7)—m(i, )| BB, IXRTDa,zlcHLT lm/(i—1,5)—m/(, )| < llm'(E—
2,5) —m/(4,5)|| DARDILD.
(c) (i,7), (5,5 +1), (5,5 +2) & Ni(5*,5*) R LT llm(i, 5 +1) —m(i, j)|| < llm(i, 5+
2)—m(3, 5)|| mBiE, TRTDa,z L T|m/(E,5i+1)—-m'(E, )| < |lm' (¢, 5+
2) — m/(3, )|l AR D AL D.
(d) (i,7), (G, 5—1), (7 —2) & Ni(&*,5*) e LT ||m(3,5 1) —m(s, 5)|| < lm(s,j—
2)—m(i, §)|| 5, TRXTDa,zicHLT \m’ (5,5 —1)—m/ (G, )| < [lm'(4,5—
2) —m!(4,7)|| B DILD.
(2) (a) ||m@*, %) —m@* — 1,7 < [lm@G@* +1,5%) —m(@® - LM &5iE, $XTD
a,z R LT |m/(*, %) — m/ (@ = 1,5°)|| < |m/(i* +1,5%) = m/(* — L, 5| 2
K DILD.
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(0) lm(e*,j*) — m(i* + 1, 7*)|| < |m@* — 1,5*) —m(* + 1,5%)|| &5IE, TTD
o, z WX UT |lm/ (3%, 5*) — m/(i* + 1, 7*)|| < |m/(s* — 1,5*) — m/(i* + 1, 7*)|| B
KD ILD.
(¢) Im(*,5%) = m(@*, 5* — D < [m(@, 5* + 1) = m(&*,5* = || BB, $§XTD
o,z XU T ||m/ (5%, 5*) — m! (3%, j* — D < lm'(3*, 5* + 1) = m/ (3%, 5* — || B
XD 31D,
(@) |lm (s, 7) — m(@*, 5* + || < |m(e, 5* — 1) = m(@*,5* + V|| BB, TRTD
o,z IH LT |m/(6*, 5%) — m/ (6%, 5* + 1)|| < |m/ (5%, 5* = 1) = m' (5%, 5* + 1)||
D ILD.
(3) (a) ”m(Z* + 1).7.*) - m(i*:j*)” < ”m(Z* +21j*) - m(i*’j*)” 73:6&33' j‘/\“(‘@a,x
XU T |/ (6" + 1, 5*) —m' (5%, 7*)|| < ||m/(¢* + 2,7*) —m/(3*, 79)|| B D ILD.
() m@@* = 1,5%) = m@@*, 5)|| < [Im(* = 2,5°) —m(@*, )| %5&, §XTDa,z
R LT |Im/ (¢ — 1, 5%) =/ (3%, 5*)|| < |lm/(¢* — 2, 5*) —m/ (3%, 5*) || BBV ILD.
(¢) Im(a*,5* + 1) = m(@@*, 7)|| < Im(i*, 7* + 2) — m(i*, j*)|| % B, TXTD o,z
XU T [|mf(3%, * + 1) — (&%, 5*)|| < |lm/(5*, 5* +2) — m! (5%, *)|| B D 32D.
(@) [Im(e*,5* = 1) = m(@*, 5)|| < |m(e*, 5* - 2) —m(*, 5*)|| %5, TXTDa,z
ERLT (@, 5% — 1) —md/ (5%, )| < ||lm'(*, 5™ — 2) =/ (i, 5*) || DR D 3L D.
ProOOF. (1),(2) 3B THS. (3) Z/RY. mo = m(i*, 5*),m; = m(i* +1,5*),my =
m(i* +2,5%) EBLEE, [[my—mpo|| < [|me — mol| RO IDESIE, ROTRERDEKD
AYASN

[lmy — mol|* — |lmy — my)|?
=|lmg — (1 — @)mo — az|®* — |[(1 — @)my + az — (1 — &)mg — az|?
=|(1 = a)(mz — mo) + a(m; — 2)||” — ||(1 — &) (my — mo)||?
=(1 — a)?|lma — mo||* + 2(1 — a)a(my — mo, my — ) + &?||my — z||?
~ (1 = a)*|lm1 — mo|?
=(1 = @)*(llma — mo|® — ||(my — mo)||?)
+2(1 — a)a(|lmz — z||® — (mo — &, my — 7)) + &2||my — z||?
2(1 = a)*(|lmg — mol|® — ||my — mo||?)
+2(1 — a)a(|lmz — z||* - [Imo — z(|[|m2 — z) + o®|jms — |?
>(1 — a@)*(llma — molf® — ||m1 — molf?)
+2(1 — @)a(|lmg — z|f? — [mz — z(|[lms — z||) + @®|lm — z||* 2 0
FBIRRIC mo = m(i*, j*),my = m(i*— 1, j*), mg = m(i* —2,5*), Efzidme = m(*,5%),m; =
m(i*, 7*+1), mg = m(i*, j*+2), lzldmo = m(i*, j*),m1 = m(i*, j*—1),me = m(*, j* —
2) &L LITKD, BOOMENBHILT A LERTENTES. O
CCT, LVIBI—ROBECOWVWTERT S.
Theorem 3 /— FEGIREJICK-o THEEN IO ZNELESELTS. /—FHE
OISRV %V LREEEE T, || BV ICBIB /VLET S, EEOETF VMK
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m&EAY Ty Mze XITNLT, eI
Im(i) = al| = inf | m(s) - 2|

2z, mEBEEHFLEEFVES Y ICHLT
Hmﬁﬂ—wﬂ=gyWﬂﬂ—$H

) ASRYASR

4. EFIVEBOHENME L MM OWT

CCT, ¥EFRE LOBMYE, BMMEELUTOLS ICBAT I LICLD, HOER
E=y 7ETFNOETFIVEEICHET 28N B L MM OWTERT 3.

