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Further extension of an order preserving operator inequality and its application
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An operator T is said to be positive (denoted by T' > 0) if (T'z,z) > 0 for all x € H, and
T is said to be strictly positive (denoted by T' > 0) if T is positive and invertible.

The celebrated Lowner-Heinz inequality asserts that if A > B > 0, then A® > B® holds
for any a € [0,1], but AP > BP does not always hold for p > 1. From this point of view,
we shall show an order preserving operator inequality in Theorem 2.3 and we shall state an

implication among Theorem 2.3 and the previous known results.

Theorem 2.3. Let A> B >0 with A> 0, t € [0,1] and py,ps, ..., pan > 1 for natural number
n. Then the following inequality holds for r > t:
Al-tHT >
{A%[ AF{Af o [A7 {A3(A7 BP AT )P AR} AT AT A'?‘]mnAf}
AT 1 times and A% n— 1 times bytumns  — A% n timos and A% n— 1 times by turns

where g[2n] = { ----- {[(p1 — t)p2 + t]ps — t}ps + t]ps ~ ... — t}pzn +t.

= -t and ¢ alternately n times appear 7
Remark 1. Consider the following operator function f([J) defined by

1tir
f@) = {As[ i%%{A% ................... [A:f{Af(A;{ | ﬁ%)pm%}”u—?]m“;é ,,,,,,,,,,,,, A—'{]””‘Aé}m +M,

—t —~t 3
«—AT ntimes and A% n — 1 times by turns — AT n timesand A% n — 1 times by turns

Theorem 2.3 asserts that f(AP') > f(BP!) holds for any p; > 1 whenever A > B > 0 with
A > 0 under some suitable conditions, that is, f(OJ) can be considered as order preserving
operator function. Therorem 2.3 is further extension of the following previous one: if
A> B>0withA >0, then fort € [0,1] andp > 1, A1+ > {A5(AF BPAT ) AT} o0
holds for r > t and s > 1, in particular, A1*" > (A%BPAg)i'i‘:' forp>1 and r > 0. Finally

an application of Theorem 2.3 is shown.
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§1 Introduction
An operator T is said to be positive (denoted by T > 0) if (T'z,z) > 0 for all z € H, and
T is said to be strictly positive (denoted by T > 0) if T is positive and invertible.
Theorem LH (Lowner-Heinz inequality, denoted by (LH) briefly).
If A> B > 0 holds, then A* > B* for any a € [0, 1]. (LH)

Although (LH) asserts that A > B > 0 ensures A* > B® for any a € [0, 1], unfortunately
AP > BP does not always hold for p > 1. The following result has been obtained from this

point of view.

Theorem F.
If A> B > 0, then for each r > 0,

(i) (B5APB%)7 > (BiBPB%)s
and

(i)  (ARAPAR)T > (AEBPA%)S

hold forp >0 andqg>1 with(1+71)g>p+r. ©,-r)

FIGURE 1

The original proof of Theorem F is shown in [F1], an elementary one-page proof is in
[F2] and alternative ones are in [MF],[K1]. It is shown in [T1] that the conditions p, g and
r in FIGURE 1 are best possible.

Theorem G. If A> B > 0 with A > 0, then fort € {0,1] andp > 1,
A=t > [AF (AT BPAT)s A5} oors (1.1)
holds forr > t and s > 1.

The original proof of Theorem G is in [F3], and an alternative one is in [MF-K]. An
elementary one-page proof of (1.1) is in [F4]. We mention that further extensions of The-
orem G and related results to Theorem F are in [MF- K-N] [F5] [F-H-I],[F-Y-Y], [K2] and

etc. It is shown in [T2] that the exponent value s P of the right hand of (1.1)

is best possible and alternative ones are in [MF-M-N],[Y]. It is known that the operator
inequality (1.1) interpolates Theorem F and an inequality (see Theorem AH under below at
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4 page) equivalent to the main result of Ando-Hiai log majorization [A-H] by the parameter
teo,1].
§2 Further extension of Theorem G

Theorem 2.1 [F7]. Let A> B>0 withA >0, t [0,1] and p1,pa,.....;pan > 1. Then the

following inequality holds,

1

ql2n]
A> [Ai{A:r' L p— [A7 {a%aF B A%E)WA%}P3A?]p‘....A%]p2”“A"T‘}”’"A%] (2.1)
— AT and A% ;ltemately n times — AT and A% alternately n times
where CI[2'I’L] = Q[2n;p13p27 -y Pn;y '~,p2(n—1)7p2n-1’p2n]
= {-Ulps = P2 + s — }pa + tlps — oo = t}pan + £ (2.2)

-
-t and t alternately n times appear

Corollary 2.2 [F6]. IfA> B >0 with A> 0, t € [0, 1] and p1, p2, p3, pa = 1, then the following
inequality holds,

A2 {AHAT (4147 Br AT Al o AT e 4} ) ORI

Theorem 2.3 [F7].Let A> B >0 withA >0, t ¢ [0,1] and p1,p2,....,p2n > 1 for natural

number n. Then the following inequality holds for r > t,

Al—t+r >
. —t —t t —t —t —t }P2n qll;]t'rr_t
{A%[ AT {A% . [AT{A$(AT BP AT )mA3}P AT P A% AT ] Af} (2.3)
‘——A:i!; n times and A% n — 1 times by turns — A:’-’L n times and A% n — 1 times by turns

where q[2n) is defined in (2.2).

