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The Counting Board Algebra and its Applications
EEEEAE HE HE (Mitsuo MORIMOTO)

International Christian University

1 Japanese Mathematics in the Edo Period

e Two Mathematicians

— B3 F0 SEKI, Takakazu ca.1640 — 1708
— E#fB5A TAKEBE, Katahiro 1664 — 1739

¢ Two main sources from Chinese mathematics

— RIHEE . WPREE, Zhu Shijie: Suanzue Qimeng, 1299,
@ Japanese translations 1658, 1673,
EERESA  BFEFEALAFL Annotation by TAKEBE Katahiro, 1690

— BRI | AR, Cheng Dawei: Suanfa Tongzong, 1592,
AR Japanese translation 1676

2 Influence of the Suanfa Tongzong

e Chapter names of the Nine Chapters are cited in Introduction of the Suanfa Ton-
zong. Japanese mathematicians of the Edo period did not have access to the Nine
Chapters.

o The Suanfa Tongzong was very popular in Japan because it explained in detail how
to manipulate the abacus.

e The book had great influence on the Japanese popular mathematics.

3 Influence of the Suanzue Qimeng

3.1 Decimal number system and Counting rods
¢ Red rods : positive integer
e Black rods : negative integer

e Number of rods : Absolute number of the integer
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Figure 1: Positive and Negative integers in the Suanzue Qimeng (annotated by Takebe,
1690)

e “Subtract for the same, Add for the different” FEIJRENM :  subtraction of integers

o “Subtract for the different, Add for the same” B]FIM :  addition of integers

3.2 Extraction of a root in the Suanzue Qimeng

The last paragraph in the Preliminaries of the Suanzue Qimeng reads as follows: (See
Figure 3 and 4.)

The Clarification of the method of extraction of a root Place the
number to be extracted in the Reality row. Using the lower rows, extract it
by the ADDITION of integers. (FINNEM) (Takebe's annotation: “This is a
method known from antiquity!” Put the Quotient. Multiply it by the Corner
row and ADDing till the Square row and subtract at the Reality row.)

As seen at the last paragraph in the Preliminaries, the extraction of a square (cubic)
root was assumed well established in the Suanzue Qimeng. In fact, there were — problems

on the extraction of a square root and — problems on the extraction of a cubic root in
Chapter — (4*J&) of the Nine Chapters.

3.3 Constructive Division (#/43 TBR/%) (Horner’s method)

Let P(z) = a + bz + c2? be a polynomial with numerical coefficients and ¢ a number.
Seki and Takebe learned from the Suanzue Qimeng how to calculate the coefficients
a', v, d of
P(x)=d +b(x—q)+(z —q)?
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Figure 2: Long annotation by Takebe Katahiro on Subtraction and Addition of integers

Figure 3: The Last paragraph in the Preliminaries of the Suanzue Qimeng.
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Figure 4: End of the Preliminaries of the Suanzue Qimeng.

from the given ¢, a, b, ¢. This algorithm is the constructive division.

3.4 Counting board (Ef)
B|F| B T+|A]|F|a]T+

S| 11| 38| 3 Sh o 3 |

A polynomial a + bz + cz? with numerical coefficients was represented by a column
vector on a counting board.

Quotient row &
Reality row 2K |
Square row 5K
Side row BeRL
Corner row [amX

o

Quotient row
a’ | Reality row 3k
a’' + ¥ (x — q)+ (xz — q)° was represented as follows: [ b’ | Square row /8%
Side row BERR
Corner row FE#X |

=}

a,
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For the convenience we transpose the column vector to a row vector.
The calculation of &', ¥/, ¢ from the g, a, b, c is a series of operations from the bottom

to the top.
([ a1 5 Te[]
q) a b c
+) (b+cqlg | 4 cq
a+(b+cq)qg| b+cqg | c
+) €4
lgla+(+cq)g]b+2cq]c
This algorithm can be written by a computer language: A row on a computing board
is a memory in a computer. The counting board is a computer with a few memories:

