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Abstract

In this paper, we discuss the two phase free boundary problem of the prim-
itive equations for coupled atmosphere and ocean in three-dimensional strip
with surface tension. Using the so-called p-coordinates, we prove temporally
local existence of the unique strong solution to the transformed problem in
Sobolev-Slobodetskil spaces.

1 Introduction

The idea of numerical weather forecast was executed by Richardson in 1920’s [17].
He derived a system of equations describing the motion of atmosphere, which is
similar to Navier-Stokes equations. His attempt failed because of mainly the lack of
stability of the calculations, however many attempts have carried on him.

In 1969 Bryan [1] formulated the model of the ocean circulation similar to the
Richardson’s model of the atmosphere by applying the hydrostatic approximation.
In this model Boussinesq approximation and rigid lid hypothesis, which means that
the ocean surface is fixed and flat, were used. On the other hand, Crowly [2] studied
the free surface case, not the rigid lid, of the ocean numerically.

Mathematical arguments of primitive equations were begun in 1990’s. One of
the main features of primitive equations is the fact that the vertical velocity is
determined by the horizontal velocities via the continuity equation, since the vertical
velocity disappears in the vertical component of equations of motion due to the
hydrostatic approximation. In [9], [10], [12]-[14], they also studied the evolutionary
3D coupled atmosphere and ocean model with rigid lid. In [14] they showed the
well-posedness of the model formulated in [12] in the same function space as above.

*This study is a joint work with Atusi Tani (Keio University).
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All the results cited above were obtained under the rigid lid hypothesis and the
turbulent viscosity terms were added in primitive equations as an empirical claim.
In addition to the turbulent viscosity we take into account the effect of the surface
movement following Crowly [2], and adopt f-plane approximation, i.e. Coriolis
parameter is a constant, where f is the deformation angle from the sphere over
the plane. Furthermore, it is to be noted that in the literature cited above, ocean
and atmosphere models are described in Cartesian and p-coordinates, respectively.
Lions et al. [9], [10], [12]-[14] formulated the coupled atmosphere and ocean model
by assuming that the height of pressure isobar coincides with the hight of the rigid
lid. Besides, the assumption that the wind sheer and the stress force are equal is
applied. To avoid such physically unrealistic assupmtions, we use p-coordinates for
the ocean model in this paper.
Here, we enumerate the major features of this paper:

i. We consider two phase free boundary problem, in which the surface of the
ocean is free, not the rigid lid.

ii. The boundary conditions on the free surface are described by the stress tensor
and the effect of vapour.

iii. The original equations are transformed by the p-coordinates system.

iv. The existence of the strong solution is proved in the Sobolev-Slobodetskil
spaces.

The remainder of this paper is organized as follows. In section 2, we describe the
mathematical formulation of our problem. Then the original problem is rewritten
in p-coordinates, and a mapping is defined to transform it into the problem on the
fixed time independent region. In section 3, we introduce function spaces. We use
anisotropic Sobolev-Slobodetskii spaces sz,z/ 2(QT =0 x(0,7)), which are adequate
to parabolic problems. In section 4, we solve the non-homogeneous linear problem
in the original region. In section 5, we solve the nonlinear problem, making use of
the iteration method for a small time interval.

2 Formulation of the problem

In this section, we formulate the problem considered in this paper as stated in §1.
We are concerned with the free boundary problem of primitive equations for coupled
atmosphere and the ocean. By adopting f-plane approximation, our problem can
be considered in the strip-like region. By z = (z1, 3, 3), we denote orthogonal
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coordinate system with z3 being the vertical direction and with z3 = 0 being the
equilibrium free surface. Let the surface and the bottom of the ocean be described
by z3 = d(t,2') and 3 = —b(z’) (2’ = (1, z2)), respectively, where b(z') is a positive
function satisfying d(¢,z') > —b(z’). Then the domain Q°(¢) of the ocean at time ¢
is considered as {(z',z3)| — b(z') < z3 < d(t,7'),z' € R?}, Q°(t) of the atmosphere
at time ¢ is considered as {(z’, z3)|d(z’) < z3 < u,z’ € R?}, with a positive constant
u, representing the scale hight . The equations that we consider in this paper are
as follows:

