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The reproducing property
on parabolic Bergman and Bloch spaces

Yosuke HISHIKAWA (Gifu university)

1. Introduction

Let H be the upper half-space of the (n+1)-dimensional Euclidean space R"*!(n
> 1), that is, H = {(z,t) € R";z € R",t > 0}. For 0 < a < 1, the parabolic
operator L® ig defined by

L(a> = at + (—Aw)a,

where 0; = 0/0t and A, is the Laplacian with respect to . A continuous function
u on H is said to be L{®-harmonic if L{®u = 0 in the sense of distributions (for
details, see section 2). For 1 < p < 0o and A > —1, the parabolic Bergman space
b? (X) is the set of all L{®-harmonic functions u on H which satisfy

oo = ([ |u<x,t)|ptAdv<:c,t>)W < oo,

where dV is the Lebesgue volume measure on H. Moreover, b3 is the set of all
L®)_harmonic functions « on H which satisfy

llul| L := ess sup |u(zx, t)| < co.
(z,t)eH

We remark that b} /2()\) coincide with the usual harmonic Bergman spaces of Koo,

Nam, and Yi [4]. The parabolic Bloch space B, is the set of all L{®)-harmonic and
C"* class functions u on H which satisfy

lullg, == sup {t2|V,u(z,t)| + t|8u(z, )|} < oo,

(z,tyeH

where Oy = 0/0zk, Vi = (01, -+ ,0,). Moreover, let B, = {u € By;u(0,1) = 0}.
It is also known that B, is a Banach space with the norm | - ||z,. And we remark
that B, /2 coincides with the harmonic Bloch space of [6].

Our aim of this paper is the study of reproducing property with fractional orders
on parabolic Bergman and Bloch spaces. Ramey and Yi [6] study the reproducing
property on harmonic Bergman and Bloch spaces. Furthermore, Nishio, Shimomura,
and Suzuki [5] study the reproducing property on parabolic Bergman and Bloch
spaces. In this paper, we introduce fractional derivatives and study the reproducing
property with fractional orders on parabolic Bergman and Bloch spaces.

To state our main results, we give some definitions. We denote by W the
fundamental solution of the parabolic operator L@ For a real number x, a fractional
differential operator D¥ is defined by DF = (—8,)* (for the explicit definitions of W
and Dy, see section 2). A function wf on H x H is defined by

whi(z,t;y,s) = DfW'(a)(x -y, t+s)— DfW(a)(—y, 1+s)
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for all (z,t), (y,s) € H. In Theoremns A and B, we present results of Koo, Nam, and

Yi [4] concerning with the reproducing property on harmonic Bergman and Bloch
spaces.

THEOREM A ([4]). 1<p<ooand A > —1. And let k > i\'—;l be a real number.
Then, the reproducing property

u(z,t) = Cn/ u(y, s)DfW(%)(:c —y,t+ 8)s* 1dV (y, s) (1.1)
H

holds for all u € b} 12(A) and (z,t) € H, where I'(:) is the Gamma function, and
C. = 2°/T'(k). Moreover, (1.1) also holds whenever p=1 and Kk = X+ 1.

THEOREM B ([4]). Let k > 0 be a real number. Then, the reproducing property
u(z, 1) = G [ uly oo, iy, )™ dV ()
H

holds for all u € 51/2 and (z,t) € H, where Cy is the constant defined in Theorem
A.

The following theorems are our main results. Theorem 1 gives the reproducing
property on parabolic Bergman spaces, and Theorem 2 gives the reproducing prop-
erty on the parabolic Bloch space. We remark that the condition for £ of Theorem
2 is the limiting case of Theorem 1 as p — oo.

THEOREM 1. Let0<a<1,1<p<oo, and A > —1. And let k > *—;1;-1- be a
real number. Then, the reproducing property

u(z,t) = Cx / u(y, s)DEW® (z — y,t + 8)s™ 1dV (y, s) (1.2)
H

holds for all u € bE(X) and (z,t) € H, where C, is the constant defined in Theorem
A. Moreover, (1.2) also holds whenever p =1 and Kk = A+ 1.

