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Applications of Hankel determinant
for p-valently starlike and convex
functions of order o

Toshio Hayami and Shigeyoshi Owa

Abstract
For p-valently starlike and convex functions f(z) in the open unit disk U, the upper
bounds of the functional |ap410p+3— ua§+2|, defined by using the second Hankel determinant
H3(n) due to J. W. Noonan and D. K. Thomas (Trans. Amer. Math. Soc. 223(2),(1976),

337-346), are discussed.

1 Introduction

Let A, denote the class of functions f(z) of the form

(L1) FD=2+ Y a (eN={123-})
n=p+1
which are analytic in the open unit disk U= {2 € C: |z| < 1}.

Furthermore, let P(p, a) denote the class of functions p(z) of the form
(1.2) p(z)=p+ chz"
k=1

which are analytic in U and satisfy

Rep(z) >a (z2€U)
for some a (0 £ a < p). In particular, we say that p(z) € P = P(1,0) is the Carathéodory
function (cf. [1]).

If f(2) € A, satisfies the following condition

(1.3) Re (z;c(’(‘;)) >a (z€U)

for some o (0 £ a < p), then f(2) is said to be p-valently starlike of order a in U. We denote by
S, (@) the subclass of A, consisting of functions f(z) which are p-valently starlike of order a in
U.
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Similarly, we say that f(z) belongs to the class K,(a) of p-valently convex functions of order
a in Uif f(z) € A, satisfies the following inequality

zfll(z)
f'(2)

(1.4) Re (1 + ) >a (z€U)

for some o (0 £ a < p).

As usual, in the present investigation, we write

S; =8,(0), K,=Ky0), S8(a)=8i(a) and K(a)=Ki(a).

Remark 1.1 For a function f(z) € A, it follows that

f(z) € Kp(a) if and only if zf;)(z) € Sy (a)

and
f(2) € §p(a) if and only if / —-fﬁdc € Kp(a).
o ¢
Example 1.2 )
f(z) = (—1—':5)2(,,—_(,) € S;(e)
and

f(2) = 2P2F1 (2(p — @), p;p + 1;2) € Kp(a)

where oFy(a, b; c; z) represents the hypergeometric function.

In [5], Noonan and Thomas stated the ¢—th Hankel determinant as

Qn Ant+1 *°*  Gnpig-1
Gny1 Qny2 - Qntq
Hy(n) = det . . . (n,ge N={1,2,3,---}).
Anig—-1 Oniq °°° Qni2g-2

This determinant is discussed by several authors. For example, we know that the Fekete and Szego
functional |a3 — a3| = |H2(1)| and Fekete and Szegd [2] have considered the further generalized
functional |ag — pa3|, where u is some real number. Moreover, we also know that the functional
lagas — @] is equivalent to |Ho(2)).

Janteng, Halim and Darus [4] have shown the following theorems.

Theorem 1.3 Let f(z) € S*. Then

|lagas — a3 S 1.
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Equality is attained for functions

f(z) = (1_ y =2z+22+3° +42' +--.

and

f(z) = : z22=z+z3+z5+z7+---.

Theorem 1.4 Let f(2) € K. Then

1
lazaq — a§| < 5

The present paper is motivated by these results and the purpose of this investigation is to
generalize Theorem 1.3 and Theorem 1.4 by finding the upper bounds of the generalized functional
lapt10p43— pal,,|, defined by the second Hankel determinant, for functions f(z) in the class S3(a)
and K,(a), respectively.

2 Preliminary results

To establish our results, we need some lemmas. The following lemmas can be found in [3].
Lemma 2.1 If a function p(z) € P(p, ), then
(2.1) el £2(p—a) (k=1,2,3, ).

The result is sharp for

p(z) = Qj_i(z_’_zﬂi +Zg(p

Lemma 2.2 If a function p(z) € P(p,a), then
2p-a)er=c}+ {4(p— o)’ — )¢
(2.2) 4(p— a)’es = & + 2{4(p — a)? — S}erl — {4(p — @)% — H}er(?
+2(p — a){4(p — a)* = FH1 - [¢[*)n
for some complez numbers ¢ and 7 (|¢| < 1, |n] < 1).