( Ove . . Jove 1 [, 8 .
5 + (v*- V)V +w 57 & [ulAv +u2—5g] + fAv
= ——Vp* + F{,
o __ P
3:::3 ROs ’
] o6e 86* 1 d26° &1
a a a _ a a a — Fa
50 T (v®-V)0* + 975~ o°C, [usAH + g 8:1:%} F3,
aq a a aq 1 a aazq — [
5t + (v*-V)g+ dzs  °C, [ﬂsAq + Heg 22 F3,
o + V. (v + i(g"'w") =0, z€Q¢),t>0
. Ot 6$3 ’ ’ ’
( 6v8 8 8 Sava L] S 862v8 8 1 8 8
5 + (V- V)V 4+ w e [,ulAv + s 3x§] + fAV® = —EVp + FYy,
op* s
6733 —0g,
s, OW
R V.-vi4 oz =0, (2.2)
803 8 8 8608 8 S 38208 — ]
ET + (V V)0 +w Er [M3A0 +u4a—x§} =F;,
as ] 8 as 8 3825 L] 8
k_é_9—t_+(v'V)S+w8_:1:3_[u5AS+#66_x§]_F3’ xGQ(t),t>0.
. . 1 . 0 -1 -
Here, fAv is a Coriolis force with A = 1 0 and the Coriolis parameter

f; V and A are 2 dimensional gradient and Laplacian, respectively; F] (7 = a, s)
are the horizontal components of external forces. V7 = (v™,w") (7 =a,s) is the 3
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dimensional velocity vector filed of the ocean and the atmosphere with the horizontal
component v™ and the vertical component w”; p” is the pressure, g” is the density,
9" is the temperature, S is the salinity, and g is the moisture; F§ and FJ are the
sources of heat and salinity or moisture, respectively; u7 and uj are the coefficients
of turbulent viscosity; (u3, u;) and (uZ, uf) are, respectively, given by scaling sum
of turbulent and molecular diffusivities of heat and salinity.

The conditions on the free surface I'y(t), ¢t > 0 are as follows:

[T(v®) = T*(v*)]n — ([T*(v*) — T*(v*)|n-n)n

= |V® - §V*2((V® - §V?) — (]V® — 6V?| - n)n),
(065 o8 _a6°
- {Ma (Bxlnl + '3?2712) + 1y Ba:gna} (2.3)

(060 6° , 96°
+ q U3 é—an1+55;n2 +u46—$3n3

= —1(0.)V + q1|V® — 6V?|°6, + o LH,

-

. (ga,os, q, S’pa,pa) = (oe, 93, Ge, SeaPOaPO)a T E Fs(t), t> 0,

where

ov] L Ov] _Ov]
H axl Hy 6.’13'2 H2 6373

T (VT) = T ng T 611‘5 T ng s (24)
19z, Moz, "oz,
0 0 0

are stress tensors, V is the normal velocity of the free surface, {(f.) is a latent
heat with saturation temperature 6., o is the surface tension coefficient, H is twice
mean curvature, n = (ny,ny, n3) is the unit normal vector to I',(t) at time ¢ pointing
to the atmospheric region, L is the heat capacity, g; is a given function representing
the turbulent transition on the free surface including the albedo of the earth.
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Boundary conditions at the bottom of the ocean I'y, = {(z', —b(z’))|z’ € R?} are:

g;’s = (Ve — v9), (2.5)
w® = 0, (2.6)
96° .
axa - ao(oc - 9 )) (2'7)
99 _ o(ge—q), zETy t>0 (2.8)
53 = lqc — q), us ) .
(V*,6°,9)(t,z) = (0,8, So)(t,z), z €Ty, t>0, (2.9)

where a,,, ag, a, are positive constants, v, 6., q. are velocity, temperature, moisture
of the layer above the scale height.

Initial conditions are:

(V%,6%9)(0,2) = (V§,605,q)(z), =z €. (2.10)

(V*,6°,9)(0,z) = (V3,65 So)(z), ze€Q (2.11)

Now, let us introduce the “p-coordinate system”. From (2.2), and (2.1),, p® and
p® can be represented as

p® = poexp(— /d R%“ dz3) = poexp {®°(t, 2', z3) — ®°(¢, 7', d(¢, ')}, (2.12)

s ap3
P’ =po+ /d 7 dzz = po — (z3 — d)o’g (2.13)

where ®° is a primitive function of the integral term of (2.12), and we used the
relationship p* = p®RO°. Since ‘—;;L; is negative, we can take the pressure as an
independent variable in place of z3.