THEOREM 2. Let 0 < o < 1. And let Kk > 0 be a real number. Then, the
reproducing property

u(z,t) = Cx f u(y, s)wi(z, t;y, 8)s" 1dV (y, s)
H

holds for all u € B, and (z,t) € H, where Cy, is the constant defined in Theorem A.
2. Preliminaries

First, we recall the definition of L{®-harmonic functions. We describe about
the operator (—A;)*. Since the case a = 1 is trivial, we only describe the case
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0 < a < 1. Let C*(H) be the set of all infinitely differentiable functions on H with
compact support. For 0 < o < 1, (—A;)® is the convolution operator defined by

(=Az)*Y(x,t) = —cpo lim (%(y, t) — ¥(z,8)|ly — z| " **dy (2.1)
o0+ ly—z|>6

for all Y € C°(H) and (z,t) € H, where ¢, o = —4°1""/?'((n+2a)/2)/T(-a) > 0.

A continuous function v on H is said to be L(®-harmonic on H if u satisfies the

following condition: for every ¢ € C®(H),

/ lu - f("‘)dzldV < oo and / u- L@yav =0, (2.2)
H H

where L® = —8, + (—A,) is the adjoint operator of L{®). By (2.1) and the
compactness of supp(y) (the support of 1), there exist 0 < t; < 3 < oo and a
constant C' > 0 such that supp(ZL(®y) C S = R" x [t, t2] and |L@y(z, t)| < C(1+
|z|)~"~2 for all (z,t) € S. Thus, the integrability condition [ o lu- L@yp|dV < oo
is equivalent to the following: for any 0 < t; < t; < oo,

/t N /R Ju(e, )1+ o)V (@,1) < oo (2.3)

We introduce the fundamental solution of L(®. For x € R”, the fundamental
solution W(® of L(® is defined by

1
W (z,8) = { @m)" /R exp(—tl§|** + V=Tz-£) df ¢t>0
0 t<0,

where z - £ denotes the inner product on R”. It is known that W(® is L{®)_harmonic
on H and W(® € C°(H), where C®(H) is the set of all infinitely differentiable
functions on H.

Next, we present definitions of fractional integral and differential operators. Let
C(R4) be the set of all continuous functions on R, = (0,00). For a positive real
number &, let FC™" be the set of all functions ¢ € C(R,) such that there exist
constants £, C > 0 with |p(t)] < Ct™*¢ for all t € R,. We remark that FC™ C
FC"if0 <k <v. For p € FC™", we can define the fractional integral of ¢ with
order k by

D" p(t) = f-(l?ﬁ /o " el 4 r)dr = 'f(% /t Tt lp(r)dr, tER,. (24)

Furthermore, let FC* be the set of all functions ¢ € C(Ry) such that d{ﬂcp €
" FC~U%1=%) wwhere d; = d/dt and [x] is the smallest integer greater than or equal to
k. In particular, we will write FC° = C(R,.). For ¢ € FC", we can also define the
fractional derivative of ¢ with order x by

Dip(t) = D; "9 (—d)Mp(t), teRy. (2.5)
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Also, we define Djp = . We may often call both (2.4) and (2.5) the fractional
derivative of ¢ with order k. Moreover, we call Df the fractional differential operator
with order k.The following proposition shows that fractional differential operators
hold the commutative and exponential laws under some conditions.

PROPOSITION 2.1 ([2]). Let k and v be positive real numbers. Then, the following
statements hold.

(1) If ¢ € FC™", then D;"p € C(R,).
(2) If o € FC~~, then D;*D*p = D;* .

(3) If d¥p € FC™" for all integers 0 < k < [k] — 1 and dtmgo e Fe-(K-r)-v
then DDy o = Dy "D = Df V.