We also need the next lemma concerning with the upper bounds of the coefficients |a,| for
p-valently starlike or convex functions of order a, respectively.
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Lemma 2.3 If a function f(2) € Sy(a), then

n—p

(23) jan| £ (n2p+1)

with equality for
2P
f(Z) = (1 _ z)z(p——cx) :

Similarly, if a function f(z) € Ky(c), then

P11 (20 -)+5 1)

oy - (nzp+1)

(24) lan| =

with equality for
f(z) = 2P2F1(2(p — @), p;p + 15 2).

3 Main results

Next, we discuss the upper bound of the functional |api1aps3 — pa2,,| for p-valently starlike
and convex functions of order a. For the sake of convenience, we define the following values.

s1(7,) = (= (2(p — ) + D {30~ 2 + 1) - (29 = ) + D},
sop.a) = =P {6@—a+ 1)’ ~8(p—a+ DQp—a) + Du+ 320 - o) + D’}
AP 320 — @2 — D — 4((p — @) — 1) ’
(2= o) {3(p — a+ 1) — 22(p — a) + L}
2p—a+2)-3(p-a+1l)u '
34(1)) le) = (P - 01)2#

53(p) O{) =

and

55(5,0) = (0= 020 — )+ 1) {2p= ) + D~ 5o~ o+ ) |

Furthermore,

(o) = EL= PO LD 2k i+ 27 - (20— ) + Do+ Do+ 3.

K
B = e )T D BRE = WP - D+ Do+ Iu— - aP - Do+ D7)
ks(p, @) = P’P—a)’{8p—a+1)(p+2°-22(—a) + )+ 1)(p+3)u}

(p+1)+3){2(p—-a+2)(p+2? -3 —a+1)(p+1)(p+3)u}’



fa(p.) = {22 2"’)} "

and

_ P of2p-a) +1) 4 a
topre) = ZL=PCO LD {3 0) 1 o+ 1)+ 9 30—+ Dip+ 2

where

K=p(p- o {6(p—a+1)>(p+2)*

—8(p—a+1)(2@—a)+ 1)+ 1)@+ 3)(p+2)%u+ 320 — ) + 1)*(p+ 1)*(p + 3)*u?}.

The next result is separated into three parts by the region of a below.
Theorem 3.1(1) If a function f(z) € Sy(a) for0 S a S p—1, then

¢ (- a+1)( (p a)_l)
s1(p, @) (#— 30— a)2(@—a) +1) )

(p a+1)(4(p ) 4(p — a+1))

sq(p, @) + 1) Sus 3(2(p a)+1)

|ap18p43 — pad,o| <

s3(p, @) 32(p—a) + 1) =32 -a)+1)

85(7’ )

( 4(p — a+1) < 4p—a)+5 )
—a)+5

(v2 s05=57):

Theorem 3.1(2) If a function f(z) € Sp(a) forp—1Sa<p- -1-, then

(p a+1)4(p—a)-1)
10,0 ( = o) a)+1>)

(P—a+D@p-a)-1) . 4p—a+l)
s2(p, @) ( a)(2(p——a)+1) =u§3(2(p—a)+1))

pt1p+3 — pag,o] S { s3(p, @) (3 —= +:)1) p < 1)
s(p, ) (1 2H2 3(p a)a+ 1)
) (w2 55520

12



Theorem 3.1(3) If a function f(2) € S;(a) forp — % S a<p, then
( 1 1 (p—a+){@dp—a)-1)
— =< —_— <
P 2P kS R )+ 1)
si(p,a)
1 2
- < n < -
p-gSa<p ey
1 (p—a+1l)4p—-0)—1)
_z< _ . <u<1
P 2%<P7 0 Sh-a)p-o+1) ="
|ap+la;r+3—#a12y+2|§4 s2(p, ) .
1
-== ; =Susl
p 4_a<pa 3_#_
2p—a)+1
<p< = 7 -
34(p1 a) (1 =4 = 3(p — (1) )
2(p—a)+1
> 7 -

For each a and p, we see that the following equalities

lapr1ape3 — paZ,,] = si(p,a) and  |apr16p43 — pag o] = s5(p, a)

zp

are attained for function f(z) = (—1—;)—2-@_—“)

Similarly, the equality

|ap+10p4s — pa2y5] = s4(p, )

zp

is attained for function f(z) = (‘1“:“2‘2‘)',,‘_3'

Taking a = 0 or p =1 in Theorem 3.1(1)—(3), we derive the following corollaries.

