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g-HOOK FORMULA OF GANSNER TYPE FOR A GENERALIZED YOUNG
DIAGRAM

KENTO NAKADA

1. INTRODUCTION

E. R. Gansner &, 33X [3] C, 5X 6Nz V2 TR Y OBEE g-hook formula %
AEAH L 7z:

1
(1.1) D ol
oreverse plane partition over ¥ veY
TTT,Hy(W &, FEv e Y D hook TH 3 GHll/xERIE section 2,3). TOFR (1.1) »
5, J. S. Frame, G. de B. Robinson, R. M. Thrall IC X % &k < ®15 N7z hook length formula
2] DT %
#Y)!

HveY #HY(V) '

AR TIX, TDHFERED (D. Peterson, R. A Proctor DERKD)generalized Young diagram
NDO—REERBNT B, 7585, RO EHFERIZKFER D Peterson, Proctor IC & BFERE
F{ETH % [11].

(1.2) #STab(Y) =

2. (P; <)-ParTiTIONS AND (C; /)-TRACE GENERATING FUNCTIONS
LR, P= (P <) ZBRRT¥IEFRE LT 5.

Definition 2.1. B o : P >N ={0,1,2,--- } IZRDFZEHZ{#HT=9 & ¥ (P; <)-partition
NS

u<v= o 2o, u,ve P
(P; <)-partitions EEDEER A(P; <) £ &L,
HEARITEBBc: P> INEZENTVWEETS. ZDEE, ]I % colorset, | D%

color, ¢ 7 coloring EPER. q; % i€ | TIRAFT IO ONIAELLTS. CDLE, &
ceAP;<) IKXMLT,q DHIFKX q° ERTERT 5:

. o)
q7 = l—[ Doty *

veP

7z, g DIERBHRI T(P; <) ERTERT %:
TP;<)= Y q

reA(P:<)
TEREEL T(P; <) % (c; I)-trace generating function of (P; <) &ML,

Key words and phrases. Generalized Young diagrams, Trace generating functions, g-hook formula, Kac-
Moody Lie algebra, P. MacMahon’s identity.
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Definition 2.2. d := #P L5, EHET L : (1,--- ,d) > P&, ROFZHEZHE-T L &
(P; leg) D linear extension & FEIENS

Lk <L) = k<l kie(l, --.d).
(P; <) D linear extensions EEDEER L(P;<) &<

g BENDDOFETET B TRTD g, & ¢ IHFIE (g — g e ) LI ED
T(P;<) % UP; <) LEL.

UP;<) = T(P; S|, _, iery:

T DL E, XD Stanley DIERIIEANTH 5:
Proposition 2.3 (R. P. Stanley [12]). U(P;<) I dRDEK S ICHIT 5!
W(P;q)
e, (1 -¢"’
T TT, W(P;q) 3D 2BEFRHOZLIR W(P;q) € Z[qg) THD. T HIC, W(P;1) =
#L(P; <) A D XL D.

U(P; <) =

3. CASE OF YOUNG DIAGRAMS
Definition 3.1. 228 Y := Nx N I X T¥IEFEZANS:
)<, ) i>i and j> J.

B Y OEBRK order filter Y 7% Young diagram ¥ PE3. FIGURE 3.1 (k) #R.X.
Definition 3.2. color-set & | :=Z L 35<. BFv=(i,j) € YICH LT, color c(v) 2R
TiEDB:

cv)y:=j—-iel.
FIGURE 3.1 (5) #R. X. color c(v) X v D content £ LTHIGNTWAETH 5.

| of1[2][3]4]5]6]
-1]o]1[2]3]4
-2[-1]of1]2]3
-3]-2[-1]0
-4]-3]-2]-1
-5]-4

FiGure 3.1. a Young diagram and its coloring

Definition 3.3. Y % Young diagram £ L, v=(i,j) e Y £ 9 3. Y DEZEE Hy(v) &
RTEETS:

Amy(v) = {(,/)eY|i=¥ and j<j}.
Leg,(v):= {(,/)€ Y|i< i and j=j}.

