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1 PIVSI—2320RF~LER—N—RF—LA

GiIRE X ={1,2,--,n} ITIEBT2@BMBL T2, GIT ABLIITRTODG,je X IZHLT, ¥=j
ERBgeEGBEETDIILTHS, (T72bb, X Lo orbit DEKHN 1) G 0 X x X ~DiER%
(5,7)9 = (49,59) TED. X x X & G D orbit I253iF 3,

#: X ={1,2,3,4,5,6,7,8}

(0123 4455)
103244055
3 201505 4 4
XxX = Rg+Ri+Ry+Rs+Rs+Rs = ZZ;?E?;;
4 455103 2
5 5 4 43 201
\5 54423 10)

Ry = {(1! 1): (2: 2)7 trty (8»8)}’ Ry = {(1’2)’ (2’ 1)) (3’4)a (4a 3)7 Tt (7’ 8)’ (81 7)}1
R2 = {(1, 3)1 (3: 2)’ (2) 4)’ (43 1)’ T (6’ 8)’ (8, 5)}’ et
ZHLE, G = Group(] (56)(7,8), (1,3,2,4)(5,8,6,7), (1,6,2,5)(3,8,4,7) ]) T & D orbit DFEA-EIMAIE
BX, LFIZRT 7Y om—v g AF—n0Lind,
REX={v,vz,--,vm} L BRRCXxX,0<i<di3 %,
E¥ (X, {Ritogicd) BT Y vx—va vy RAF—Ah
1. Ro, Ry, -+, Ra 1T X x X O4r#l
2. Ry = {(v,v)lv € X}
3. 'R, = {(vi,v;)|(vj,vs) € R;} = R;. for some ix
4. LD (u,v) € Ry 1T LT #{w|(u,w) € R, (w,v) € R;} IT—E. Zh#%, pijr &T5.

GBX E2 ﬁﬂg&‘i\ TRTO (ila'i2)1 3 # iz, (jl)jZ)) jl ’)é Ja LT (z‘{,zg) = (jlajﬂ) &%
JEGHEETIILEENS, ZDLE, GIX X xX Lo orbit DEFIZ2MLR2Y. GDEST VY
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T—3 gV AF—LIZLD X x X OSFFNITORKIZR D,

(01111111\
10111111
11011111
11101111

XxX=Ro+Ri=1| 1110111
11111011
11111101
\1 1111110/

GDERT Y VT—a Y AX—ARIMHHODEDZILDOLRALICRD, £IZ T, MR L BB TITR
W2EFRBEEARXITEEDICIE. X=X xXxX, X' =XxXxXxX, - L®orbit L& X B.%
BhHDH, TOEDIZ, A—=N—2AF—AL%iBAT S,

& : (X,IIig,) # t-superscheme T 3 & i,
1. I'={Ry,R,,-- ,RL} X' AR (1 <1<t t22)
2. m: X XU (ug,ug, e, wpen,w) = (ug, Uz, uog) £ E, m(RL) € I MRS, &5
l .
o e R = { 7o) ST oy
3. o €SymmetricGroup(l) IZx LT, o(RL) e ' MWLt 5,
722 L o(RL) = {(Uo1), Uo(2)s* * * » Uo))| (w1, U3, - - - ,w1) € RL} (symmetric)

Bl : X EOEBEEG D X' Eorbit(l <1 <t) i t-superscheme
BTV ox—ra v AF—ARFROLEI R IF A== AR —L L RoTWNSD, TYVT— gV AH—h
PRHARICHENRIND X3 OB Rk = {(u,v,w)|(u,v) € Rk, (u,w) € Ri,(w,v) € R;} 2FXD L,

. ¥3 2 R -1 o _ ) pigx E(wmv)ERE L, .
w: X3 = X2 (yv,w) = (u,v) EB & #rH((w,v)) N Rk { 0 if (uv) & Ra Lo T
W3,

2 EBBOFBILEKR~DIERA

GORnOEERIBHLY G, ={g€Gn? =n} TET, X\{n} L. TBLREBBHL L THYEXT,
AnOBEEMOIHNG, =H L3 2E0BH G 28kT5, HH V. GRELELLRWI LE2TRT, G
FX={,2 -, n} L 2ETaBHLTHLE, AnZixT2WIHG, O GEATTD. ZhbdbD
TiEk, BEEDLFIC, G, DEDBRA— /IR X — LD L GRFETILLIETNC X >TELNRD T D
A—=R—2X%— L% WRTHZLITL>TITS ([5, 6).