Q=0:A=a:B=b:C=¢c:D=0
R=q:Q=Q+R
C=C+DR:B=B+CR: A=A+BR
C=C+DR:B=B+CR
C=C+DR

print Q,A,B,C,D

Let P(z) = a+br+caz? = d +b(x—q)+d(x—¢)? = a"+¥'(z—q—q )+ (z—q-¢')2
To calculate ¢”, b”, ¢" we apply the same algorithm two times. In a computer language,
we can state the algorithm easily:

Q=0:A=a:B=b:C=c:D=0
R=q:Q=Q+R
C=C+DR:B=B+CR:A=A+BR
C=C+DR :B=B+CR
C=C+DR

R=q’ :Q=Q+R
C=C+DR:B=B+CR:A=A+BR
C=C+DR:B=B+CR
C=C+DR

print Q,A,B,C,D

After several operations, if the value of the Reality row A becomes 0, then the value
of the Quotient row Q is a root of the algebraic equation P(z) = 0.

If P(z) = a — bz, this is the ordinary division. (Hence, this algorithm is called the
constructive division. This algorithm is sometimes called Horner’s method.)

If P(x) = 2 —?, this is the extraction of the square root. If P(z) = 2 — 3, this is the
extraction of the cubic root. These special cases were known since the Nine Chapters.

The Japanese mathematicians learned this constructive division from the Suanzue
Qimeng.
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Figure 5: The last chapter of the Suanzue Qimeng

A side remark Seki and Takebe DID NOT know the Cartesian Plane, NOR the graph
of a function, NOR a tangent line. But Takebe KNEW that the Square row vanishes

b' = 0 when a cubic polynomial P(z) takes a maximal or minimal value. (The Tetsujutsu
Sankei TEEMFAE] Takebe, 1722.)

1"
N.B. In advanced calculus, we know a’ = P(q), & = P'(gq) and ¢ = - 2( 2.

3.5 Detailed explanation of the extraction of a root

The method of the extraction of a root was mentioned briefly in the Preliminaries, but in
Problem 1 of the last chapter it was described in details.

Problem 1 Calculate v/4096. Answer: 64. (See Figure 5.)
Then follows Takebe’s long annotation on the constructive division. The first step
reads as follows: (see Figure 6.)
4096 — 2 =0 — 496 — 120(z — 60) — (z — 60)%> = 0.
The second step reads as follows: (See Figure 7.)
496 — 120(z — 60) — (z — 60)> =0 — 0 —128(z — 64) — (z — 64)% = 0.

The Reality row becomes empty, the number 64 in the Quotient row is the solution.

Problem 2 Calculate v/17576. Answer 26. (See Figure 7.)
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Figure 6: The last chapter of the Suanaue Qimeng (cont’d)
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Figure 7: The last chapter of the Suanzue Qimeng (cont’d)
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3.6 Technique of the Celestial Element (XJtiff) and Counting
Board Algebra (B#2{{%))

In the constructive division, a configuration on the counting board (i.e., a column vector)
represents an algebraic equation. For example,

0

_13 — (by constructive division) —

2

N OO =

means the equation —3 + z + 2z% = 0 is transformed to the equivalent equation 0+ 5(x —
1) + 2(z — 1)? = 0, which has the root 1.

From the technique of the celestial element, Seki and Takebe learned a configuration
on the computing board (i.e., a column vector) can represent a polynomial.