Now we define

he(t,z') = po exp{®*(t, z', u) — ®°(¢, 2, d(t, ='))},

h*(t,z") = po + (b + d)o’g,

being pressure at the bottom of the ocean and the upper surface of the atmo-
sphere.
Obviously h7(t, z') is unknown since d(t, z') is unknown. Let us consider a func-
tion
B3(t,2') = po exp{@°(t, @', u) — B%(t, 7', do(t, )},
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o(t,2') = po + (b + do)e’g,
with do(z') = d(0,2'). Now we assume that u > dy(z') > —b(z’) holds for any
z' € R
Then d can be represented as an implicit function : d = ¥*(¢,2', h*(¢, z'), b(z')) =
we(t,z', ho(t, '), u).
From (2.12) and (2.13), we get

op* @ a a a e
5 =P ((\I' +URhE) BL, (£, 3) — (B, (1, 7', 35) — B2, (2,0, U )))

= F&(t,l’, ‘Ifa'(t, 331,(62), ga’ha) (’L = 1, 2),

op*®
ot

= p° ((w: +WEhy) B2, (1, 7) — (B4, 2, 33) — B, o, wa»)

=: Fi(t,z, V°(t, 21, 25), 0, h?),

Vp® = o’gV (—b+ ii ) =: F{(¢,2', h°),
e'g

op* s 0 (hN ' rs

at =Q ggt- (ng) =: Fs(t,x ,h )

a
For simplicity, instead of p”, —g*gw*® and %, we use r3, w® and w®, respectively.
We define the following notations:

Qo(t) = {(z1, 22, z3)|7" € R?, h(t,2') < 23 < Do},

Q% (t) = {(21, &2, z3)|z' € R%, pp < 23 < h(t,z')},
Ty = {(z1, %2, 73)|z5 = po, =’ € R?},
Tu(t) = {(z1, 22, z3) |73 = h%(¢, ), ' € R2}.
Ty(t) = {(x1, 2, x3) |75 = h°(t,2'), 2’ € R2}.

Note that after introducing p-coordinates, the free surface is represented by the
equation z3 = p, (constant), where p, is atmospheric pressure at the free surface.

Hereafter we will use the notation F»") to denote a function F on the trans-
formed coordinates that includes h™:

F®)(t,2',p) = F(t, o', X](t, 2, p", b (t, 7)),

where z3 = X (¢, 7', p, k") with X] being an inverse function of (2.12), (2.13).
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Then, we can rewrite (2.1)-(2.11) as follows.

4 a
O = Liv* + Gl a8, v%, ),
a a
S = G pe(a,t, V")
4 30: (2.14)
'—a—i‘ = LgG“ + GZ,h“ (.’L‘, t, Va, w“, 9“),
aq a a ,.a Aa
i = L3q + G5 o (2,8, v*, 0%, q), =€ Q% t), t>0,
\
%‘;— = Liv° + G 4. (2,1, v*, w®),
6 8
81;)3 = Gg,h‘ (IL', t’ vS)
< 56" (2.15)
5 = L360° + Gy . (z,t, v, w*, 6°),
s s s s .8 )
i L3S + G5 e (z, t,v*,w®, S), z€Q(), t>0,
\
( Ve = v

B(v*,v®) = Gope (V*, Ve, w®,w?), z €T, t>0,

). a a(he) 067\ agms 086°
{u3(V0 ‘n+ Fy 6:1:3) RG“@ —ng3

s s shey 0607 . 00°
+{ua (VB -n+ Fy 8x3) nga

o _ s 2 af2
—1(6.)V + g1 (|v° —ovi|Z + (_w___g_sgi”_) ) 6. +0oLH,

(2.16)

r € f‘s, t>0,
62, 9)(t,z) = (087, ¢ N(t,z), z el t>0,

6, 8)(¢t,z) = (68, SN (¢t,z), zeT,, t>0,
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ov® 060* dq _ . i 3
(8903 dz3’ Ozs ) = (Ve — V), (0. — 0%), q(ge — @)), x € Ty(t), t >0,
wr=0, =zel,(t),t>0,

y (v, w64 S)(t,z) = (0,0,0,, Sy)(t, z), T€E f‘b(t), t>0, (2.17)

(v®,6°%¢)(0,2) = (v§®, 02" o)y(z), 1z e g,

(v*,8°,5)(0,z) = (vi® 5" s"y(z), e g,

\

where
u‘{RG“ a(h®) ove a(h®) 232\’“ ugg"’xa 9*ve
Liv® := —— | Av® + 2F¢
1y T3 + v(’)x +Fs or3 * "Ree o2
a Mg’Rea a(h®) 06° a(h®) 2620"' /ng2.’L‘3 8290.
Lg% .= AG* + 2F; —_—
2 Cpl';; + VBLL‘3 + IF5 I Ty Roe 8x§

e pHa a2 2
Lag = 21 [A + 2F2h%) v; +|Fg(">|2a Q]+usg z3 O%q

Cats 23] T TRO* 043
fae (V40 5= —(v* - V)V e - RO (o) 2
+“?g;: (V'FQ(W+ F3. 53)%_:“)) +u392x3(3;;af o5) +fAVO—Fh) L path),
3 e (v®) = V. vo + gm po)
Gi e (v2,0) i= —(v® - V)0 — w® gz: Fg(h“)go (Fa) . yay g_z:

