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On the quasi-Plicker coordinates

THIERE HEXEELYY— K #EX (Tatsuo Suzuki)*
Center for Educational Assistance,
Shibaura Institute of Technology

Abstract

The quasideterminant defined by I. Gelfand and V. Retakh is a
powerful tool for noncommutative theories. In this article, we review
on the quasi-Pliicker coordinates (a noncommutative analogue of the
Pliicker coordinates) with the quasideterminants and describe a proof
of a fundamental case of left quasi-Pliicker relations in a manner sim-
ilar to the commutative one.

1 Introduction

First we recall the embedding of the Grassmannian Grg(n) into P(Z)_l.

The Pliicker embedding is the map & : Grg(n) — P(R(g)) defined as
follows. For each d-subspace of R", take the corresponding n X d matrix A
and map it to the (Z)—

€ is well-defined and injective. We call the coordinates of p = [p1, . q4: - :

tuple of its maximal minors. We find that the map

Prn—di1,..n) € P(z>_1 the Pliucker coordinates.

Next, we consider the quasideterminant defined by I. Gelfand and V. Re-
takh. By using it, “noncommutative determinants” such as quaternionic de-
terminants, superdeterminant, quantum determinant, Capelli determainant,
etc. are expressed in the unified form [4]. In the theory of the noncommu-
tative integrable system, quasideterminants are very useful to express the
solution of the noncomutative integrable equations. [1], [6], [7], [8], [9], [10].
For example, in the noncommutative KdV equation

1
U = Z(umz + 3uzu + 3uug),
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we put
yk — eg(w’t’ak) + ake—g(x’t,ak)7

by = (OWO)W L W= Wy, ,u)|a

(W; is (1,1)-quasideterminant of Wronskian matrix), then,

u(z,t) = an(z b;)

are solutions of the noncommutative KdV equation (moreover, the noncom-
mutative KdV hierarchy)[1].

Furthermore, various noncommutative analogue of theories using determi-
nants are developed, for example, a noncommutative analogue of Cramer’s
formula, the Vandermonde determinant, symmetric functions, and so on.
(see, [2], [3], [5] and references within).

In particular, we focus attention on the quasi-Pliicker coordinates [2].
They are a noncommutative analogue of the Pliicker coordinates. For exam-

ple, if
A — Qo a;; Qa2 as
- )
azp Q21 QA22 QA23

left quasi-Pliicker coordinates q({)f}, qu}, q({)g}, qéé} are

qéf} = (010 - 012(12_21020)—1(%1 - (112%_21021),
3 _ _ _

qfo} = (@11 — 1333 az1) " (@10 — G13a33 az),

qéi} = (ajo — 012%_21&20)_1(013 — a12a2_21a23),

(I:»{,é} = (a;3 — a11a2_11a23)_1(a10 — 011%_116120)-

They satisfy a noncommutative version of Pliicker relations

2 3 2 1
Q({)l} . qfo} + q({)s} . Q:go} = 1.

In the commutative case, this identity implies a famous Pliicker relation

a1; ayj
Q2; Az;

Do1 * P23 — Po2 * P13 + Po3 - P12 = 0, where p;; =
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2 Quasideterminants

2.1 Definition

Let R be a (not necessary commutative) associative algebra. For a po-
sition (7,7) in a square matrix A = (ars)i<rs<n € M(n,R), let AY de-
note the (n — 1) x (n — 1)-matrix obtained from A by deleting the i-th
row and the j-th column. Let also r// = (a;, - ,di, - ,a;n) and ¢ =
(@, g, an)T.

Definition 1. We assume that A% is invertible over R. The (i, j)-quasideterminant
of A is defined by . . .
|[Alij = ag — 17 - (A7) 7 - ¢, (2.1)

Example 1. For A = ( i1 iz ),

a1 Qg2
-1 -1
|A|11 = 411 — Q12099 A21, |A|12 = ai12 — Q11091 A22,
-1 -1
|A|21 = Q21 — Q22015 A1, |A|22 = Q22 — Q210,17 AQ12.

It is sometimes convinient to adopt the following more explicit notation

a1z

-1
= a11 — Q12099 A21.
az1 Qg2

|Al1 =
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Definition 2. For any (i, j), if all |A|[j1 exist, then

A7V = (JAD<ig<n.