Hy(v) := {(v}u Amy(v) U Legy (v).
ES5H/WMZYICEBITS vDhook & K5 FIGURE 3.2 #R XK.

TOELE XDODEEBNMHIOSNT VS
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Ficure 3.2. Hooks of # and v

Theorem 3.4 (E. R. Gansner [3]). Y = (¥;<) & Young diagram £ % L XM DILD.
;) =] | —5 — Hm

veY

2cT qHY( V= = [ uetiyw) 9e@) TH%.

Remark 3.5. (Y; <)-partition & reverse plane partition over Y & L THIGN TV 5.
EFE34 LARE23 &0,

Corollary 3.6.

W) - I § s
N3 -gb Iv;[l— ol )

285 Wl Tqg=1dE, BUME23 KD,

Corollary 3.7.
d!

HVEY #HY(V)
®1§BM, THEE X {H 5N 7z Young diagram @ hook length formula T3 5% [2].

#L(Y;<) =

4. CASE OF SHIFTED YOUNG DIAGRAMS
Definition 4.1. $£% S := {(i, /) e NXN|i < JYRRTHEMFZANS:
GH<{,j)y=i=2i and j2J.

& S DAL order filter S 7 shifted Young diagram & PEX. FIGURE 4.1 (k&) %2
RX.

Definition 4.2. color-set % I := {0} UN £ 35<. FF v = (i,j) € S IR LT, color c(v)
ZRTEDS:

0 if i=j and iiseven,
c(v)=3 0 if i=j and iisodd,
j—i ifi<j

FIGURE 4.1 (£) Z# R X. TRARC 2 FBIED color A TWB I LICHEET 5.

Definition 4.3. S % shified Young diagram ¥ L, v = (i,j) € S £ 3 3. S DEIERE
Hs(v) Z R CERT %

Ams ()= (7, /) eS |i=V and j<j}.

Legg(v) := {(i’,j’) €S ] i<i and j= j’}.

Tails (v) := {(7, /) €S |j+1 =17 and j<J}.
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[o]1]2]3]4]5]6]7
ol1[2]3]4]5]6

ol1]2]3

0l1]2

| [0

FiGure 4.1. a shifted Young diagram and its coloring

Hs (v) := {v} U Armg (v) U Legg (v) U Tails (v).
£S5 Hs(v) Z S I} B v D hook EMES. FIGURE 4.2 # R XK.

L] L l

Ficure 4.2. Hooks of u, v, and w.

TDEERDEEBMNEDILD:

Theorem 4.4 ([7]). S = (S; <) % shifted Young diagram £ § % L RH D ILD.

1
7s;9) =] | =g

ves

EH441CBNT, E g & g5 ZRI—HLIIHE DS DI Gansner Ic X > THRS
nTtW\Was:

Theorem 4.5 (E. R. Gansner [3]). S = (S; <) % shifted Young diagram £ 3 % & XM X
DILD.

1
T(Sa S)|qo—=q0 = l——[ 1 - qHS(v)

ves 95=90

Remark 4.6. Gansner \C X 2 EI 4.5 O3B, Hillman-Grassl algorithm [4] IZEDU
TW3.

E¥ 44 LanRE23 XD,
Corollary 4.7.

W(S;q) 1 . Hli:}(l _qk)
— T = —_— LIEER-T W(S;q) =
MM (1= g% lv:sl I =g ©:0 = q s a =50

G2, . WA Tqg=1 9N, HUmE23 XY,

Corollary 4.8.
d!

nveS #Hs (V)
®1§% M, T shifted Young diagram 0 hook length formula T3 % [14].