@) If &t ™Mo e FC~Y) for all integers 0 < k < [k]—1, dff1 ey € FC~(s1-%)
fo7‘+all integers 0 < £ < [v] — 1, and dtm"LM(p € FCUR1=R=(1-2) then DEDro =
D, -

Here, we give examples of the fractional derivatives of elementary functions.

EXAMPLE 2.2 ([2]). Let k > 0 and v be real numbers. Then, we have the
following.

(1) Dye™ = k"e ™.

r
(2) Moreover, if —k < v, then D{t™" = M

(k)

3. Fractional calculus on parabolic Bergman and Bloch spaces

1Y

In this section, we give basic properties of fractional derivaitves of the funda-
mental solution W(®  and parabolic Bergman and Bloch functions. First, we give
basic properties of fractional derivatives of the fundamental solution W(®). Let
No = NU {0}. For a multi-index 8 = (81, -+ ,B.) € N2, let 8% = 90 /3" ... Gzfn.

PROPOSITION 3.1 ([2]). Let 0 < a <1, B € N§, and k > —3= be a real number.
Then the following statements hold.
(1) The derivative 0°DFW(® = DrEGPW (@) is well-defined. Moreover, there exists
a constant C > 0 such that
|OEDEW @) (z, )] < C(t + |af2) =5~

for all (z,t) € H.

(2) If0 < g < 00 and 6 > —1 satisfy the condition 5= +60 +1— (1’°-42—'-Cl“El +K)g <0,
then there exists a constant C > 0 such that

[ 18D @ — gt 4 s)15dV (g, 5) < Crrori- (e
H
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for all (z,t) € H.

(3) Let v be a real number such that k +v > —J=. Then,

DYOPDEW @) (z, 1) = OPDEH W (1, 1)
for all (z,t) € H.
(4) OFPDEW @ 4s L) _harmonic on H.

We define a function w?*. Let 8 € N3, and k > —£ be a real number. The
function wP* on H x H is defined by

Wi (x,t;y, ) = BDFW D (& —y,t + 5) — DWW (—y, 1+ 9)

for all (z,t), (y,s) € H. Here, we remark that w® = w2*. In the following proposi-
tion, we give estimates of the function w?*.

PROPOSITION 3.2 ([3]). Let0 < a <1, B € N}, and k > — be a real number.
(1) For any compact set K C R™ and M > 1, there exist constants Cy,C3 > 0

such that

Ci|z| Caolt — 1]

W (@, t;9,9)] < : :
" (L4 s+ fyPe) =55 (14 s+ [y Rt ons

for all (z,t) € K x [M~', M] and (y,s) € H.
(2) Let (z,t) € H be fized. Then, there exists a constant C' > 0 such that

n+{8
WP (z, t;y,8)| < C(A+ s+ [y**) 2 =°

for all (y,s) € H, where o = min{1, 5=

(3) Moreover, let k > 0 be a real number. Then, there exists a constant C' > 0
such that

/ WO (3, £y, 8)|s 51V (y, 5) < C(1 + log(1 + |z]) + | log t])
H

for all (z,t) € H.

Next, we give basic properties of fractional derivatives of parabolic Bergman
functions.

PRrOPOSITION 3.3 ([2]). Let 0 < a < 1,1 <p < oo, A > —1, B € Nj, and
k> (55 + A+ 1)% be a real number. If u € bE()), then the following statements
hold.
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(1) The derivative 8°Dfu(z,t) = DrdPu(x,t) is well-defined. Moreover, there
exists a constant C' > 0 such that

00DFu(w, 1)] < Ot~ B3y 1y
for all (z,t) € H.
(2) Let v be a real number such that & +v > —(£ + A+ 1)%. Then,
DY Dru(z,t) = OPDrF Y u(x, t)
for all (z,t) € H.
(3) 88Drw is L) -harmonic on H.

Finally, we give basic properties of fractional derivatives of parabolic Bloch func-
tions.