Remark 2. If the elements a;; of the matrizt A commute, then

Al = (-1 S
By this definition 2, for fixed (4, j),
E = AnA—l
S = Y aalAlR' = aylAlg + ) aal Al (2.2)
=1 I£5

If 7 # k, we obtain the so-called homological relations. For example, in
the case of n =2, (2.2) is

alJlAII:jl = azl|A|1:ll
—|Alk; a;' = |Alu ay
—|Al;j o = |Alu a;' for A= ( Gy il ) :
sj Qs

In general, we have important identities as follows;
Proposition 3. 1. Row homological relations:

—| Al - 1AM = |Ala - 1475 s #1i

sl »

2. Column homological relations:
—|ARE AL = A7 - (AL, t#

Remark 3. By this proposition 8, |AY| 7 |A%|s; doesn’t depend on s. Simi-
larly, |A¥ ;| A%\ doesn’t depend on t. This property implies an invariance
of the quasi-Plicker coordinates. '
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Next, if i = k, (2.2) is

1 = a¢J|A';1+Zazl|A|;1

15
Al = ai;+ Y aulAl7' Al
I£]
= a; — Z aillAijls_lllA’”sj (by row hom. rel.)
o

Corollary 4 (Laplace expansions of quasideterminants).
For any s # i and any t # j, then

|Al; = aiy; — ZaillAile—lllAil'sj (row expansion),
1]
|Al;; = ai; — Z |Akj|it|Aij|;tlakj (column expansion)
ki
Example 4.

a1z a1

a1 Q22 Aasg3
azy agz ass

= an — ap|AY G [AP]0 — as|AM G A

-1 -1

— ay — ag az3 az1 | az23 13 az2 [ az3 | | azi | Q22

= 11 — a1 —
Q32 Qass a3y ass azz asg as; asz

—1 —

— 4y — a1 Q22 Q23 a1 Q23 a1s Q22 Q23 Q21 Qg2

= — a3 —a .
ass asi | as3 asz ra33 | | asi ] a3z
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Corollary 5. Homological relations are rewritten as follows;

e Row homological relations:

|Alij = |Ala - (147 3AY,;) = |Ala

Qg4 asy
; y
e Column homological relations:
0
- [0]- au
[Alij = (=A% ]| A7) - Al = : | Alis-
A R P

tJ

Proposition 6. If A is a square matriz and i-th row of A is a left-linear
combination of the other rows, then |Al;; = 0.
A column version of this is true as well.

Example 5.

ail a2 | an A+ appp
Q21 Q22 G21 A+ Qooft
as1 asz a3z A+ asap

-1
a a
- an)\+a12u — (au (112) ( azi Zzz ) {( Gzi ) )\ + ( Z’/zi ),U}
1 0
= anA+app — (a1 ar2) 0 A — (a1 a2) 1 JH
= 0.
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2.2 Sylvester’s Identity
Let A = (ai;) € M(n,R) be a matrix and 4y = (a;;),%,5 = 1,--- ,k, a

submatrix of A that is invertible over R. For p,q =k +1,--- ,n, set
Aiq
Cpg = Ao bl (2.3)
Qrgq
Qp1 0 Gk

Consider the (n — k) x (n — k) matrix
C=(cy), pg=k+1,--- n

The submatrix Ag is called the pivot for the matrix C.

Theorem 7. (Sylvester’s identity) Fori,j7=k+1,---,n,
|Alij = [Cli;-
Example 6.
1 a2 a3
0 Q92 Q23 (Z,j = 2, 3)
0 azx as3

)
Applying the theorem 7 with the (1, 1)-entry 1 as a pivot, we put

1 a
“Pa :' 0 alq =ap, (p,q=2,3)
and
1 a2 ais
Qo @ .
0 aze ass = |C|;; = azz azz (4,5 = 2,3).
1

0 azx ass i
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3 Quasi-Pliucker Coordinates

Definition 8. Let A be a k£ x n matrix (k < n) and choose i, 7,41, - ,ik_1
such that i ¢ I = {41, -- ,4ix_1}. Define left quasi-Pliicker coordinates g;;(A)
of A by
~1
ay; Qisy, - Qla,_, ay; Qi 0 A,
qilj(A): . (3.1)
Aki Qkiy " Qkig_y |, Akj  Akiy " Qkig_y |

for an arbitrary s, 1 < s < k. For example, if

A= ajp a4l a2z ais
az0 Q21 Qagzz a23
and we put

ay; Qaij

(i e = (s=1or2),

Qz; Q25 |,

left quasi-Pliicker coordinates qéf}, qu’}, q(%}, q;{),é} of A are

a2 = (0 2)3 (1 2)a,

qio’ = (13)51" (0 3)a0,
2 _
4 = (025 (3 2)a,
a5’ = (3 1) (0 Do
They satisfy the left quasi-Pliicker relations

2 3 2 1
@B g3 i gl =1

In the commutative case, this identity implies a Pliicker relation

ay; Q1
Po1 - P23 — Po2 - P13 + Po3 - P12 = 0, where py =] " "V

A2; QG2j

“Right quasi-Plicker coodinates” are defined as well as left quasi-Pliicker
coodinates. For example, for

bo1  bo2
bin b1z

B = ,
b1 Do
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the right quasi-Pliicker coodinates of B are
-1

bj1 by
b1 b

b

{(c} _ bz’l bio
K bri bk

it gt

and the right quasi-Pliicker relation holds;

3} {2 1} {2
7"31}7'}0} + 7°(§3}7”:§0} = 1.