Around 1683-1685, Seki wrote the Trilogy (=880 : MR ZIE. FEE2E. MRS
Z ) to describe the rule of operations on column vectors:

Addition and scalar multiplication are vector operations:

a a a+a a ra
b+b’_b+b' Txb__rb
c | |c+c | c| |re
d d d+d d rd

These corresponds to the addition and the scalar multiplication of polynomials:
(a+br+cz® +da”) + (@' +bx+ 22 +d'2%) = ((a+a') + (b+V)z+ (c+)a? + (d+d)?,

rx (a+ bz + ca® + d®) = ra + rbx + rex® + rdz’

The multiplication of two configurations

a a
b v

X ]
c c
d d

was assumed to be bilinear and commutative and to satisfy

(identity), (shift)

QA O o
OO O -
QAo o R

Qo o
OO = 0O
Il
&6 o0 o]

These correspond to

(@a+bx+ca? + dz®) x (1) = a + bz + 2 + dz®,
(@ + bz + cz? + dz®) x () = 0 + ax + ba? + ¢ + dat.
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Figure 8: Problem 8 BB, the Suanzue Qimeng

For example, 2 x £ = 122 is described as follows:

s
1 1 1
In the annotation to the Suanzue Qimeng Takebe reproduced the theory of counting
board algebra in Seki’s Trilogy.

Problem 8 Suppose z +y = 92, zy = 2052. Find 2 and Y-

Answer: x = 38, y = 54.

Procedure: y = 92 — 2. —2052 4+ (92 — z) = —2052 4+ 922 — 22 = 0. Solve it. (See Figure
8.)

Takebe’s annotation goes like this: let y = 92 — 2. Solve —2052 + z(92 — ) =
—2052 + 927 — 22 = (. Although the extraction of a root is an established method, he
gave a step-by-step explanation. (See Figure 9.)

Then Takebe inserted the explication on the self multiplication (a+bz)? = a®+2abz +
b%z2. (See Figure 10.)

Takebe continued the explication of the multiplication of configurations on the count-
ing board (i.e., polynomials).

(a+ bz + cz?)? = a® + 2abz + (b + 2ac)z? + 2bca® + 2

Multiplication: (a + bz) x (a’ + ¥'x), (a + bz + cz?) x (¢ + ¥z + dz?), (a + bx)® =
(a + bz)? x (a + bx), and (a + bx)* = ((a + bx)?)?. (See Figures 10 and 11.)
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Figure 9: Problem 8 continued BAA M. the Suanzue Qimeng

R

s
PR A o ————
[D RN IV

SARSKW] K L e
R vt e 4o | \aRh e T
SRS NBANK UL o
AR Kk W it
rd IR LA S tleng W
x| AANKMELNN S AL~
PUNRR IR SSES TON T
WA AU Berd L
L NS (T AICAl T

I e T [w s
2 ;*’w?hlkwm v o
MM&Q/”&V»}II.*L*"./_.I _.& ] “ul*
ETRLLOA—— P FI R e

TED e | B e

el o) vl s o~

U KAl R deturd | e |
AR b BN T d e
4 XK

LY B o
e EHK
AL AT 2 a1 RIS S

i
%

Yol EAAR NS e &

o~ Blm=newn

e
S A IV sl § 1)

WL T K B i 2] w .Hal J

KRN E R4 R 3TPN

’./?"M\L/I’aﬂﬂﬂnmymﬂtr p..}w.
VW Y AL | fr a

mm,mtﬁ.cxit!i}iwzu

st

: LY, e=vr- e

RITPIR -~ Ry e B

fﬂﬁzrs i ..iulls.fb.mwuryﬁi

. {aa'd L N 8 v e rand
ih.ui;.f.l;

KA oot g ..

