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1. ¢

SelRFEEEZERIIC B 2 AR EHOF TRLAH THIr ORL AR ERIZ
Banach DO#g/NEHETH 5.

EIE 1 (Banach [1)). (X,d) Z5el#iERZME L, T 72 X LORNERT 5.
Ixbb, re0,]) WMFELT, 2TD z,y€ X ICDNT

d(Tz,Ty) <rd(z,y)
ZiE-T LT B CDLE, T I REEAEMHE DD,
Kannan (& 1969 FEICROEHZEEHL TV 5.

EIE 2 (Kannan [4]). (X,d) Z5CMEBZEME L, T 2 X 0O Kannan BE{R
£9%. 9%bBac(0,1/2) WMEFELT, FED z,ye X ICXLT

d(Tz,Ty) < ad(z,Tz) + ad(y, Ty)
BRIz LT 5. CDOLE T IAEAZHE—DFED.

Subrahmanyam [8] [3EH 2 MZERDERETTIMEZ RS IF 5 T & 2R L.
Jixbb, EEZEM X MR Ths e, X LD EAK Kannan EfHA
BREFDOC LIXEETHS. — T, B 1 IZEEET iR 2RI Rn T
EDHISENTUV S (Connell [2]). DE D, EH 1 &EH 2 FIERIC K SMPUE
P B TH B0, @B 1 ASH] LB O UT, @3 2 I8 B R L
EHTH 5.

ARG T, BaE DS 3] Dfiftait & &S [7) DT 2175 . ThE5 DX T,
Kannan SO EZ ARSI, FH 2 1CBT 5 EHN A B EH
AL TV, BT ATAERNCE LTI [5, 9-13) L2 L.
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2. A R

N Z BABEEROES, R ZEB2ROES LT 5. A TRG A DREBEZ
&Y.
COMTRABREHRZAHAT 5.

fHBhEER 3 ([6, 9]). (X,d) Z5CiHiEBZ=REL, T 2 X LOEHLTS.
r,y€ X,r€[0,1) TLTd(Tz,T%*z) <rd(z,Tz) ZIRETS. COL X

(1+47)td(z, Tz) < d(z,y), Fri& (1 +7r)'d(Tz, T*z) < d(Tz,y)
ol I RVAS
SEBR. & LR KD Llcianwe 95 L, 97xbb
(1 +7)Yd(z,Tx) > d(z,y) DD (1+7r)d(Tz,T*z) > d(Tz,y)
ZIRET S &
d(z,Tz) < d(z,y) +d(y, Tz) < (1 +7)7! (d(z, Tz) + d(Tz, T?x))
< (1+7)7" (d(z,Tz) + rd(z,Tx)) = d(z, Tz)
Lz, FEIS. ' O
Ar A (G=1,--,4) ZUFDEIICEDS.
A={(e,): «>0,3>0, a+p <1},
Ar={(a,8) €EA: a< B, a+pB+a® <1},
Ay ={(a,)€EA: a>p, a+ B+ F% <1},
Az ={(a,8) €A: a2 B, a+ B+ 521},
Ay={(a,8)€A: a<B, a+B+a’>1}.

=1




FHE 4 ([3]). A 5 (1/2,1) ~NOIERINBIEL %

(

1 if (o, ) € Ay

) if (a, B) € Ay

M vl B) = 1-3 if (@, B) € As
(1-p)/(1—B+a) if (a,fB) € A

TEDS. (X,d) Z5CiHEMEME L, T2 X LOBEHRETS. LN
(a,8) € A WEFEET B LIRETS: £ETD z,ye X LT

Y(a, B) d(z, Tz) < d(z,y)
51k
d(Tz,Ty) < ad(z,Tz)+ Bd(y, Ty)

MEDID. TDEE, T IIHE—DAENE 2z 28D, THIC, lim, Tz = z A
BTDze X ITHLTHYILD.

