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On the strongly starlikeness of starlike functions

Mamoru Nunokawa

Abstract
o0
It is the purpose of the present paper to prove that if f(z) = 2 4+ Y_ an2" is analytic in
n=2
|z} <1 and if

z2f"(z)  l+a .
1+Ref,()> 7 in |2/ <1

where 0 S a < 1.
Then f(z) is strongly starlike of order (1 — «) or

g 212

ey | <3-@ imll<i

1 Introduction

Let f(z) = 2+ Y ap2" be convex in E = {z | |z| < 1}, that is, f(z) is analytic in E and maps
n=2

E univalently onto a convex domain. It is well known that the necessary and sufficient condition
for the convexity of f(z) is

zf"(2)
1+ Re——+- f’() >0 inE.

o0
On the other hand, let f(z) = z + Y an2"™ be starlike in E, that is, f(2) is analytic in E and

n=2

maps E univalently onto a starlike domain which is starshaped with respect to the origin. It is
well known that the necessary and sufficient condition for the starlikeness of f(2) is

Re ZJf(S) >0 inE.

Sheil-Small {2] proved the following theorem.

Theorem A Let f(2) = z+ E anz" be starlike in E, let C(r,0) = {f(te®®) | 0 St < r} and let
T(r,6) be the total variation of ¢ arg f(te®) on C(r, ), so that

T(r,0) = /(: '-gt-argf(tew)ldt.

Then we have
T(r,0) <.
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2 Theorem

Theorem 1 Let f(z) be convex in E and suppose that

2f"(z)  1+a

1+ Re 2 5

in E,

where 0 S a < 1.
Then f(2) is starlike in E and strongly starlike of order (1 — a) or

2f'(2)
R

< g(l ~a) inE.

Proof. Let us put

"(z) 1+ 1+ a)\ 24 (2)
1 1+zf(z)=( )+(1— )
g 7@\ 2 ) o
where g(2) = z + i bn,2™ is analytic in E.

n=2

Then, from the hypothesis of the theorem, g(z) is starlike in E. From (1), we have
(2) f(z) _ (1 —O!) (g’(z) 3 _1_)

f'(z) 2 9(2) =

and integrating (2) along the straight line from the origin to 2, then it follows that
O (152 (29 1)
o« a0 "¢)%
log f'(2) = (—1—;3) log —’éﬁ

HOE (“”)

(3) %%? - z(%?):j

and so on

or

Then we have

where z =re®, ( =te? and 0 <t < .
From (3), it follows that

@ T ([ (5) )
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Then, from Theorem A, we have

5) _r < arg (9 (tz)) <n

where 0 St < 1.
Putting

e (4)

then we have

v () (22
and from (4), we have
(N arg%?:—arg(/olsdt).

Then form (5) and (6), we have
(8) |arg s| < 12‘-(1 —~a) inE.

From the property of integral mean (see e.g. [1, Lemma 1]) and from (8), we have

)] |a?g(/olsdt>‘<%(1—a) in E.
Then, form (7) and (9), we have

2f'(2)
T

This completes the proof of Theorem 1.

< g—(l —a) inE.
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