a

00 a a
+“gax3 (V 3 AR R St N

T 9T3(6° — 738%) L Fet®)
T3 Y OR(6e)? £

Gg,ha (VG,O, q) = -.-(va . V)q — waﬁ — Fg(ha)_.a.q__ _ (Fg(ha) . va)ég_

0x;3 0x3 0x3
9q a(h®) | pa(he) o OFe™) 977300 —2338) e
a 1 .F . 3
+H5 Bzs (V 5~ +Fj V—— 7 6 I (DE + F3
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S<,8 s 8 62 L] 8V 8 a
Liv® = iy Av® + u(0°g)? a2 + 2ui L) V——a wi|Fy (he )I2 R
Oz
s i s h* va s -’ s
Géli,h’ (v, w?) := —(v* - V)ve wsgza FS( )8 (F (h?) ve g;:;
s s(h* s(h*)  oFg*") s
+u13 (V . Fs( ) + Fs( ). B3 ) 2;3

—fAV® — Fi") 4 B,
Gipe(V?) =V -v® — -g—";;— . Fg(h‘),

L39® = [ SN0 + 2us P Vam3 + ps | )|2 + At g)2‘9 in ]

Gine (V' ", 0°) 1= —(v* - V)8 — w* 8L — F0 2 — (P . vo) 202

6.1:3 Oz3

s s s(h®) ]
T e

O3

hs h?
L35 = [MSAS+2MSF" )V 4 s R +ué(959)2%§},

e (V0w S) 1= —(v* - V)S —we 2 — ) 85 _ (g™

82:3 ) Oz3

he s(h) OF*H s(h*
+/1§aaai (V'Fg( )+F5( ). 973 ) +F3(h ),

Gope (V8, v, W, w®) = [VO — §V?|2((Ve — §V?) — ([V® — 6V*| - n)n),

Vg = (Vo,'wo) ,‘77 = (V, 'LU),

n = n(h*) = (o'(K),ms(h)) = =,

only nearby dy, then we may consider

a= [ F:M) R o ] . If d varies

W7 (2, 2") — hg(2)] < X,

with some positive constant Ao, and we define a stripe I'y = (A — 3Xo, h§ + 3)¢),
N§ :={x € R®|x = 6"+n"(§)A", A" € I'7}. Then, we can define 1-to-1 mappings [4]:
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z =48 +n"(0)A" € N —> (67,)") € R? x T}, where n” (7 = a,s) are normal

vectors of I',(t), Tj(t), respectively. We also define the coordinates y such that
y = (67(y),n" (y)) such that

0" (z) =07 (y), A"(z) =n"(y) +x(n"(v)) if (z,t) € N§ x[0,T], (2.18)

§(z) =6"(y), A(z)=n"(y) if (z,t) € Ng°x [0, T], (2.19)

where x(n) € C®(—o00, 0) is a smooth cut-off function satisfying

x(m) =1 if |n| < A,
x(m) =0 if |n| > 3,
IX'(m)] < 7.

Then we define a mapping e]:

et y(67, 7)) = (1, 2(6, 0" + X(n7) (~h7 (£, 67) + B))), if (w,1) € N§ x [0,T],
ex(t,y(6", 1) = (4,2(67,77)), if (z,t) € Ng° x [0, T).

Clearly, the region QZ. is transformed onto the region U, Q7 (2) x {t}). We de-
note the 1nverse and transposed matrix of the Jacobian matrix by J7[z/y]"T =
(6_%%1;)) = (a¥(h")). In the following, we denote V- := J7[z/y] TV = (Vi) (4 =
1,2,3). After this transformation, by using z in place of the new coordinates y and

the same letters as before, for example, v” instead of voe], the problem (2.14)-(2.17)
becomes as follows:

4 ava

ot
Vhe gw® = ég,h“ (v*)

- La h"v + Gl ha (Vaa wa)a

00*
< Bt 2 hea 9a -+ G4 ha (V w aa) (220)
aq ~a a ,.a a
Bt 3h° q+ G5,h‘ (V , W 1Q)’ (ta :17) € QTv
oh®

\ _8—;5- = Lz’haha + ég’ha,h‘ (va’ w?, 0a)7 (t,x) c R}},
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( Ov*

e L pe v + GI 4o (V' w?),

Vh1’3w3 = ég,h‘ (Vs),

06° ~
< E‘ = L;,hlos + Gi’ha (Vs, ’U)s, 06), (2-21)
as s 8 s .8 A
a = L3’hnS + G5,h' (V , W, S), (t, .’L‘) € QT,
oh* 8 s ~8 8 .8 ps 2
. 57~ Liph’ + G pape (V2, 0", 0°),  (t,7) € RY,