SER. T ICHET B RERREREAVTET L UTICAS:
(e, 0) € A, Va,y € X, (¥(e, B d(z, To) < d(z,y)
= d(Tz,Ty) < ad(z, Tz) + ﬂd(y,Ty))
E7 0 EROESICEL C LW TES:
if in{a, )2
Vi f) = {21 —B)/(1 - B8+ min{e, B}) if Z i g : Ziniz,g; ; 1
EFRA. ¢, r EUTFOL > cH<:
@) q::l—g—ae[o,l), rim gl
W(a, f) < 1 DT, (o, f) d(z, Tz) < d(z, Tz) THB. RELD,
d(Tz, T2.’L‘) < ad(z,Tx)+ fd(Tz, T2:1:)
MDD, LA ->T
(3) d(Tz, T?c) < rd(z, Tx)
HETD z e X ICHUTHD D, kit
W(a, B) d(Tz, T*z) < d(Tz, T?z) < rd(z, Tx) < d(Tz, z)
LIREX D,

0,1).

d(T?z,Tz) < ad(Tz, T?*z) + fd(z, Tx)
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ERAS o))
(4) d(Tz,T?*z) < qd(z, Tz)

METD ze X WITHLTHDIILD.
vueX ZERICED  u, =Tu EEDS. 3) &b

oo o0
> d(un, unt1) < D" d(u, Tu) < o0
n=1 n=1

Z218%. TOREDD, {u,} BOA—>—FITHBT LA DMB. X I7%HED
T, {u,} BHBH z2€ X ICPRT 5.
RIC,
(5) d(z,Tz) < Bd(z,Tx) Ve e X\ {z}
ZRT. {u.} & z KPR TBDT, vy € NHBPEFEELT, n > 1y DL E
d(un, 2) < (1/3)d(z, 2) 279 . n> 1, DEZE,
Y(a, B) d(tn, Tun) < d(Un, Uns1) < d(Un, 2) + d(Uns1, 2)
< (2/3)d(z, 2) = d(z, z) — (1/3) d(x, 2)
S d(l‘a Z) — d(un,z) S d(unax)
ThHs. RELD,
d(z,Tz) = lim d(upy1,Tz) = lim d(Tu,, Tx)

n—00 n—oo

< lim (ad(un, Tus) + Bd(z, Tx)) = Bd(z,Tx)

Z18%. DED (5) WRENT. iz, (5) &b,

d(z,Tz) < d(z,z) +d(z,Tz) < d(z,z) + fd(z,Tx)
MNZEBHDT,
(6) (1—-p)d(z, Tz) < d(z, 2) Ve X\ {z}
LADILD.

Rz BT DRI THBH I EZAAT S, (o,08) € A DIFE, HHEEER
HOWTHEBAT 3. Tz # 2z EIRET S E, 1 e NDFEELT, n> v DEE
d(tn,2) < (1 —1)d(2,T2) Z%i7z9. (3) D, n>v, DL E

P(a,B)d(Tz,T?2) = d(T2,T?z) < rd(z,T=z)
=d(z,Tz) — (1 —r)d(2,T=z)
<d(2,Tz) —d(un,2) < d(Tz,uy,)
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TH5. RELkD,
d(T?z,2) = lim d(T?z, Tu,)
< lim (@d(Tz,T?2) + Bd(un, Tun)) = ad(Tz,T%z2)
Z#18%. TOXE 3B),a+B+a? <1 &D
d(z,T2) < d(2,T%2) + d(Tz,T?2) < (1+ a)d(Tz,T?z2)

o+ a?

1-p

<(Q+a)rd(z,Tz) = d(z,Tz)

< d(z,Tz)

xR, FETS. £oC, Tz2=2 Thb.
(a,B) € Ay DHFEETLHHERZHOTIHITS. T2 # 2 LIRET B L, (4),
(5),a+B+062<1 &b
d(z,Tz) < d(2,T%2) + d(Tz,T%2) < (1 + B)d(Tz,T?z)
B+5

l—«

S (1+08)qd(2,Tz) = d(z,Tz)

< d(z,Tz)

LD, FETD. XoT, Tz=2 TH3.
(o, B) € Az DFE, EHITRD 2 DDPEIHIT 5.
e {neN:u, =2} >2 DFH
o f{neN:u, =2z} <2 DFH
AIBDBE, kK, A\ € N DFEEL T up = Ungr = 2 22T . {u,} DEBLD,
ETDFjeNIIKHLT

Ugpja =2 WD Uepjat1 =12

THd. L Tz+#2ZRETBE, {u,} Ea——FTidR». THIIFE
GTBDT, Tz=2 MWWVR5. BEDFE, s e NDEFEELT, n>v3 DX
Up # 2 22T . (6) KD, n>vs DEE, Y(a,B)dun, Tu,) < d(un,2) TH
5. REXD

d(z,Tz) = lim d(Tuy,,Tz)
< lim (ad(un, Tu,) + Bd(2,Tz)) = Bd(z,Tz)