FiE . G, PYES 3-superscheme D X3 L orbit Z»H T, FEE/A: G D 3-superscheme %
W3 5. Zh#%., superscheme DERAY:F =y 7332 LI2E»>THT S,

Grn @ (X\{n})® = {(i,5,k)| B2 3 i,5,k € X\{n} £ orbit DA 64 UTRETHHMTER, &K
MECHNBIZ L 2 EBIT, GAP VAT LEHESTITo TS, GAP VAT ADTA 7T VIZH D 2499 K
¥ T primitive 2B T LOKHEZMIETHLDIRDNTR—NR—2F — L BR LEBREE 1IRT (7.
& BiZ, superscheme K TETH, AIBIIKOBRFELRZVWI L5 D, ETOLIRADEHALE LT, ¢t-
FYA L OMBEERAD (7],
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R1LGAPDITATFFVIZHD 2499 RE CORBNBIAR CREZB-TLODTBILKOME

R
total | <99 | 100 <x< 999 | 1000 <
Go 1637 | 333 808 496
superscheme 226 124 85 17
assoc scheme 77 54 16 7
RIBHLR 71 48 16 7

3 orbit-like set & t-TH A
E# : (X,B) 2 t-(0,k, ) TS~ =
o v=|X|
e Bil. X @k AE5EA D multi-set. BIZET 2 k ARDEAIET vy I L5,
e XDEDt RMIEADL, brO X AEDT ey 7 IZRT S,

G % X DlREMIRAI (21,22, -, 7} = {af,2],--- ,z{} CEVEAEED, GHR X Dt AMHKEL
EDLICF#, 2FEY, EBDOt RHIRE {z1,22, -, =1} & {y1, 02, -, P R LT, {z1,23,--+, 0} =
{y1,v2,-,m} L7235 g€ GNFET B L %, t-homogeneous L5, ZDELE, GD X Dk [EHYEE
LD orbit & B &35 & t-(1X|, k, \) FFA L HNTE B,

XW = {(z1,22,- -, @) |%1, %2, -, 21 € X(FAR2B)} £33, A—R—RF—LDERITH D5
I' = {R},R},---,Ry,} %, HB5m TR, =X® L7225 &%, I-homogeneous TH 3 LED B, AIBILK
BEELRVA, A= =X —ARMRTE= L &, orbit DERRESEE L TFT YA U 2ES, UTIC.
FITRY,

X={1,2,-..,20,21}, | X| = 21, G2y = PSL(2,19) on X\{21} &3 3, 2 EF[# T 3-homogeneous & 72>
TW5b, ZD L%, Gy /5. 3-homogeneous 4-superschemes 233 5323, B Goy ORIBILKIZIFE L2V,
W = {R4, R4}, pt 4, = 9. DX, orbit(DREARER) 28T, 9D 4 A% [z,y, z,w1], [z, v, 2, wa],- -,
[x,9,2,wo] € R} LRBDT, 9 KEARE [wy,wa,---,we] &, TBHLANEELEBEIZ., z,y,2 2ETE
TAHEIED orbit L EX B, 2,9,z 2N L EIZTESZD 9 REBOKATE 1520 @45 3 EMEL T
Hi, 570 fE 6 EMOEL THNIS, Zhbik 7y 2 L35k, 3-design ( with repeated blocks ) 2378
bhd, BOTLAKRFELEL, 4TS VICROTWBIXTTHBINB, £HR2TWVARN,

4 A Generalization

Let a group Gg be t-homogeneous on X\{0}. Choose some orbits of Gg on the (k + 1)-point subsets
of X such that
Bg a orbit such that 0 € by € By,
B, Bj orbits such that 0 ¢ b, € By U Bj.
Let go, 91, 91 be the orders of the stabilizers of (k + 1)-point subsets of these orbits in Gy, respectively.
In the following theorem c¢;B; means that any block in Bj is repeated c; times.
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EE 1 ([9)
Let B = cyBo U ¢1 By U ¢, B{, where ¢y, ¢, and ¢ satisfy

(Ko _ca a
(k+1g o1 g

Then (X, B) is a t-(n + 1,k + 1,)\) design, where

~(2)

In particular, if ¢; = 0, then B = ¢gBg U c;. By and the above condition becomes

a _ qaln-—k)
co go(k+1)

Proof.
#{(T,b)|T t-subset F 0,b € coBo U c1B; U Bi}

n
t
c1g k+1 +ﬁ,g k+1 +_co_g k
! t g1 t - go \ 1
n
t
k+1 k C1_g+ig +k:—t+1% k
t t—-1 g1 g1 t go t—-1
n—t+1 n .
t t—1
k+1 —-t+1
ktljag agl k-trlcogl( &
t a1 91 t 9o t—1
n—t+1{ n '
t t—1
cog k
#{(T,b)|T t-subset 3 0,b € coBo} 9o \ t—1

() (%)

Example: G = PSL(2,q) or PGL(2, q) acting on projective line P= {1,2,--.,¢9+1}. If G = PSL(2,q),
we assume that ¢ = 3 mod 4 Then G is 3-homogeneous. Let G 2 be the stabilizer of the points 1 and 2
in G. We assume g = 1 mod 6. Then 3|g — 1. G2 has subgroups of order 3 and of order (g — 1) having
%(q — 1) orbits of length 3 and two orbits of length %(q - 1) respectively. We use some of these orbits to