Definition 1 (Y, <) Z¥IRFHREL L, f2Y LOKBENKETS. coLx, i
#E Y (quasi-convex) TH B &IX, y; <y < y3 THIREZED Y1,Y2, Y3 EY I LT

f(y2) < max{f(v1), f(ys)} (1)

BERDIUDEERND. iz, fHYEM (quasi-concave) THB Lidy, < Y2 < y3s THBE
BDy,yeys €Y ITHLT

f(y2) = min{f(v1), f(vs)} (2)
BEDIIDEEHENS,
LUTORRITEIEFERES EOBMBOBMNEICHET 2 REFOEREL 52 5.

Theorem 4 (Y, <) ZHIBFRELL, f2Y LOEBRERKETS. fOL~NIVES
Lo(f) ZATDESICEHETS. FacRICHLT,

Lo(f) ={v €Y | f(y) < a}.

TDEE, RD2ODELEIIEETS 3.

(i) fIZEMERTHS.
(ii) TRTDaeRITHLUTUTFARD LD,

Y1,Y3 € La(f)' hn S Y2 S Y3 §65£y2 € La(f) ?55.

LU 3% B & B MBE OB ANEE TH 3.

Theorem 5 (Y,<) Z¥IEFESLL, f2Y LOEKERKL TS, coLx, T
ML D ILD.



219

(1) fHAREMBEHTH 2 7DDBRETIREE —f MEMBERTHZLTHS.
(i) fHOEREETS 512D DMBE+SRMER fHEMD DEMNEERTH BT L TH 5.

ROFEHART XSS, EFNVEBICH LT, EEHORIHRICI O THEMES K UM
MREFEENS.

Theorem 6 Learning process 2ZRKET 5. TDE& EETIVEB M, ma, ms, .. WIHL
TLLRAE D ILD.

() EFVEE m, B I ETHENTHB551E, EF VB me, b1 ETENTSHS.
(i) EFVEE m BT ECHMTHB%51E, TFVER M, b I ETHRMTHS.

Theorem 6 DEEBIDT ¥ kS 4 i [6] BHH.

Remark 1 Theorem 6 05, 5 VRIS BIF/IRRBICE|ZE T SaTDOIRE L LU T8N,
XZBMORENEET S ehDH B,

PAFI&, Learning process 3 Z{RE LIz B SO HBRMHRFICEHTAHERTH 5.

Theorem 7 Learning process 32 {RET 5. ETFIVEE m,, ma, ms,... IKEELT, XN
B ALD.

(i) ‘:E‘?}I/Egﬁ my 75‘ Iifﬁéﬁﬁﬁﬁfgmfaﬁ%&%bi %?}DE@& Mik41 t) I Lﬁﬁﬁ
BRI TS 5.

(i) EFIVEE m B L TRBEABDTHEA0IE, EFNVEB M, BT ETHES
HEmADTH 5.

T TT, ¥IEFRE EORNWED, BOWEMZLTOXS ICEAT 5.

Definition 2 (Y, <) Z¥EFEASLL, f2Y LOEBEMEBKL TS, COLE, fH
FHU M (strongly quasi-convex) TH B EIE, y1 <y < ys THIERD y1,y2,y3 € Y I
LT

f(y2) < max{f(y1), f(ys)} (3)

MDD EEENS., iz, fHMEOEEM (strongly quasi-concave) THBA LIy <y <
Y3 T%%ﬁ%ﬁ@ Y1,Y2,Y3 € Y LC?‘TLT

f(y2) > min{f(y1), f(ys)} (4)
AEROIIDEL EZ VS,
DIFE, YIEFEES LOBEBORNEMNMYE LR WEMHICRET 2EANAEE THS.

Theorem 8 (Y,<)Z¥EFEALL, fR2Y LOEBERHETS. CcDOLE, T
B D ILD.
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(i) f ARV EEMBESE DIE, fIZECNESBTHD.
(ii) fHBEVEMBERAGIE, fIXBMERTEHS.

IO 2 ODEIIT, ZYOFIRICEIT B EFIVEB OB MEN M 5 L U OEEMEEOF
FICHET AHERZESE X 5.

Theorem 9 Learning process 2% {RET 5. T IVEE m,, my, ms,.. IR LT, LT
M DIID.

() TEFIVES me B ] L THEROENTHEE5IE, EFVESE me, & I ETHROEEY,

TH5.
(i) EFIVEIB me B ] FTHEOEMTHZE5IE, TFVBIE mey, b 1 T3 HEY]
TH5.

Theorem 10 Learning process $ Z#RKET 3. ETFTNVEB mi,my, ma,.. I LT, B
TAED LD,

Q) EF VS me BN T TRV TH B 5IE, EFVEISE me, © 1 TR

TH%.
(i) EFVEB m, BT L TRWVEMTHSE5IE, EFIVER me B 1 ETEWEM
TH%.
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