MNEB. <1 E&D Tz2=2Th5.
(a, B) € Ay DIFE, Y(o,8) = 1 +7r) L ICHEET . fiBIEHE3I XD, EA
TneNIKXHLTYH

W(et, ) d(tn, Tun) < dlun,z) &LLHE (e, B) d(Ttin, Tun) < d(Ttin, 2)
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MDD, Thabb,
w(aaﬁ) d(unj)Tunj) S d(unj,z)
219 {n} DERH {n;} ZL BT ENTES. RELD
d(z,Tz) = lim d(Tun;,Tz)
j—o0
< lim (0 d(un;, Tun,;) + Bd(2,Tz)) = Bd(z,Tz)

j—oo
218%. <1 &V Tz2=2TH5B ETODREFICBNT Tz =2 BEDIILD
Z EAGEEBRE Nz,

LU z LRIDORBIR v BMFIET B EIRET S L, (5) &D
0 < d(z,v) =d(2,Tv) < Bd(v,Tv) = Bd(v,v) =0

EEODFETS. KoT 2z 3E—DFERTHS. ue X BEETHEIHDH,
ETDz e X IKHMUT lim, Tz = z DK O IID. 0

3. REEM

ZOEITIE, ¥(o, B) BETD (a,8) € A KBV TRBERICEZ>TWVWST
L EIRYT. FOFERATE, ROFEIEBENEZEIMHNENS.

HBIEE 5. a, A, b BERIBZa<A,b<BEELLTWVWSRETS. COLX
aB+Ab<ab+ AB MEDILD.

aBA. (ab+ AB) —(aB+ Ab) = (A—-a)(B—b) >0. O

FE 6 ([3]). v & (1) TEDS. FED (o,8) € A WXL T, 5elEtEE
M (X, d) & X EDOFRBRERTZRVER T BMAEL T, UTENiT: &
T z,ye X kLT,
Y(a,B) d(z, Tz) < d(z,y)

A 4237

d(Tz,Ty) < ad(z,Tz) + Bd(y, Ty)
MO ILD.
SIEA. g & r B (2) TEDS.

FF (0, 0) € A UA, DS, X = {~1,1) 2332, 7L, Biffudliio
BERTHD. BIR T % Te = —x TEDS. PASHMIC T 3RBEEEE-/T0.
¥, 2TDz,ye X IIWLT

Y(a, ) d(z,Tx) = 2 > d(z,y)

MR D LD,



(o, B) € Az DIGE,
p = i-f—ﬂ— € (0,1)
£925L, 9(a,8)(1+p)=1ThHb. B {z,.} Z z,=(1—q) (—p)" TED,
X ={0,1} U {z, :n e NU{0}}

95 X EOBBRT %2 T0=1,T1 =24, TTp = Tpy1 CEDS. BHEMIC
IE N =V = s d AN O Rl 3

d(T1,7T0) = ¢ = ad(1,T1) + 8d(0,T0) < ad(0,70) + Bd(1,T1)
M DIID. ne Nu{0} it LT
Y(a, 8) d(0,T0) > ¢(cv, B) d(zn, Txn) = (1 — q) p* = d(0, Zn)
MDD ne NU{0} IcxL T
(T2, T1) — (@ d(Zn, Tz,) + Bd(1,T1))

=a—n)@-w—MM*—3’”l —Jg*—)

sY T1-a-p
2
§(1~Q)(1~1 x

T p) tA-0r (1= 3

5) <
DT
d(Tz,, T1) < ad(xp, Tzy,) + d(1,T1) < ad(1,T1) + Bd(zn, Tx,)
MEDIID. mneNU{0}, m<n D& X,
A(TZn, TTm) — (@ d(@n, TZn) + BA(Zm, TTm))

n+1 m-+1 a
= (=) (I = (=p)™| = 57

n+1 m+1
—p )

ntl _ pm+l) <0

. n+1 m+1 X
<(1-49 (p +p 5P
DT
A(Txn, Tzm) < ad(@n, Txs) + Bd(Tm, TZm) < @ d(Tm, TTm) + Bd(xn, TZy)
o) AIRVASR

(a,B) € Ay DFE, Y(a,f)(1+71)=1ThH5.
0<a+pf+a?—-1+B-a)(l—a—-pB)=2a*>—-(1-p)?