I
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construct blocks.
Set
bo = |J (g — 7) orbits of length 3 U{0,1,2}
by = U }(g — 1) orbits of length 3
b, = a orbit of length 1(g — 1)
Then k+1 = %(q-— 1) (block size). The orders of the stabilizers of the blocks by, by, b} should be go = 3cg,
g=3c, gi= %(q — 1), respectively. Set B = coBo U ¢1B; U ¢, B]. Then we have
(n—k)eo _g+1—3(g—8) _ q+5
(k+1)go L(@-1)x3  3(g-1)
a4 _ 1 2 _ q+5
s g 3T -1 86D
|G| = (g + 1)g(g — 1), where m = 2 or 1 according as G = PSL(2,q) or PGL(2,q).

y=@=1D@-3)(g~5)
, 12m

ER 2 ([8])
(PU{0},B) is a 3-(¢ + 2, 3(¢ — 1), 3= (¢ — 1)(¢ — 3)(g — 5)) design.

G is as above. Similarly we chose 3 subsets of PU{0} of size 2(g+ 1) so that the stabilizers are of order
go=co, g1=c1, g1=%(@+1)

M 3
(PU{0},B) is a 3-(g + 2, 3 (g + 1), £ (g — 1)*(g — 3)) design.

5 Experiments

We use GAP system [3] in our experiments. G = PSL(2,31) =PrimitiveGroup(32, 4). Then we can
choose the blocks of size 1(g — 1) = 15 so that the stabilizers are of order 3, 3, 15. Therefore we have
taht (PU{33}, B) is a simple 3-(33, 15,910) design.

G = PGL(2,25) =PrimitiveGroup(26,2). We can choose the blocks of size §(g — 1) = 12 so that the
stabilizers are of order 6, 6, 24. So by Theorem 2 ¢y = ¢; = ¢} = 2, which implies B = 2By U 2B, U 2Bj.
In this case, if we set B = By U B; U Bj, we have a simple 3-(27,12,440) design.

G = PGL(2,25) =PrimitiveGroup(26,2). We can choose the blocks of size 1(g+ 1) = 13 so that the
stabilizers are of order 2, 2 and 26. So by Theorem 3 ¢y = ¢; = ¢} = 2. We have a simple 3-(27,13,1584)
design if we set B = By U B, U Bj.

G = PSL(2,19) =PrimitiveGroup(20,1). We can choose subsets of size (g + 1) = 10 so that the
stabilizers are of order 1, 1, 10. So by Theorem 3 ¢y = ¢; = ¢} = 1 We have a simple 3-(21, 10, 648)
design.

The subgroups of PSL(2, q) are well known (cf. [2]). Probably we will be able to get simple 3-(g+2, k, A)
designs, k = (g — 1) and 1(q + 1), generally ([9]).

G = AGL(2,5) =PrimitiveGroup(25,22). |G| = 12000 We can choose by and b; of size 5 so that the
stabilizers of these blocks are of order 80 and 400. Then

gi(n—Fk) _ 400025 -4) _
go(k+1) 80(4 + 1) )
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So if we set B = BgU21B;, then we have a 2-(26,5,24) design by Theorem 1. We can also choose subsets
of size 6 so that he stabilizers are of order 400 and 12. Then

g(n—k) 12(25-5) 1

go(k+1)  400(5+1) 10
So if we set B = 10By U By, then we have a 2-(26,6,60) design.

G =MathieuGroup(24)=( (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, 18,19, 20,21,22,23), (3, 17,
10,7,9)(4, 13,14, 19, 5) (8, 18,11, 12, 23)(15, 20, 22, 21, 16), (1, 24)(2, 23) (3, 12)(4, 16)(5, 18)(6, 10)(7, 20) (8,
14)(9,21)(11,17) (13,22)(15,19) } in the GAP library. G acts on {1,2,---,24}. We take 25 as the ad-
ditional point and set

bo = {3,4,6,7,10,12,13,14,17,21,22,25},
by = {3,4,5,6,7,10,11,12, 14, 18,21, 23} and
¥, = {1,2,3,4,5,6,8,11,13,15,18,24}.

The stabilizers of these blocks are of order 7920, 95040 and 6912 respectively. Set co = 5, c; = 10
and ¢; = 4 and set B = 5By U 10B; U4Bj. Then
(4-1)x5 _ 18 _ 10 _ 4
(11+1) x 7920 19008 95040 6912

and A = 4800. So (X, B) is a 5-(25,12,4800) design, since G is 5-homogeneous. Moreover we see that
(X, B) is a 6-(25,12,1680) design.

YA X BRESTVIUL, 2 Ca—FE2EoT VAL ORI 4 2T T (FlE, (1),
ISR, EEOISAAL LTOERET L, X2, TS VIOV TR 4 28R EINnW,

$ # X MW
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