#HL(S; <) =

66
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5. —ROEGE

5.1. Kac-Moody Lie algebra h*SD#E(E. 4 = (a;));, jer & Kac-Moody Lie algebra [5][6]
D (symmetrizable & (ZFR 5 7%\ ") Cartan matrix &9 %. h & R -vector space, h* & h D
dual space & L, (,) : b* xh — R % cannonical %% bilinear form & 9 %. $REVHNT /255>

ai:={a|iel)cy &N ={a)f|icl)ch Tl a))=a, BT E&ONF
T2 EIRET S. 1€ b EREMKIZT & ¥ integral weight LFEIEN %!

(A a'yeZ el
Integral weights D2&KIZ P LE NS, Rie I LT, s, € GL(YH) %:
Sii AP A—{(A4, a/,\-/)a/i, A €D,
TEHL, {s,- |ie 1} MRS BB W & Weyl group EPETF, THUE hic:
WD, w(h)) =(A,h), weW, Aeb’ heb,

T1ERIT 5. root system (resp. coroot system) % @ := WTI (resp. ®¥ = WIIV) TEET
5.0, &£ ®_ T, ® D positive roots & negative roots #FE3. B € ® D dual B¥ € dV &
Ref@mled XIICEDLNS:

w(BY) = w(B)", weW.
BPLeDIINUT,spe WERTEET S:
sg(A) = A1—=(A, B)B, A€b*, orequivalently, szh)=h- (B, WB', heb.
BweWIIHLUT,£E8 ©w)Y (C DY) % (inversion set LFFIEN D) RTEET 5:
®(w)" = {y' e ®Y|w (") <0}.
5.2. Generalized shapes.
Definition 5.1. A € P M pre-dominant TdH % L&, XEHEI-s L TH5:
A4L,B'y=2-1, Bed,.
pre-dominant integral weights DX $HEE%R P> TET.
Definition 5.2. 1€ P> ICX LT, RTEBINBZES D) & A D shape LS
D) :={B¥ € ®Y | (A, B%) = -1}.
#D(A) < co M D IID L ¥, 21 finite TH B\ . finite pre-dominant integral weights
eEOEE% Pin LEL.
5.3. Colors.

Definition 5.3. 1€ Pin ©9°%. d:=#D(1) &£3B<. simpleroot DF| B = (e, @iy, , i)
M maximal A-path TH 5 &%, B Lg : {1,2,--- ,d) — ®V % L(k) = si, -~ 5, (@;,)"
TEDBEX, BiRLg h¥ {1,2,---} 5 D) "DLHNELZX 5T L THD. maximal
A-path DEKIZ MPath(1) L EHh N 3.

Proposition 5.4 ([7]). A € Pi* ~3 % MPath(1)) 15 L(D)) \DER% B Lg
TEH B &, TDOEMIE MPath(1) 15 L (D)) NDO—X—REE 5 X 5.

Proposition 5.5 ([7]). 1€ Pi* £ 9°%. B¥ e D) &9 5. @B 5.4 £ D, B e MPath(})
TN, Lgth) =B £7xB ke (1,2, ) B—BHICEEZZN, COEE el lF
B € MPath() IC X 5 TEE 5.

Definition 5.6. 1€ Ps_, £9 5. g¥ e DAY &3 5. R S5S5 TEES i e 1% DQY
BT B BY D color EMET, i = c(BY) £EL.
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5.4. Hooks.
Definition 5.7. 1€ P>_;, ¥ e DAY &9 5. £8 H,(8") R TEET 5

Ha(B") := DY N (s5)”

£513 H (B8Y) 2 DY SBT3 BY D hook EFEX. £ #H,(8Y) & D) ICHBIF 5 BY
® hook-length & M. (See [8][71)

Theorem 5.8 ([7]). A€ Py, 2§ 5. B €D £ T 5. CDOLE, RHKD LD
Z e,y = B
yYeHABY)
B 5.8 ICBWVT, a;j — | & specialize THUIME 5.9 218 5.
Proposition 5.9 ([8]). 1€ P»_, 8 € DAY £ 3§ 5. TDLE, RMKYILD:
#Ha (') = ht (8).