(v = v, (t,z) € L.z,

Bpa pe (v, V%) = ég,h. (v, v, w w®), (tz)€ o,

(62, 9)(t, z) = (687,48 (t,2), (t,2) € Tur,

6°,8)(t,z) = (887, 8N (t,z), (t,x) € Tor,

¢ (v, w*,8,5)(t,z) = (0,0,6, S5)(t,z), (t,z) € Lor. (2.22)

ov® 00° 0Oq ~
33/pa —_ e — A2 —
a (h' ) (81:3’ 61133’ 6.’153) - (av(vc v )7 aO(oc 0 )’aq(qc Q)), (t,.’l?) € FuT)

w*=0, (tz)€lur,

w? = 0, (t,.’L‘) (= be,

L (v7,07,5,9)(0,z) = (v, 05, S0, %) (x), x € Q.

Here L],. (i = 1,2,3), Bpa s and é’;’,hT (¢ =1,2,...,5) are obtained from L7,
B, G}, by replacing V with Vj,. In B s, we replace T by T, in which V is
replaced by V.
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In (2.21)5, (2.20)s,
L4,haha —_— oLRb. V |F;(h")|2+(f"9)2 V2h,a,
1(8e)gpoy/1+|FE+)|2

0* 9oL/ |IF3 ") (24 (% g)?
L4)hshs — l 5 l ( ) v2h5,

20(8.)\/1+F3*) 2

)

~ (h*)12_ (s g)2 s(h )
a _ gpo/IF5" 12 +(e%9) F, 80° | 3i(pa)06°
Gﬁ,ha,h’ = 1(6.)RO= H3 E oz; T @ (h )513

i=1 \/|F6(h‘)|2+( 2g)2

* 33 80° (h*)
e ()5 + [V — 6V 0,
52 ) (aaa 3i(pa aaa)

l'l‘3 Zi:l \/lF;(h‘)Iz-i-( 29)? o +a (h )33;3

)

g°g ho) 28 o LR (W% he hs b P_O‘I’_;_
Mg VIFEE) Pt (r g)?a (%) o + ( ) ]

. s 8(h%) o PPRY s(h®) i
s . e’9y/I|Fg"2+(e%g) Fy; 06° | ,3i(pe)060°
N 2>y ~ + ¥ ()8

a(h® )]2+(g~'g)2 oz; dz3

2°g 33 50% (h*) e .la
— iy \/lFa(hs)|2+(e,g)2 ( )3% + 9 |V — o6V | 6.

2 L 3 86°
—ug Zz-—l \/IF‘(h )|2+( eg)? (8.1:, +a 1(h3)3w3)

+ 8 2°g a33 h® 89“ + oLR?® ‘I,s ha hs b]
A i ( )

where
R(T%, h*, h*,u) = ——W [#(Fg VP 4 \Il“aFg - Vh®)

— Rz (VO - VU 4 W2 V0% - Vh) + po(V2T2 + 2V IS - Vh® + \Ilha,,th“)] ,

R*(¥?, h%, h°,b) = —ﬁ;ﬁw [vz\w +2(V¥3, - VA* + VU] . Vb + U4, Vh - Vb)
1+
hsho|VhsI2 + \Il bIVb|2 + \I’gvzb} 9

Since h and ¥ does not depend on z3, V}, is equal to V here.

3 Main Theorem

In this section, we introduce function spaces used throughout this paper. Let G be
a domain in R™ and ! is a non-negative number.
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By W4(G) we mean a space of functions u(z),z € G, equipped with the norm

“uﬂwz(g) = 12 HDO‘UHLz(g) + ”“||W21(g), where
|aj<l

(
||u”3i’;{(g) = Z | D%ull? ) = / |[D*u(z)|?dz if | is an integer,

lal=t la|=t

a D 2
|u|]W1(g) Z // | D |33 = y‘n+2{?}(y)| dzdy ifl is a non-integer, | = [I] + {{},
lee|=(1]

N

| 0< {l} <1

Now, we introduce anisotropic Sobolev-Slobodetskii spaces Wé’%(gT), Gr =g x
[0, 7).

For z € G,¢ € (0,T), we denote WY%(Gr) = Ly(0,T; WAG)) N Lo (G; W (0, T))
and introduce in this space the norm

2
Il g = / I gy + [ e 2y e

-
We also define a function space W,'* (Gr) = {w ewW,? (QT)I € Wz’z (Gr) } The
norm of the vector space and the product space are defined by the usual vector norm

and the sum of the norm of each space, respectively.
The following is our main result.

