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AN EXTENSION OF BURAU REPRESENTATION
OF THE BRAID GROUPS

HIROSHI MATSUDA

Artin [3] introduced the braid group

005 =0j0; if |i—j]>1 }

0i0i4+10; = 0i410i0+1

Bn = {01)"' yOn—-1

Alexander [1] found a connection between the braid group B, and links in S°.
Markov [10] introduced (three) “Markov moves” on closed braids, and announced
“Markov Theorem.” (Weinberg [13] showed that one of three Markov moves was
unneccesary.) This theorem says that studying closed braids modulo Markov moves,
“Markov equivalence classes”, is equivalent to studying ambient isotopy classes of
links in S3. Birman [6] gave a first complete proof of Markov Theorem.

Around the same time as the announcement of Markov theorem, Burau inves-
tigated a connection between a representation of B, and Alexander polynomial of

links. We introduce Burau representation of B, in §1.

1. BURAU REPRESENTATION

Burau [7] defined a representation, Burau representation, @,: B, — M (n;Z[t,t™!])
of the braid group B,. The image ¢,(0;) of a generator o; of B, is represented by

the matrix

O |1-t O
0 1 )
O O O In_(i+1)

L., O O 0
t
0

This representation ¢, is reducible, and is reduced to an irreducible representation
¢l By — M(n —1;Z[t,t™']). The images of generators o1,0,-1 and o; (2<i<
n — 2) of B, by ¢, are represented by the following matrices:
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\ 0|0 0 0|6ty )

Remark 1. The representation ¢, is faithful when n < 3 [9], and n > 5 [12], (8],
[5]. It is not known whether @,: By — M (4;Z[t,t™']) is faithful.

Burau obtained a knot invariant, Alexander polynomial, by measuring how far

“1” departs from being an eigenvalue of ¢, (3).

Theorem 2. [7] Let B denote a word in B,. Let K denote a link in S* that is
det(go;l(ﬁ) - In—l)

det() (0109 - On-1) — In-1)

is equal to Alezander polynomial of K, Ak(t), up to multiplications by t.

a closed n-braid corresponding to 3. Then

2. EXTENSION OF BURAU REPRESENTATION

In this section, we use 2 x 2 matrices instead of Z[t,t~!] in Burau representation,
that is, we study a mapping ¥, : B, — M(n;2 x 2 matrices).
Let A denote a set of elementary functions with variables a, b, c,d, €, f, g, h,

»,q,7,S, t, u,v,w. Let



K L
denote elements in GL(2;A). We assume that the 4 x 4 matrix ( ) is
M N

invertible in M (4;A). We define a mapping ¢, : B, — M(n; GL(2;A)) by

Ley|0 0] o©
O K L 0
'd)n 0;) =
() O M N 0]
O O O | Ln-i+1)

This mapping 1, is a homomorphism when the following conditions are satisfied;
M=KL'K(I, - K),

N=L-K'L'KL,
1
T acf + b(bc + d — ad)g {ef(a(e - de) + clbe + £))

+ (bde + (a — d)(—a — bc — d + ad) f)g — b*g*}, and

1
= ch(—bc+ad) {a.2Cf +2bc2f - a,cdf+2bzcg _ ab2cg _ abdg + a2bdg+ bQCdg

+ bd?g — abd?g + (acf + b(bc + d — ad)g)+/4bc + (a — d)?}.

Therefore we obtain a representation of By, ¥n: By — M(n; GL(2;A)). This repre-

e

sentation 1, is reducible, and is reduced to a representation

W.: By — M(n —1,GL(2;A)).

Remark 3. The representation 1, has something to do with a “biquandle”.

See [4], for example.

In a similar method as Burau obtained Alexander polynomial from Burau repre-

sentation, we obtain a knot invariant from the representation 1;,.

Theorem 4. [11] Let 3 denote a word in B,. Let K denote a link in S* that is
det(v,,(8) = Irn-1)

det (¢, (0102 On-1) = Ip(n-1))

is a knot invariant, up to multiplications by (a — 1)(d — 1) — be.

a closed n-braid corresponding to 3. Then



3. EXAMPLE AND PROBLEM

det(¥r,(B) — Iz(n-1))

det(, (0102 - - On-1) — Ion-1))’
D=(a-1)(d-1)=be, T=(a—1)+(d-1).

In this section, we denote Ay(f3) = and

Example 5. We calculate Ay(3) for some numbers of 3.

(1) Suppose 3 = g1 € By. Then K is a trivial knot, and Ay(o;) = 1.

(2) Suppose 3 =1 € B,. Then K is a 2-component trivial link, and Ay(1) = 0.

(3) Suppose 3 = 07 € By. Then K is a positive Hopf link, and Az(o?) = D+ T +1.
(4) Suppose 3 = 072 € B,. Then K is a negative Hopf link, and

Ay(07?) = = Ay(0?). This is equal to Ay(o?), up to multiplications by D?2.

D2
(5) Suppose 3 = 03 € B,y. Then K is a right-handed trefoil knot, and
Ay03)=D?*+DT+T*-D+T+1.

(6) Suppose 3 = o] 3 € B,. Then K is a left-handed trefoil knot, and
Ag(O’l_ ) D3

Observing calculations in Example 5, we pose the following conjecture.

—Ay(0?). This is equal to Ay(0?), up to multiplications by D3.

Conjecture 6. The knot invariant Aq(3) is an element in Z{D, D™, T, T], up to
multiplications by D, for every B € B,.

In order to extend our extension of Burau representation, we pose the following

problem.

Problem 7. Choose your favorite algebra Q with unit 1. (For example, Q2 might be
a “quandle algebra” or GL(n;A) for some algebra A.) Let k, A, i, v denote elements

A
in Q such that ( " ) is invertible in M (2;2). We define a mapping

JT7
IL.,10 O 0]
O |k A O

n: Bpn — M(n;Q) by dn(0;) =

¢ (n; Q) by dn(0:) olu vl o
O |0 O|I@L_(it

(1) Select k, A, p,v € Q so that ¢: B, = M

(We refer to [2] for one answer.)

—~

n; Q) is a homomorphism.



(2) Let 8 denote a word in B,. Let K denote a link in S that is a closed n-braid
corresponding to . Construct an invariant of “Markov equivalence classes” of 3,

that is, an invariant of K by evaluating the determinant, the trace, etc., of a matriz
obtained from ¢, (0).
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