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Abstract
In this article N- fractional calculus of the functions ( which have multiple root

signs )

f@ =YWz -b-c-d

are discussed .

Theorem 1. We have
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§ 0. Introduction ( Definition of Fractional Calculus )

(1) Definition. ( by K. Nishimoto ) ([ 1] Vol. 1)
Let D={D_,D,}, C={C_,C)},

C_ be a curve along the cut joining two points z and — ®© +iIm(z),
C, be a curve along the cut joining two points z and %+ iIm(z),
D_be a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).
Moreover, let f = f(z) be a regular function in D(z €D),

T+ . ()
fo=(f)=c(f), = Py fC(C—z)M d¢ (ve&Z), (1)
(f)om = Uim (f), (mEZY, (2)
where -n sarg(§-z)smx for C., Osarg({-z)s2x for C, ,

=z, z€C, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <O ), with respect to z , of
the function f , if |(f) I <o,

(IT) On the fractional calculus operator N* [ 3]
Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

N '(v+1) d¢
( ry fC(C w,) (ve&EZ), [Referto(1l)] (3)

with N™= lim N (m €Z*), (4)

V= -m

and define the binary operation o as

NP oN°f=N°N°f=N*(N"f) (a,BER), (5)
then the set

{N'}={N"|ver} (6)
is an Abelian product group ( having continuous index v ) which has the inverse

transform operator (N*)™ = N™" to the fractional calculus operator N* , for the

function f such thathF-{f; anlfv|< oo,vER}, where f = [(2) and z€EC.
(vis. —0o<v <o),
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( For our convenience, we call N* o N as product of N® and N°.)

Theorem B. " F.0.G. {N"} " is an" Action product group which has continuous

index v " for the set of F . ( F.O.G. ; Fractional calculus operator group ) [ 3]
(III) Lemma. Wehave[1]

: b cmal(a=b) ., (|T(a-b)

(i) ((z=¢)), =e T(-b) (z-0) ( T(-b) <°°), (7)
(i) (log(z-¢)), == €™ T(@)(z-c)*  (|T@)|<), (8)
(iii) ((z-0) %), =-e"" _ log(z-¢) (IT(a)|<=), (9)

where z—c= 0O for(i)and z-c= 0,1 for (ii ), (iii) ,

§ 1. Preliminary
[I] The theorem below is reported by K. Nishimoto already ( cf. J. Frac. Calc.
Vol. 29, May (2006), p.37 ). [ 12 ]
Theorem D. We have

(i) (z=D)F -0)%), =e™ (2=

x”[—ahr‘(ﬁk—aﬁw)( c ,,)k (IF(ﬁk-aﬁw) <oo) (1)
&% KT@Bk-of) \(z-b) L(Bk~ap)

and

(ii) ((z-B)°F -0, = (-1)"(z-b)*F"

k

~ [al[Bk-ofl( ¢ . 2
*2 X \(z—b)”) (n€2s) (2)
where
lelz-b)Pl<1,
and

[Al, = AL +1) - (A+k=1)=T(A +k)/T(A) with [A],=1.

( Notation of Pochhammer ).
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[II] The theorem below is reported by K. Nishimoto already ( cf. J. Frac. Calc.
Vol. 31, May (2007),p.13).[ 13 ]
Theorem E. We have

(1) (((z=-B)f -¢)" —=d)’), =e (7 - b)*F*

xi[—6],L[—a(6—m)]kl‘(ﬂk-aﬂ(é—m)+y){ c )*( d )
2o m! - k! T(Bk - af(8 - m)) \z -b)f) \(z-b)*

(3)
<oo)

(' LBk —-af®d —m)+y)
T(Bk- af(6-m))

and
(1) ((z-B)F -0)* -d)®), = (-1)"(z -b)*"

m

xi[-—61L[—-a(6-—m)],‘[ﬁk—aﬁ(é--m)]n( c )"( d )
o m!- k! (z-b)Y) \ (z-b)**

(4)
(n€Z;)
where

(- -0)"-d=0, lclz-b)fl<l, Idiz-b)*fi<].

§ 2. N- Fractional Calculus of Functions

Jz-b-c -d

Theorem 1. We have

(i) (JJz-b-c-d) -e (7 = by BT

Y

A ey
2 miRTE-1+m) z-5/) \¥z-p

s

( Fﬁ—% +Z +y)
U T3-3+%)

and
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(ii) ( '\/J—Z_——l;— —d) = (=])(z ~b) VO

O S 16 A1 ko (=) (‘;J'dT—b")

(n€Zy)

{2)

where

<1 ,

Proof of (i). We have

WVe-b-c-d=((z-0)" -} —a)*, (3)

hence, operating N’ to the both sides of ( 3 ), we obtain

// b - d) (((z-b)llz )1/2_d)1/z) (4)

Y

-imy (Z— b)(1/8)—7

=€

§ i [-31,[Z-+],T(4-1+2+y) (
s mbk! T4 -4 +2)

) (&) @

setting o= =0 =1/2 in Theorem E. (i) in preliminary, under the conditions
stated befor.

Proof of (ii). Set y=n in(i).

Corollary 1. We have

(i) ( \Nz-b—c) =M (z-b)VY

Y

SRR () (®

| .

FGG-%+1)|_
r(5 -9
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and

(ii) ( \/\/Z-_b-c> (1) (g )

n

o r_1lyr&k_1 k
xz [ 4]k[2 g]n ( C ) (7)
k=0 k! Z—b
(n€Zy)
where

C

1
z-b <

Proof of (i ). Set d =0 in Theorem 1 (i).
We have ( 6 ) from Theorem D, (i), setting B=1/2 and a=1/4.