Theorem 3.1 Letl € (3,1), and T be an arbitrary positive number. Assume that
vE, g € Wy Q), V8, So € WiT(Q), 0 € W), ho, b € wit(R2), 6,
@, S. € Wy TR, ve, o € WM (), 6. € WM, 6, S, €
Wa e (Byr), g € WM TTE(RY), B, FY € WyR(RY) and Fy € W0 F (RS)
satisfy the usual compatibility conditions.

It is also assumed that ¥7, Fy, F3, 0., S., their space derivatives with respect to
time and space up to the 3rd order, with time derivative less than 1 order, satisfy
Holder condition with ezponent equal to or greater than %

Then, there exists T* such that the problem (2.20)- (2 22) has a unique solu-
tion (v, w®, 6% q,h*, v*,w* 6°, S, h’) € Z(T*) = W2+l 1+2(Q%.) W21+l’2+2(Q“.) X
W (@) w2 (@) wE T (RE ) W2+l 2 () x Wa Y (G, )
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L

st Lo 57541
W, T () < Wy TR Q) x W TPV E(RE.) and satisfy

I(v", w™, 07, S, q,h")|| 2y < C[Z IF7||

+ || Fy 141 + |IVEllwiticar
_ ” 2HW21+1’+(R%) ” OHW2 )

Wit R3)
+ HHEHW;-H(QE) + ||SO|IW21+‘(93) + HQOHW21-H(QS) + ”h(T)“W;EH(Rg) + lloe,lW:+l,§+§(R%)

S, 6,
+ |l e“wf“’ﬁi’(R‘}) + ”91“W21+t,§+§(R%) + I b”W22+I’1+£(f‘bT) + “Sb”W;H’H-&(f‘bT)

+ |[Vc||W;+z.,},+§(l~,uT) + ”06”W22+l’1+%(fuT) + |lqc”W;+"%+é(fuT) + llqelle+"1+é(R%)] .

4 Linear Problems

In this section, we consider linear problems. Introduce linear operators that re-
place A™ by A™. Note that h™, 6°* and Fg* = Fj(h**,6%), F&* = F5(h**) are
known functions. From the assumptions of Theorem 3.1, it is easily seen that their
coeflicients belong to I/V22 hitg (©%). Linear problems to be considered are as follows.

r T ~

ov —Lip-v=1], (t,z) e Q5,7 =a,s

ot ’

v?® = Vs, (t, .T) S fsT)
< Bh.a",h" (V ,V ) - 127 (t! l‘) e FST’ (4.1)

vi=0 (t,.’E) € FbTv

ov® 2
@B (W) o = ay(ve — V) (t,2) € ur,
Z3

vi(0,z) =v] ze€Qf,

th,_gw"- = l;, (t, :L') € Qr}-w,
w*=0, zel,r, (4.2)

w*=0, =zxe€ be,
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( 360; — Ly 0" =13, (t,z) € Qr,
o7 =08 (¢,z) € T'\r,
d 0° =0, (t,z)eTly, (4.3)
56°

3:"(h‘")ax3 = ap(f. — 6%), (t,z)e€ Cur,

~

9"'(0, x) = 96' T E Qo;

& _
63 Lyp~q =15, (t,z)€ oy,
qd = Qe (t,(L‘)GfaT,

¢ (4.4)

dq
33/pax\ U1
a*> (h**) B2

| 90,2)=q = €0;

= aq(‘]c —-q) (t,z)¢€ I~qu’

( 0S ] oL
E—L:;hr-s—l (t,x)GQT,
S=8, (tzx)ely,
< (4.5)

S=325, (t,SC) Gbe,

L S(O,$)=So .'L'Gﬂﬁ;

Oh"™
— L pre 'rzl'r t ! 2,
ot 4,h h 6> (7x)€R’T (46)

h(0,7') = hi(z'), 2’ € RZ.

1 S+ .
where h™ € W2+ Zag: (R%), b€ W22+ (R?) and n; are some known functions;

For problems (4.1)-(4.6), we have the following result:

1

Lemma 4.1 Forlf € Wr*(§3), 1, e Wit + 5 (B0, 17 € W3 (05) (6 = 4,5), ls €
W RE) v e W), 05 € WEN(@R), Sy € W), a0 € WIT(@%),
hy € Wit (R2), v, € W2+"‘+’(I‘uT) 9, € W2+”4+2(r,,T) 9, W2+”4+2( Tor),
0. € Wt T30, g € Wi (), g0 € WETTTYR(E ), S, € W (R,
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Se € W2%+l’%+%(f‘37~), the problem (4.1)-(4.5) has a unique solution (v7,w",87,S,q,h™) €
Zr satisfying
(v, w,67,8,q,h7)||z(r) < C4 [IIHIIW;%(Q}) + ||12HW2§+z,}f+g(l.,aT) + IvEllw+iag)
oot g+ Wb g+ W11
+l|l€||W25+z,§+g(R%) + ||9ellwzg+z,g+5(m)
+”SCHW2§+I’§+%(1:‘.T) + ”0"”w§+"%+5(rw) + “S"”wﬁ‘“"%*’f’(fw)