£0,2r2>1TH5. £oT,r>2"12>1/2 BKDILD. {e,} & bo, DA
HOEKE L, 0, DEARDHES X %

X ={0,e;}U{z,:ne NU{0}}

51
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TESHS. I2ZL,
Tn=(1—=7)r"ens1 — (1 —7)7" €nsa
93 m<nZHEd mne NU{0} LT
A(Tm, Tn) = (L=r%)r™ ifm+1=mn
1-r)rm™ ifm+l<n

T%% X L@E{% T % TO = €1, Tel = Xo, T.’L‘n = Tn41 'C"ﬂ:’&b% HB%?’J‘DC
T IFE R ZFZV. £k

d(T0,Te;) = r = ad(0,T0) + Bd(e1, Tey) < ad(er, Tey) + Bd(0,T0)
B DIID. ne NU{0} IcRLT
Y(a, £)d(0,T0) > ¢(a, B) d(zn, Tzn) = (1 — 1) 1" = d(0, z,)
A A RVAS)
d(Tey, Tzo) — (ad(er, Ter) + Bd(zo, Tzo)) = (1 - ) (1 —27%) <0
FDT
d(Ter, Tzo) < ad(er, Tey) + Bd(zo, Txo) < cd(zo, Txo) + Bd(er, Ter)
MDD a+8+a?2>1EFDT,neNIIXHLT
d(Te,, Tz,)=1—r < ar=ad(e,Te;)
< ad(er,Ter) + Bd(zn, Txn) < ad(zn, Txzn) + Bd(er, Ter)
MDD, £z, ne NU{0} Icx{L T
A(Tzn, TTny1) = (1 = 72) ™" = ad(zn, Txp) + Bd(Tni1, TTnyi1)
< ad(Zny1, TZny1) + Bd(zn, Txy)
MDD m+1<nZWlzd mne NU{0} IZxHLT
Y(, B) d(@m, Tom) = (1 —7) 7™ = d(zm, T5)

d(Tzn, TTm) — (@ d(Tn, TZs) + Bd(Tm, TTm))
< d(Tzn, T2m) — BA(Tom, TTm) = 7™ (1 — 1) — Br™ (1 — 72)
=" (1-7)(a=p0) <0
I, AIRVAS) 0O



RIC, Y(a,B) ZEBEBEMESHEZBRRS. s € [0,00) KL T, &4
C(s, <), C(s,<) ZL L FTEET 5.

C(s,<) =T Va,y € X, (sd(z,Tz) < d(z,) =

d(Tz,Ty) < ad(z,Tz) + Bd(y, Ty)) ]
C(s,<) =T Va,y € X, (sd(z,Tz) < d(z,y) =

d(Tz,Ty) < ad(z,Tz) + fd(y, Ty)) |

RO % [ GROFRME) > BFVERMH) ] WS RICKRT. 7L, 2T
DEFHIIFMEZGEE 23T LT 5.

Rl 7. LA D 3T D.
(1) C(51,<) = C(s, <) if 51 < 59
( > C(s2,<) if 51 < 59
(iii) C(s1,<) = C(sg,<) if 851 < 59
( > C(s, <)

SERR. (1) DFEDOHRT. MOBFEE L FERITRES. Clsy, <) BIRET
5. spd(z,Tz) < d(z,y) D& X,

s1d(x, Tx) < sad(z,Tx) < d(z,y)

MDD, KoT Cs1,<) &V, d(Tz, Ty) < ad(z,Tz) + Bd(y, Ty) A&
DILD. Thabb, C(sy, <) VR I NIz, T OFBADEERERIRNRS &,
C(s1,<) & C(s2, <) DFEamBRMIE CTH O, IREDERTIE C(s1, <) DHFY
V. LTeh o T, Clsy, <) DABRL. O

(a,8) € A ZEET . FH4 KD, &HF Cly(a,B), <) ZiI-BIERER
DFEMRIEENS. —F, EH6 XD, &M Cw(a,B),<) BiGIzLT ‘ET@J
BROFEERFIH I NZD,. METELD, ZMHE0ES

{C(s, )} u{C(s, <)}

DT C(Y(a, B), <) DRICTFNZEMFE C(Y(a, B), <) THB. kbbb, T
RZFFDT LZRALT 2RI EFMEN C(W(a,B),<) THET EHDH 3. Ik
EDFFWERIZIRWEHETH DT, Bkt v(o,f) EREBEREMATNS

a, B AVNEWER) &t Td(Tz, Ty) < ad(z, Tz) + Bd(y, Ty)) F58EWEMLIC
5. LA L, i ORESH SR, o (a,ﬁ) 13 T DEMFOBE DREZIR
91 'D@itb*miktﬁ%