R R e R @ 2o e o]
AN WA | e

[-LIEN

L e el

o e -

Figure 10: Self multiplication BA7 &Y. the Suanzue Qimeng



183

E LR e i R o Fal
B e TSN et T
FnReE el B Rl R AR e
B O o (L S
e P TE T - DANPWN TN
x#h»{:uﬁiﬁmhmhf»%;ui
A A s e e
AR

e /- S AN " . —
*W».iﬂ{r“ wnrd i .a#lrll.ﬂ
WRET D RNt S AL At W RN ZA A -
.p/.frhﬂ/?/&.i AR R
U AN R A R ] el

A AN BN ol LR —]
PR AiNovi i
KRIEET asoanin e t] shinasrtm s

WA Rt R B e

R S ¥ £ 3 AT - P~ g
,ﬁm oy mm?y&/irﬁ/w»nw.z Rmﬂm.ﬂ
MK N RO BB E Y B -
N M e Wy )

W LT B A B R et {2
T K & 4 A i e B a0 ]
= AN TR R A d e, Y ]
TG A e R o P e )

Wi gL I I L ar e h D e p (L

e T L T e T e T

B BT AT - o KR

WL W B A e A T ) U
T d AR B ) SR E LT R

dram AR TR LR vt AT
A~ .

RRE LTI NI R 1 5 A

Rl e Y Y] ~RCar—cirine i

N e (R Fn

. b P o e
I - - ~

A LR QN T A N T ]

s EAARAOTS

Figure 11: Multiplications BI5REFT. the Suanzue Qimeng

4 Takebe’

igono-

tr

imnverse

formula for an i

S expansion

metric function

Taylor's expansion formula for (arcsin/%)? in the Tetsujutsu Sankei.

Takebe found the

(Takebe’s original

itten as follows in notation of advanced calculus.

notation is given in Figure 12.

The formula is wr

1024¢7
21021 T

128t

4t 128t° . +
35 1575 2079

44

+§ﬁ+
45

t2
3

(arcsin v)? =t +

)

72t
91

1+

25t
33

1+

82t

1+

9t

(1+

8t

1+

t
t(1+ <
(1+3

45

14

15

ly an-

'

by a numerical

Takebe discovered this without knowing the advanced calculus but

alytic method.

72
91

25
33

32
45

9
14

2. 62
7-13

52

2.4?2

32
2

2.22

5-9 3-11

-7
2.32

262
7-13

2. 52
5:9 6-11
® The second formula by Takebe: The Tetsujutsu Sankei (See Figure 13.)

2.47

$12 2.22
3

2

5 4.7

2-3

The Enri Kohai-jutsu( TP , unknown date)

e The 3rd formula by Takebe:
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4.1 Sagitta (%) and Half back arc (#H)
Takebe could calculate the length of the half back arc

2 2
(%) = (d arcsin \/c/d)
with as accurate as he wants once the diameter d and the sagitta ¢ are given. (Repeated
use of acceleration)

In the study of circle (FJ¥) the most important problem was to find a formula to

represent (s/2)? in terms of d and c.

= df = darcsin v/c/d

Half back arc (%)

4.2 Discovery of an infinite expansion in the Tetsujutsu Sankei
Letd=10 (1R) andc=10"% (1) |,

R 4 EH =% % 2
10 1 0.1 0.01 0.001 0.0001 0.00001

2
Takebe calculated the numerical value of the square of the half back arc (g) by re-

peated application of acceleration method, and found the infinite series expansion relying
on this numerical value.
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5 Application of the constructive division in the search
of the expansion formula

5.1 An algebraic method to find the infinite expansion in the
Enri Kohai-jutsu

Let

1—-v1-t

gl(t) = 2 s g'n(t) = gl(gn-l(t))a n=123---

The we have
lim 4%g,(t) = (arcsinv?)? (0<t < 1)

Proof

/ z:c=d:x, 2*=cd

2242 =2
d
y yV2=d*~cd
d/f2—-cd =y/2
d=(d-vVd*—cd)/2
1—-+1-—

Put g(t) = — 5 t. Then the first sagitta ¢’ is given by ¢//d = g(c/d). The 0-th
approximation of (s/2)? is cd using the original sagitta c. Because the 0-th approximation
of (s/4)? is ¢d, the 1st approximation of (s/2)? is given by 4c/d = 4d?g(c/d) by means of
the first sagitta .