PROPOSITION 3.4 ([3]). Let 0 < a <1, B € N?, and k > 0 be a real number. If
u € B,, then the following statements hold.
(1) The derivative 0°Dru(x,t) = DrdPu(z,t) is well-defined. Moreover, for
(B, k) # (0,0), there exists a constant C > 0 such that
02D5u(z,8)| < Ct=R~"|ulls,
for all (z,t) € H.
(2) Let v > 0 be a real number. Then,
DyOEDyu(a, t) = D ulz, ) (3.1)

for all (z,t) € H. Ifv < 0 is a real number such that k+v > 0 and (8, k+v) # (0,0),
then (3.1) also holds.

(3) 88Dfu is L™ -harmonic on H.

We present more estimates of fractional derivatives of parabolic Bloch functions,
which is the important tool for the proof of the reproducing property on B,.

PROPOSITION 3.5 ([3]). Let0 < a <1, B € N§, and k > 0 be a real number.
(1) For any M > 1, there exists a constant C' > 0 such that

i — 1]
OPDru(z, t + s) — 08Dfu(0,1 + s)| < Cllulls, ] — +
| ru ) el (1+s 18141 4 (1+S)J£;l+n+1

for allu € By, (z,t) € R* x [M~',M], and s > 0.
(2) Let (z,t) € H be fizred. Then there exists a constant C' > 0 such that

|02 Dru(a, t + 5) — EDFu(0, 1+ 5)| < C(1+5) 7,
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forallu € B, and s > 0, where o = min{1, ;-

' 2a )
4. The reproducing property on parabolic Bergman and Bloch spaces
In this section, we give the reproducing property on parabolic Bergman and

Bloch spaces. First, we present the Huygens property, which plays an important
role for the proof of the reproducing property.

LEMMA 4.1 ([8]). Let0<a<1,1<p<oo, and A> 1. Ifu € be(A), then
u satisfies the Huygens property, that is,

u(z,t) = / w(z —y,t — s)W(y, 5)dy
R™
holds for allz € R™ and 0 < s < t < 00.

LEMMA 4.2 ([5]). Let 0 < o < 1. If u € B,, then u satisfies the Huygens
property, that is,

uwt) = [ ue-y,t- )Wy, )y
Rn
holds for allx € R™ and 0 < s < t < 00.
For 6 > 0 and a function u on H, we define an auxiliary function us of u by
us(,t) = u(x,t+6). We present the reproducing property for fractional derivatives
of us in Propositions 4.3 and 4.4, which play an important role for the proof of the

reproducing property on b2 ()\) and ga, respectively.

PROPOSITION 4.3 ([2]). Let0<a<1,1<p< o0, A>—1, and § > 0. And
letv>—(&+ A+ 1)11) and £ > 0 be real numbers with v + k > 0. Then,

us(z,t) = Cyin /H DY us(y, s)DEW @ (z — y, ¢ + 8)s* "1V (y, s)

holds for all u € bE () and (x,t) € H.

PROPOSITION 4.4 ([3]). Let 0 < a <1 and § > 0. And let k,v > 0 be real
numbers with kK +v > 0. Then,

us(z,t) — us(0,1) = C’,,M/ Dius(y, s)wi(z, t;y, 8)s* T 1dV (y, s)
H

holds for all u € B, and (z,t) € H.

Now, we give the reproducing property on parabolic Bergman and Bloch spaces.
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THEOREM 4.5 ([2]). Let 0 < a <1, 1<p<oo, and A > —1. And letv > —AH

and Kk > i\—;:—l- be real numbers. Then, the reproducing property

w(z,t) = Cyn / DYu(y, ) DIW ( — y, t + 8)* 1V (y,s)  (4.1)
H

holds for all u € b2 ()\) and (z,t) € H. Moreover, (4.1) also holds whenever p = 1
and k = A+ 1.

THEOREM 4.6 ([3]). Let 0 < a < 1. And let v > 0 and k > 0 be real numbers.
Then, the reproducing property

u(z,t) = Cpyx /H Dyu(y, s)wi(z, t;y,8)s" T 1dV (y, s)

holds for all u € B, and (x,t) € H.
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