Corollary 2.4 [F6). f A>B>0withA>0, te [0,1] and p1,p2,p3,ps > 1,

. . . . . . 1P, [{(m—*)v;;ti{;a—t]m'kr
AT >3 AS AT {AF (AT Br AT Aty a7 )" Al

holds for r > t.
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Corollary 2.4 obtained by Theorem 2.3 and previous known results

Corollary 2.4. If A> B >0 with A> 0, t € [0,1] and p1,p2,p3,ps > 1,

1-t4r
} (P —Dpz+ t}pa—tipa+r

[S1h)

Al 2{A5 (47 {48 (4% BraTmat)™a¥]"a

holds for r > t.

p2=p3=1 l
Theorem G. If A > B > 0 with A > 0, then fort € [0,1] and p > 1,
Al-t+7 > (A3 (AT BPAT ) A3} oo0eir

holds forr >t and s > 1.

t=0and s=1 t=1landr=s
Theorem F. A> B > 0 => Theorem AH. IfA> B >0 with A> 0 =
AlHr > (Aﬁ;pAg_);ﬂ-; AT > {AS(AF BPAT ) A%}
forp>1andr >0. forr,p2>1.

0

Theorem AH-L. For every A, B>0and0 < a <1,
:& (A#.B)" (l>)AT#aBT forr > 1.
og

Theorem F.
If A> B >0, then for each r > 0,

r r. 1 r r. 1 P (1+7‘)q=p+1"
) (BB} 2 (BB B!
and
(i)  (ASAPA%)c > (ASBPA%)q (1)
hold forp >0 and g > 1 with(1+r)g>p+r. (o,—r)/(w) q

FIGURE 1
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83 Further extension of an operator function implying Theorem G

Theorem H. IfA> B > 0 with A > 0, then fort € [0,1] and p > 1,
Fap(r,s) = AT{A5(AF BPAT) A5} o0 m AF
is a decreasing function for r >t and s > 1, and F4 4(r,s) > Fa g(r, s) holds, that is,

Al-tHr > {Ag(Aiz—*BpA%t)SA%}Z;—:E% (1.1)

holds fort € [0,1], p>1,r >t and s > 1.

Fy4,p(r, s) in Theorem H is an operator function implying (1.1) in Theorem G. The orig-
inal proof of Theorem H is in [F3], and an alternative one is in [MF-K]. Further extensions
of Theorem H and related results are in [MF-K-N],[F5],[F-H-I],[F-Y-Y], [K2] and etc.

We shall state further extension of Theorem H as an application of Theorem 2.3.

Theorem 3.1 [F8]. Let A> B > 0 with A > 0, t € [0,1] and py,pa, ..., P2n > 1 for natural

number n. Then

Ga,B[r, Pan)

=A-?{AE[ AT (A% [AT (A3 (AT BP AT )PeAb )P AT |Peal

g e

—1 —~t
—A"Z n times and at n — 1 times by turns —+ A7 n times and A'& n — 1 times by turns

is a decreasing function of pa, > 1 and r > t, and the following inequality holds

Ga,alrypan] = Ga B[, Pan),

that is,
Al—t+1‘ >
1—t+43
r =t ¢ —t —t =t 3 —tqp. ¢ - P20, | anltrot
As[ AT (A%, [AT {A8(AT BP AT )2 AR} AT AR ya% |7 A% (3.2)
0—A:5£ n times and 4% n — 1 times by turns — A:!L n times and A£ n — 1 times by turns

where q[2n] is defined by (2.2).
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Corollary 3.2 [F8]. If A> B >0 with A> 0, t € 0,1] and py,p2, p3,ps > 1,
G a,B[r, P4l

1—t4r
H{p1—t)p2+t}pz—tlpg+r

= AT Af [A%‘{A%(A‘T’BmA%')pzA%}1’3,4‘7‘]“,4% AT
is a decreasing function of py > 1 and r > t, and the following inequality holds
G 4,47, pa] > Ga,Blr, pa], that s,

1—-t4r
. e . » e yps . =t]PE [((Pl‘t)P2+t"—-§P3—¢]P4+T
Al 2L 4R[4T (a4 Br AT m At AT Al

holds fO’I"t € [01 1]) T Z t and DP1,DP2,P3,P4 Z 1.

Remark 3.1. Theorem 3.1 yields Corollary 3.2 by putting n = 2 and also Corollary
3.2 yields Theorem H by putting p, = p3 = 1.

§4 Satellite inequalities as an application of Theorem 3.1

Theorem 4.1 [F8]. If A > B >0 with A > 0, t € [0,1] and p;,p2,.....,02n > 1, then the
following inequality holds:

A>B

> {A$(AF Bn AT ) A} ervmT

1
Z{A% [A-Tt{A%(A—TthA_:Zi)pzA%}paA—T']mA%}([(pl—t)pz+tlpa—t)p4+t

2
...... ;
> [A% {A‘T‘ [A% ........... [A‘T' {A3(AT B» AT )2 A% }”3A%‘]”‘....A%]”’""A‘T‘ }M"A%:l i (4.1)
) — AT and Aaltemately n times ’ ) — AT and A% ;temately n times ’
where q[2n] is defined in (2.2).
Remark 4.1. Corollary 2 in § 3.2.5 of [F5] states that if A > B > 0, then
A> B> {AY(AT BPAT ) AR )50 holds for each t € [0,1] and p,s > 1 (4.2)

and Theorem 4.1 is further extension of (4.2).
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