Because the first approximation of (s/4)? is 4c"d = 4d2g(c’/d) = 4d?g(g(c/d)), the 2nd
approximation of (s/2)? is given by 4%¢"d = 42d%g(c’/d) = 42d?g(g(c/d)) by means of the
second sagitta c”.

Consequently,

2
lim 4"d%*g,(c/d) = (-;—) = d*(arcsin \/c/d)?

End of Proof
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5.2 Side writing method ({5%/%) in the Japanese mathematics

Let g(t) =
first sagitta x =

1—I—t
2

g(c/d)/d satisfies

P(z) = —cd + 4dx — 42° = 0.

This quadratic equation (BiA3) was written like

WRE
il 22
i

. Let ¢ be the original sagitta, d the diameter and ¢ = ¢/d. The

Note that letters were written on rows instead of integers. This is called the side writing
method (B5& ). See the right hand side of Figure 14.
Note that z = ¢/4 is close to the root if ¢ is small. Expand the quadratic equation in

c

Ly=o — .
4

Pi(z1) = P(z, + -2) = —c?/4+ (4d — 2c)r; — 422 =0

This procedure was explained as manipulation on the counting board. Note that letters
were written on the rows. This enabled the Japanese mathematicians to manipulate one-
variable polynomial with several symbols, thus polynomials of several variables. See the

left hand side of

Figure 14.
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Note that z, = ¢2/(16d) is close to the root if ¢ is small. We expand the quadratic
equation in 22 = z; — ¢*/(16d) = 2 — ¢/4 — ¢?/(16d).

‘ & A 2

Py(x4) = Pi(xy + ¢2/(16d)) = ~57 ~ 61 + (4d — 2c — —):L; 4z =0
This procedure was explained as manipulation on the counting board. Although cumber-
some, Takebe manimulated one variable polynomial with coefficients of polynomials in
the sagitta (%K) ¢ and the diameter (#€) d. See the left hand side of Figure 15.

+ & mix %
AN

+ H*E AEN B (IEH\g) O=

PY " ]

x x
mEN - I2E2 N - R (K23 5
T [ 3

Note that z; = ¢*/(32d?) is close to the root if ¢ is small. Expand the quadratic
3
equation in r3 = x9 — 3—§ﬁ
o3
P3($3) = PQ(IIJ:; + m)
5ct cd c® e 0
= "% 6P mes T T2 dz)‘”8 —4zg =0
5¢*
Expand the quadratic equation in x4 = x3 — 568"
N 5¢ct
Py(z4) = Pa(zq + 5568
I 5¢7 25¢®
12843 512d4 1024d° 16384d®
2 8 5ct

F(d—2— o — =

2 __
2d 1@ 3 %~ 4w =0
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Figure 15: The Enri Kohai jutsu, p. 4-5, AL K%, FFEFSCHE 19929

7c8
E 1t adrati tion i = — ——,
xpand the quadratic equation in z5 = 24 — zo—

Py(as) = Pa(ws + o)
SRR R T 108
I 8lc® 35  49c°
T 512d4  256d5 16384d®  16384d° 6553643
& & 5t TP 2
t@-2 - - T R eag )T s =0

In this way, Takebe could obtain the Taylor expansion of the 1st sagitta g(¢) as long
" as possible: (Take c =t and d =1.)
t 2 5t
i R TR TR - TR

t ¢ 3t . 5t Tt
=1+ 50+ 51+ g+ 5+

Therefore the 1st approximation of the square of the half back arc is given by

2 3 5t4 T8
49(t)—t+z+'§+gz+°i§§+°-f

In the Enri Kohai-jutsu  Takebe calculated the terms up to t*! and remarked the rule
governing the coefficients (binomial coefficients).
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5.3 The expansion of the second sagitta ¢’