In the commutative case, this identity also implies a Pliicker relation

Do1 * P23 — Po2 * P13 + Po3 - P12 = 0.

4 Quasi-Pliicker Relations

Theorem 9 (left quasi-Pliicker relations). [2/
Fiz M = (ml,--- ,mk_l), L= (ll,"' ,lk) Let 1 ¢ M. Then

ING
Z%Af 'q]'i\{J} =+ (4.1)
JeL

Here, we prove a left quasi-Pliicker relation

@B g+ g2 gy =1 (4.2)

in a manner similar to the commutative case. (On right quasi-Pliicker rela-
tions, see [11].) First, we remark a Laplace expansion w.r.t. the 1st row of
the quasideterminant

[0]Jo o 1 -1

Q21 Q23 | 22 Q20 | Q21 Q23
azp G21 a23 a2 -1 _
0 = — | a1 Qs 0 ajp a1 ai13 | — —CL22 -0=0.
aip Q11 Qi3 0
Q21 0a23 Q20 G21 Q23

az az; azz 0

Then, by using a homological relation, it is clear that the following quaside-
terminant is trivially zero;

aip | 411 A13 Q12
a0 Qg1 Q23 G22 (4.3)
ap an a3 O
az az1 a3 O

alo ain aizlapll 0] 0 0 1
- Q20 Q21 QG23 Qa22 ao0 Q21 Q23 022 —0
app a1 az 0 aipo an a3 O

ax a1 a3 O a2 Q21 agz O
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On the other hand, (4.3) is

Q10 | @11 Q13 Q12
Q20 a21 Q23 Q22
app apnn a3 O
a0 az1 azz 0

aio | @11 A13 Q12
ajp ann a3 O
a a2 ao3 O

a0 Qa1 Q23 A22

aio | a2 ‘ aii | a12 l Q13 | A12 ’
_ az0 422 a1 Qa22 a3 QA22
a10 a1 a3
az0 az1 az3

(Sylvester’s identity with the (4, 4)-entry as, as a pivot)

(12)un (323
Go o ( (i 5)si )

= (02)10—(12)11 (13)77' (03)10—(32)13 (13)75 (0 1)yo
(02)10—(12); (1 3);11 (03)s0— (32)13 (3 1)3_31 (01)s0 (s=1or?2).

ay; ayj

agz; Q2;

This implies

1 = (02)15 (12)1 (13)5" (03)0+(02)5 (32)13 3 1) (0 1)so
= (02)7 (12)r1 (13)5 (03)s0+(02)75" (32)r3 (3 1)35" (0 1)so

= qéf} -qu} + q§§} : Q:'Eé} (r,s =1or 2).

Therefore, we have proved the left quasi-Pliicker relation (4.2).
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5 Comments on the Noncommutative KP Equa-
tion

In the commutative case, a bilinear form of KP equation is |
(D} — 4Dy D3 +3D3)T -7 =0 (5.1)

If 7 is a Wronskian determinant, then (5.1) is nothing but a Pliicker relation.
In the noncommutative case,

(Vt + Vaga + 30505)5 + 3vyy — 3[vg, v,] =0 (5.2)

is called the noncommutative KP equation. In the commutative case, if we
differentiate (5.2) wrt « and set v, = u to obtain the well-known (commuting)
KP equation | -

(Ut + Ugzr + 6UUL ), + Buy, = 0.

Until now, no bilinearising transformation is found for (5.2).

Remark 7. In [6], “quasiwronskian”

é €n—j
0+ 0]
(where © = (6’,(:_1)) 15 a Wronskian matriz) and their derivatives are studied.
In the commutative case,

Q(0,0) = _Z'f_, where T = |O).

After some tedious calculations, they showed that
v = —QQ(()’ O)

was a solution of the NC' KP equation (5.2). However, a “T-function” itself
has been unclear.

6 Summary and Comments

e The quasi-Pliicker coordinates satisfy the quasi-Pliicker relations.

e There are other applications of the quasi-Pliicker coordinates (Homo-
logical relations, noncommutative symmetric functions, noncommuta-
tive Gauss decomposition, etc.).

e We hope that the quasi-Pliicker coordinates are applied to a theory
for a noncommutative version of “r-function” in the noncommutative
integrable systems.
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