53
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4. %D —DORM A & it B
COEITI, SR [TICBWTIEHEN TS 2 DOEHICDWTHENTT 5.
K, THSDEMOIARHITAE <.
AL A (G=1,--,6) ZBLLTOKIICEDS.
A =[0,1)%
A ={(a,B)EA: a+a®< 1or B+ 4% <1},
Ap={(a,f)eA: a>p, (VE-1)/2<<1/V2},
Az ={(a,8) € A: a>p, 1/vV2 < B < 1},
Ag={(,f)ed: a<B, (VB-1)/2<a<1/V2, f<a®—a+1},
As = {(a,B) € A: (VB—1)/2<a<1/V2,
o —a+1<p<1-(®/(1+a))},
Ag={(e,B)€A: a<B, (VE-1)/2<a<1/V2, 1-(®/(1+a)) < B}
U{(a,8) €eA: a<B, 1/V2<a<1}.

=1

B8=0

a=0 a=1

I 8 ([7]). A 5 (1/2,1] ~DIEENBEAE %

1 if (o, 8) € A
(1-p)/8* if (o, B) € Ag
1/(1+8) if (a,8) € A3
(1-a)/a? if (a,B) € Ay
(1-8)/a® if (o, B) € As
L1/(1+oz) if (o,B) € Ng

(7) p(a, B) = 4
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TEHS. (X, d) Zrcfifigreme U, T &2 X LoGHETS. LUT 2l s
(a,8) € A WFHET B ERET 5: TCD z,ye X IKHLT
p(a, B) d(z, Tz) < d(z,y)
A 2174
d(Tz,Ty) < max{ad(z,Tz),Bd(y,Ty)}
MDD, TOLE, T IIH—DFRESR 2 ZFFD. TH5IC, lim, Thz = 2z A
ETDze X KHUTHDILD.

i, FEOD (o, 8) € A LT p(a, B) BWREEBICTE>TWNWBI L2,
CROFHIIRLTWVS.

TEE 9 ([7). B ¢ % (7) TEDS. {TED (0, B) € AWK LT, 5EimEaSEE
22 (X, d) & X EOFRBEEFZZNEBR T WMEELT, UM 2ERT: £
TD z,ye X LT,

ola, B) d(z, Tz) < d(z,)

TH5iX
d(Tz,Ty) < max{ad(z,Tz),Bd(y, Ty)}
a7 R RVASR
24K

[1] S. Banach, Sur les opérations dans les ensembles abstraits et leur application auz
équations intégrales, Fund. Math., 3 (1922), 133-181.

[2] E. H. Connell, Properties of fized point spaces, Proc. Amer. Math. Soc., 10 (1959),
974-979. MR0110093

[3] Y. Enjouji, M. Nakanishi and T. Suzuki, A generalization of Kannaen’s fized point the-
orem, Fixed Point Theory Appl., 2009 (2009), Article ID 192872, 1-10.

[4] R. Kannan, Some results on fized points - II, Amer. Math. Monthly, 76 (1969), 405-408.
MRO0257838

[5) M. Kikkawa and T. Suzuki, Three fized point theorems for generalized contractions with
constants in complete metric spaces, Nonlinear Anal., 69 (2008), 2942-2949. MR2452
105

[6]

, Some similarity between contractions and Kannan mappings, Fixed Point The-
ory Appl., 2008 (2008), Article ID 649749, 1-8. MR2395313

[7] M. Nakanishi and T. Suzuki, An observation on Kannan mappings, submitted.

(8] P. V. Subrahmanyam, Completeness and fized-points, Monatsh. Math., 80 (1975), 325—
330. MR0391065



56

(9] T. Suzuki, A generalized Banach contraction principle that characterizes metric com-
pleteness, Proc. Amer. Math. Soc., 136 (2008), 1861-1869. MR2373618

[10] , Fized point theorems and convergence theorems for some generalized nonez-

pansive mappings, J. Math. Anal. Appl., 340 (2008), 1088-1095. MR2390912

[11) , A new type of fized point theorem in metric spaces, Nonlinear Anal., 71 (2009),

5313-5317.

[12] T. Suzuki and M. Kikkawa, Some remarks on a recent generalization of the Banach con-
traction principle, in Proceedings of the Eighth International Conference on Fixed Point
Theory and its Applications (S. Dhompongsa, K. Goebel, W. A. Kirk, S. Plubtieng, B.
Sims, and S. Suantai Eds.), pp. 151-161, Yokohama Publishers (2008).

[13] T. Suzuki and C. Vetro, Three ezistence theorems for weak contractions of Matkowski
type, to appear in Int. J. Math. Stat.