0
+HVCHW2§+1,}+§(I~\“T) + |l c”W}“’%*'%(f‘uT) + ||40!,W2§+1,}+£(f,u11) + HQe“W2§+t.§+§(f‘T)

+”0(7)-“W3+’(93) + ”SO||W21+'(§15) + ”‘IOHW;“((zg) + !lholl%g“mz)] . (4.7)

5 Nonlinear Problem

In this section, we shall prove Theorem 3.1 by an iteration method. The problem
that we solve here is in the following. Note that in the following, without loss
of generality, we consider the unknown variables from which the initial data are
subtracted. Hence, initial data are assumed to be zero.

[ OV
ot
vl =v* (t,x)€ Ly,

~ L]y Vis1 = G (vI, 0],  (¢,2) € OF,

) Bhfmh?n (vin-f—l’ v;z+1) =: é"z,h:,,(vfmvfm wzzaw::n,)’ (t,.’IC) (S faTa (5 1)

Vi1 =0, (t,2) € Tur,

6%3

a
\ wm+1

3310 \OVm+1 a ~
) gy = (Ve = Vi) (42) € Lur,
| Vm+1(0,2) =0, =z€ Q{,,
ow? -
( m+l _ G3hr, (z,t,v), (t,z) €L,

y Wi =0, (t,x)€Tlr,

= 0) (ta iE) (S f‘uTv

(5.2)
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( 907411
ot

mt1 = gh:n) (t,:l:) € 1:‘sTa

— L3 Oy = Glpr (Vi wh, 07), (8,2) € QF,

{ 05,1.=0y (t,z)€ Ty, (5.3)

oee .
a33(hg’n)..__a_g_:'_l_ = ao(ac - 0?n+1) (t’ 33) € FuTa

\ 0:n+1(0’ IL') = 0’ S an

0 ~ ~
((Oms L e Gmis = G (Vi 05, 03), (7) € 05,
dm+1 = qgh?"); (t7 .’E) € f‘sT’
< 5 (5.4)
0 (h5) ot = ag(ge = gmt)  (£,2) € Fur,
\ qm+l(0’ x) = 0’ x E Qg.

( BSm 8 ~s 8 8 s S
o = Ly, Smar = Gy (Vi W, 603,), (t,7) € O,
Smi1 = S8 (¢, 1) € Dy,
I B (t:) (5.5)

Sm+1 = Sb7 (t, x) € f‘bT)

L S’m+l(0a .’17) = Oa S Qa

OhT _
6"2“ ~ Lipr b1 = Gopr, (Vins Wi 01), - (t,2") € R,

hr.1(0,2') =0, z'eR2

(5.6)

where (v, w!., 07, Spm,qm, hl,) € Z(T) is given and its product norm is bounded
by a positive constant M from above.

By lemma 4.1, (V] 1, Wi 11,0501, Sm+1, @m, A, 1) uniquely exists in Zr and sat-
isfies the estimates

(Vs Wins Oy Sms Gms Bl ) |l z(1)
< Cy|IIGT 4 _ +[|GE,s N e )
< Cal 16T s, + 16t + 1G5 oot

+|G7 - + IG5 -
“ 4,hm”W21+l,§+§ ” 5,hm”W;Jz(9'})

©7)
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+”G‘T3,hfn”w2§+l’i+§(R2T) + IIGCIIW’28+I'%+§(I-“ST) + quIIW2%+l’i+é(f,T) + “VCHW}H&+%(I~‘“T)

7]
+|| C|[W2g+t,%+%(fu'r) + “(ICHW25+1,§+§(I~,“T) + ”Se||w23+t,§+{,(l-,”) + Hmllwzgu,;,%(fg)

S .
+”0"”w,_,5‘+"5+‘5<m) + |l b“w}*”%*ﬁ’(m)]

Making use of these multiplicative inequalities and Young’s inequalities, by tak-
ing M large enough so that

M > Gl S a T g, + I e
2

wy (3 #+%(Ry)
W2§+I’§+£’(f‘g) + ||qe”W2%+l'i+%(f‘sT) + ”Se”W?g+t,i+{,(I~,‘T) + Ilgll|W2%+l'i+£(f‘5T*)

+|6s |

+116 |l

. IIVCIIW2§+1,§+5([.,“T) + Hacnwf”*"**‘f(m)
el o eb e, + IS 3o,

holds, by taking € = ¢, small first and then 7 small, we can show that

”(V’Tn+1’ Wit 1> Ot 15 St 15 @, AL ) |l z(1y < (€0 + Ce Th) F (M)

+Ou( S 1Pl 4 gy + I g g + 10, gt
+”qe”W§+"5+5(f.T) + IISéHWZgH,%%(faT) + ”gluw}’*"**‘*’(fm)
+”V°”W2§+"*+‘5(Fw) + Iw"llwﬁ“‘&**(fur) + ”qcuwé“’%*%(fﬂ)

+l|9b||W2§+:,g+§(be) + ||Sb||W§+,_§+é(be)) < M.