Proof of (ii). Set y=n in(i).
Corollary 2. We have

ey D=4
(1) ( Jz-b> -e“"*———ﬂ—lt’—'l(z-b)“’s"’ (8)
y r(—g)

(IT(-%+y)l< ®)

and
(ii) ( Jz—b) =(-1)"[- 3], -B)"®" (9)
(nE€Zy)
Wwhere
Z-b=0 .
Proof of (i ). Set ¢ =0 in Corollary 1 (i).
Or set ¢ =d = 0 in Theorem 1. (i).
Proof of (ii). Set y=n in (i).
Note. We have
T4+
(W2 b) =(@-)"™), - e"""Ff‘I)Q@ - p¥e (10)
y ~8

from Lemma (i), directly.
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§ 3. Semi Derivatives and Integrals

Theorem 2. We have

(i) ( \/Jz_——g—c-—d> -—i(z-b)Y®

12

. 3 [-ﬁl,.[%-%m%%@( : )( d )'" (1)

weto  mlk!T(4-1+3) -b) \¥z-b

( semi derivatives )
and

(i) ( J?:-—b—c—d) -i(z-b)"®

-1/2

- [—%]m[‘?-ikr(g—%+-'ﬁ‘-) ( ¢ k( d m
2
g mZo ml- kIS -1+ 3 Tz—=b-) m) (2)

( semi integrals )
where

c
Jz-b Jz-b

Proof. Set y=1/2 and -1/2 inTheorem 1(i) we have then (i) and (ii)

<1l , <l .

respectively, clearly.
Corollary 3. We have

) - > [-1],T&E+2) c \*
. _ _ - _ 3/8 41k 2 8
(1) ( Vz-b C),,, i(z=b) 2, kI T(% -1 (JZ—:?) (3)

( semi derivatives )
and

' 00 d k_2 k
. . — wilr— bS8 [-4]kr(1_ 8) ( C
(ii) ( Jz-b c)_”2 i(z-b) "20 k!F(é—%) _—Z—b) (4)

( semi integrals )
where
c

Ji-b

<1 .
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Proof. Set d =0 in Theorem 2.
Corollary 4. We have

. 7 . 23/8 X ["'%]mr(%"'%) ( d "
(1) ( z'b"d)l,z""(z’b) ,,,E_om!!r(--§+%) #z_-_b) (5)

( semi derivatives )
and

m

— o [-31.T(-3+2) ( d
. — i 158 2dm 8+t 4 2
(i1) ( z-b d)_m i(z-b) ,220 miT(=- 3 + @) ﬁ) (2)

( semi integrals )
where

Proof. Set ¢ =0 in Theorem 2.

§ 4. Some Special Cases
[I] When n=0, we have

( VWz-b-c -d) -(z-b)'"®

0

k

e e e e ] O L

from §2. (2).
Now we have

o r_J1 -
RHS of (1) _(z_b)usE[_mz']_m_ Z_z_ﬁ_]_s* ()
m=0 ¢

(-7 Tv5)

®© 4
- (Z _b)1/8 2 [— 2']m Tm (1 _ S)(1/4)-(m/2) ( 3 )
m=0 m:
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o _ 1 T"
-(z-b)"* (1- S)““Eo m[! (12_]_’"5)",,2

m

=(z - b)x/s(1 S)1/4 '[__2_]___( )

m! \JJz-b —c

1/2

s c 114( d
=@-b) (1-3z-—b) \1_ z—b—c)
- \/Jz—b-c—d ( LHSof (1)) .

[II] When n=1,we have

w r_1 _dyrk -1
(J_—Jz-b—-d) -—(z-b)7"" 2[ S

m!-k!

(B i - $1a8-3.4+2-D o

o m!- k!

from §2. (2).

Now we have the identities;

o [Al .+
=% k!

A =1, [AL=2 ,
Ay =A[A+1], ,

-(1-2"

hence

& [ALk 2 [A] 2 - [A]m !
Z) k! = (k - 1)' 2
=Az(l-2)7" .

Therefore, we have

5L 080 e 1§ Bl BodLE

m!-k! 2 4 m! <Y
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(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)
(12)

(13)

(14)
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oo i]

"2 ! m("’g"&)sz e

-lS(I—S)-SME [ 2] ( )

2 & m (”‘T,/z‘——%i)

l _ Q34 _}_ _ -l/z_i _ 1/2
=5 51-9 {4U(1 U) L a-0) }

- __.1. SA-8a-uyv?*,

@ [- .l]m[.m_.l]k(.m) ]
mZo : ;;?]“4 4 ,,,2 Z J__&_Sk

-1
ey (m-1)!

-2 (- S)"“U( Hy ke Bl

mw=0 m '

- —é a-s'"‘va-vyvr .

and

i (= 2115 - 41.(=5) o

3 N 23k o
m k! mE : ZO s

Wh—a

=__(1 S)U42 zl,,U

m=0

.1 /412
-8(1 s (1-U) " .

Then applying ( 18 ), (22 ) and ( 25 ) to ( 9 ) we obtain

(" Jz=5 - -d) = é(z— b)Y (1- "1 -U)HSA-8) + 1
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(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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-2(e- 97" 1- 9" 1= D=9 (27)
=_;_(Z_ b)—7/8 (l_S)-3/4(1_U)-1/2 (28)
= —;—(z- by V*(Nz-b -¢ '”2(\’\/1— b-c-d)y'* . (29)

This result ( 29 ) coincides with the one obtained by classical calculus.
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