5.5. g-Hook formula for a generalized shape. 1 € Pf" %ZEE Y 5. LT, simple roots
@ index set I % color-set ¥ Hx L, AifE 5.5 TEBI NS ¢, & coloring L A5 9. &
colori e X LU TARNETT q; ZE R B. NATT qi Z color variable & V5.

Definition 5.10. shape D(A) DIBHHEE S < DAY K LT, HYIK g5 ZRTEH
ERAR

(5.1) q* = [ | gem

BYES
Theorem 5.11 (g-hook formula of Gansner type [7]). A€ Pin L9 % &, KA D ILD:
1
\28 —
reWs9= || —mm
BreeeD(Y
CFRSILICEBNT, K g il g ZRATHUICEES. 12 214 5.
Theorem 5.12 (g-hook formula of Stanley type [7]). A€ P &9°% &, RALD 1L D:
1
vo@:9)= || T
BYED(AY
Corollary 5.13. 1€ Pi* 92 &, RAKDILD:
M2 (1 -gb
(1 - g#6M)’

WD@Yiq) = =t

£ 5.131CBWVT, g+ 1 & specialize TNIEEIE5.14 218 5.

Theorem 5.14 (hook formula of Frame-Robinson-Thrall type [7]). A€ Pi*, £ 95 &, R
s ASRVASR

v\ #D(A)'!
L (D(A) ) B [1gencay #H,(BV)’

Remark 5.15. & 5.14 lZ Peterson’s hook formula [1] DEEBA% 5 X %. Peterson’s hook
SJormula ORFEERHIZ 8] ICEH 5.
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Remark 5.16. Young diagram & A %! Lie (X¥D, B % pre-dominant integral weight
O shape LEFERIRNC 7%, FRRIC, shifted Young diagram & D % Lie RE D, H %
pre-dominant integral weight O shape & WvIiIMIC7x %. generalized Young diagrams
X, HAEDERTIET, R A. Proctor (simply-laced case [10]) & J. R. Stembridge
(multiply-laced case [13]) 1< & o THEAIN TV 5. K¥IL idefinite type TH .

6. STRICT PARTITIONS & PRE-DOMINANT INDEGRAL WEIGHTS

Young diagram 5% 4 B Lie {4 pre-dominant integral weight IC &> TED XK S IC
HFEEINDEZM, ICDWVTIRFEBEBDL ZICHELIZOT(THICDWVWTIE 9] IchHBDT
BB T &), T T T, shifted Young diagram ¥ D B Lie ¥ pre-dominant integral
weight IC K> TEDKSICHBINEZM, ICDNTHNS.

A % strict partition £ 3§ % (A= (g > A > --- > A, > 0)). T T T, AIFBERIC shifted
Young diagram & [l —#T¥ % (359 % shifted Young diagram % S, £ 9 %.)

WX, Dy+2 B Dynkin XE:

O—0O—2— — —@
O

w#EZX 5. node DHDOEUL index THB.
LU, strict partition A IC #5395 pre-dominant integral weight Z &9 5.
Bi=0,--,n=1I1CHLT, BHb ZRTERT 5:
D B TP MR
710 otherwise

Bi=1,--- nlcNLUT, B, ERTEET S:

1 ifi-1e(do, e, )
%=1 0 otherwise

w; (i=0,0,1,2,---) % fundamental weight & 3" %. integral weight 1, Z X TEHT 5:

1= (bo + co)wo + X0 (bi + cw;  if rIXEEL
27 (bo + co)wg + i (bi + chw;  if r IZFTEL

Proposition 6.1. strict partition A & integral weight 1, & FDED £ 95 TDLZE,
(1) 2, € Pin,.
(2) DY & S, LIEFFEE.
(3) (2) DE—D T T coloring \& section4 TEZRLIZLDEL—T 5.
4) (2) DE—HD T T hook I section 4 TEELIELDE—TS.
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