Now let us prove the convergence of the successive approximations. Subtracting
from (5.1) to (5.6) the similar equations with m replaced by m — 1 and setting

(‘~’7Tn+1a W15 Oms1s Smt1s Gmats h:u-}-l) = (Vin41— Vi Wrni1— Wiy Oy 1 =00, St1—
Sy @ry1 — Gy b1,y — RT), we obtain

3{’:;14_1 T &T — (7T LT T
ot CLAnLo Ym+1 T [ LAy, — 1,h,fn_1]vm+1
+[G71-,h;’n (V;rm w;rn) - GI,h:n_l (V;;z—h w:n—-l)L (ta "I") € Qi’

Bh?mhfn (‘7:1+17 ‘N’fn+1) = “[Bhs‘mh:n (V?n"?:n-'}-l) + Bht‘n,hzn (‘7%1+1: vl



By

m-—1?

—[Bhs, hs, (Vins Vi) —

+[G2,hfn (an, Vi Wy ’w}sn) - GQ?h:n

hs, (v?n3 vﬁn)] -

[Bhe

m-1)

By

m—

h?, (v?n,, an) -

1 (Vin—1> Vi1 W1, Wi )],

ove ove
@k 1) G = 0 — (0P () — 0 () L,
{":n+1 =0, (t,.’IZ) € ben
vr..(0,z) =0, ze€Q,
Vi 3Wmi1 = [Ginr, (Vi) = Gapr _ (Vieo))] = (Vag 3 — Var_, 3)wp,,
Wy =0, (t, x) € FuTl,
'Ibfn+1 =0, (tv ~E) € ben
a07 .
g;“ - L3 A, 10m+1 [LZ AL T L;,h;_l]afnﬂ
+[Gz,h;(vm’ wm?a:n) - Z,h* (vm 1v m 1’ 1)]
fe, . =60 _ g% (¢ z) € Tury,

65,1 = 65"+ _

66",

(t, .'27) (S fsTla
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Vi)l

s (Vi

(t7 .’E) € FsTu

(t, .'L') € fuTl ,

(t,z) € Q}l,

(t,z) € Q}l,

bpi1 =0, (t,2) € Doy,
18, 20— ., — (@ (h8) — (1) T (1,2) € P,
é,’nH(O, r)=0, z€Q,
3‘.7gt+1 = L3ps _ Gm+1 = [L3ps, — L3 e 1Gm+1
G hs, (Vi Wiy Gm) = GEpa (Vi 1, Wi 1, ¢m1)],  (t,2) € Q8
Im4r = qghg"“) — ¢, (t,z) € T\py,
(1) 5 = gl — (@ (18) — 0 (1) 2 s, (1,2) € P,

qm+1(07 x) = Oa

r € Q8.
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aS . .
5;“ —L3ps  Smy1 = [Laps, — Laps_ 1Smi1

m—1

+[Gg,h:,, (an? wfm Sm) - Gg,h:n_l (V:n—lv w:n—lv Sm—-l)]v (t’ :L‘) € Q%l,

Sm+1 = Srgh:n+1) - Sé(ihfn)a (t’ IE) € f&Tl’

-~

Sm+1 =0, (t, .’E) € f‘le,
Sm+1(0,2) =0, =z €.

aﬁ:n-f—l L7 ilT =L LT BT
ot = Mann _ Pmel — [ 4,hn, T 4,h,’"_1] m+1
+[ “6.,h.:',1 (v:nv w;rn’ 01Tn) - g,h;_l (v:n—l’ w:n—li g;rn—l)}’ (t7 .’E) € Rg"la

hm41(0,2') =0, '€ R2.
Then, in the similar manner as above, we can show that
” ({':n+1a 2D;rn-+-17 é:n+1a qm+1, 5'm+17 ;":n+1)||Z(Tz)
< (€0 + CoTR)F (M)||(V7, W, 07, Gims Sy i) | 21005

wherer F(M) is a polynomial of M again.
After taking €y and T small enough again, and replace the noation of T, by T*,
we can verify that (v],, wl , 07, gm, Sm, hl,) make a Cauchy sequence. Uniqueness of

the solution can be proved in the same way. This completes the proof of the main
theorem.
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