In the Enri Kohai-jutsu the constructive division was applied repeatedly to Q(y) =

t 2 2 st T ,
g +dy -4y = —= — = — — — =— — — — - - + 4y — 4y* = 0 because g(g(t)) is a

t
solution of the quadratic equation Q(y) = 0. First, expand it in y; = y — YL

Qi) = Qyr + 75)

562 3 B¢t 78 2148 t
= e — —— — - — )y — 4y? =
61 32 256 512 208 T Pnm =0

L 5t2
Second, expand it in y» = y; — T
Q2(y2) = (2 + == 5t
256
2113 345t* T8 218 t 5t2
= — - - - - 42 =0
515 16384 512 08 T *T3 34
. o 21¢3
Third, expand it in y3 = y3 — TR
21¢3
Qs(ys) = Q2(y2 + 2048)

_ 420 100165 11193 dt_ 582 219) o 0
~ 716384 65536 1048576 533~ aEg e Wi =

429¢4
16384 - 4°

429t
Qa(ys) = Qa(ys + 65536)

2431t° 245316 9009t” 18404148

131072 2097152 16777216 1073741824
t  5t2 2188 42944

Fourth, expand it in y4 = y3 —

— o — t—— — — — 2 =
+{@ -5 35~ 256 ~ Biog W W =0
. . 2431¢5
Flfth, expa.nd it in Ys = Y4 — m
2431¢°
Qs(ys) = Qalys + 524148)

29393¢° 5291¢7 592449¢8 1042899¢° 590976110

2097152 4194304 1073741824 4294067296 68719476736

t 5t2 218 429t* 24315 5
T2~ 32 " 256 B9z osss0 v s =0

Repeating in this way, Takebe found the second sagitta ¢’ to be

5t2 2183 420t4
9(9(t) = 15+ 356 + 5028 T §sm36 T
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The 2nd approximation of the square of the half back arc (s/2)? is given by
) 5¢2 213 429¢
169(9() =1+ 75+ T35 + Jo06 *

Takebe calculated up to ¢!! term in the Enri Kohai-jutsu.

5.4 Further approximations

st sagitta  ¢1(t) = g(t) = aot + a1t? + aqt® - -

2nd sagitta  g2(t) = g(g(t)) = bot + byt? + bt + - -
3rd sagitta  g3(t) = g(g(g(t))) = co + c1t? + cot® + - -+
4th sagitta  ga(t) = g(g(g(9(#))))

5th sagitta  g5(t) = g(g(g(g(g()))))

6th sagitta  ge(t) = g(g(g(g(g(g(t))))))

7th sagitta  g7(t) = g9(g(g(9(g(g(g9(t)))))))

8th sagitta  gs(t) = g(9(9(g(g(g9(g(9(t))))NN)

9th sagitta  go(t) = g(g(g(g(g(g(g(gg(t)))IN)))

10th sagitta  gi0(t) = g(9(g(g(9(9(9(g(g(g())NNN))
To find the coefficients of g(g(g(t))) Takebe remarked the following rules:

bo”—i‘ao/‘l, b =(a§/4+a1)/4, by = (a.g/8+a(](11/2+(lg)/4,

Using the same rules Takebe calculated the coefficients cx’s from by’s.
Repeating this procedures, finally Takebe calculated the coefficients of 41%g;o(t) and
taking the limit, rediscovered the coefficients of (arcsin¢)? in the Enri Kohai-jutsu.

6 Summary in Japanese

e HE
— THEEHRL TEEHEE]. BEEER). (ThEEMD. (TExEED)
— BAM. KTl

o BIZ (SEKI, Takakazu)

- IRMEEEL. =&
- BRMRH. R XE (Rl - XF (BHER)
— ##ER (resultant). 75 (determinant)

o IREWEA (TAKEBE, Katahiro)

— PRYMBEILIREGEAMARL. TERREEMARI. TRFERL. THEIE®R)
- FAZE, ¥¥EE, arcsint. 2IHREHN
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