Corollary 3.2 If a function f(z) € S;, then
lap+1apss — Na§+2| =
( 4

P+ {30+0-Co+ou} (us

p?{6(p+1)2-8(p+1)(2p+ 1)u+3(2p+1)

3p(2p+1)

2u2}

3(2p* = 1u —4(p* - 1)

2(p+2) -3+ u 32p+1) =

| Perrn {rru-5o+n} (k2

dp+5

(2p+1)

(

?{8(p+1)-2@2p+1)u} (4(p+1) <u< 4p+5)
= 3(2p+1)

).

3p(2p+1)

CECELPPPE RS
=T = 3(2p+1)

13
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Corollary 3.3(1)-(2) If a function f(z) € S*(a) with0 X a S -;-, then
( (2-a)3-4a)
s1(1, @) (ﬂ = 31— a)(3 20)>
(2-a)(3—40) 42 - a)
s2(1. @) (3(1 —a)(3 - 2a) ShE 33— 2a)>

aga4 — Pa§| < ﬁ

ste) (355 <451
sa(1,@) (1 Sus 3?1——22))
s5(1, @) (“ = 3?1——23))

Corollary 3.3(3) If a function f(z) € S*(a) with % La<l, then

3. <« (2-0)(3—4a)

( 1 3 2
S<a<us S<a<l; u<Z
1(,) (2—a<4”‘—3(1—a)(3—2a)’ 1=9% ”‘—3)
1 2-a)3-4a) _ 3 2 )
1 < <1, 2<a<l; 2<p<1
i s2(1,2) <2—a<4 31—-a)3 - 2a)—"—’ g =% 3=Hk=
lazas —pas| < <
3 —2a
<y < e—
84(1,0)‘ (1= = (1—0))
3 - 2a
st (2g)

Furthermore, in consideration of Corollary 3.2 and Corollary 3.3, we immediately obtam the

following result including Theorem 1.3 by Janteng, Halim and Darus [4].

Corollary 3.4 If a function f(z) € §*, then

aza4q — /Ja§| <K
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By virtue of Remark 1.1, we have
Theorem 3.5(1) If a function f(2) € Kp(a) for 0 £ o S p—1, then

lap+1Gp+3 — /‘l'a127+2| <

( (p—a+1)4p—a)-1)(p+2)*
fa(p. ) @§3@—w@@—m+n@+n@+a)
- ( p—a+)@p-a)-)@+2? . . 4dp-a+)(p+2)’ )
2P & e -t )e+DE+3) - T 32E-a) + e+ ) +3)
<
Falp. ) ( oot e+2? o {4p-0)+5Hp+ 2 )
3P, 32 -a)+ D+ DE+3) == 32p-a) + )@+ 1)pE+3)
{4(p— a) + 5}(p + 2)
| Fslpre) (“g mp«n+np+n@+$)

1
Theorem 3.5(2) If a function f(z) € Kp(a) forp—1Zasp— Y then

|ap+1ap1s — pags| <

( (p—a+1)d@—a)—1)(p+2)?°
Falp. @) @-3@ )@ >+n@+n@+m)

(p— a+1)(4(p a) - (p+2)° <u< d(p—a+1)(p+2)° )
20 —o) +L)(p+1)(p+3) ~ F230p-a)+ De+1)(p+3)

k2(p7 a)

! kim0 4p—a+1)(p+2)? << (p+2)? )

RE-a)+ e+ DE+3) - =G+ +3)

(3=
(

ka(p, o) ( (p+2 . - a)+1>(p+z))
(v2

(p+1) (p+3) -0 = 3(p—a)(p+1)(p+3)

(2(p a)+1) (p+2)2)
=3p—a)lp+1)(p+3)

k5 (]77 ﬂ!)

\



16

1
Theorem 3.5(3) If a function f(z) € Ky(a) for p— 3 < a<p, then

lap+1ap+3 — ﬂa§+2| <

( p_1§a<1; < (z>—01+1)(:1(11—oz)—1)(1-"'+2)2
) 2 4 3p—a)2@—-a)+ 1)@+ 1)(p+3)
ki(p,a
1 . 2(p + 2)?
e T
___];<a<_]_~, (p_a+1)(4(p_a)—1)(p+2)2 <,y < (p+2)2
- P =2 T p_a)Rp-a) + )+ DE+3) = G+ ) +3)
< ka(p,a

o 2p+2° o o (p+2)?
3+ D@+3) =T+ )+ 3)

(p+2)? (2(p—a)+1)(p+2)°
ka(p, a) (m SLah s Ty T 1)(P+3))

(2 - @) + 1)(p+2)?
| Fslpa) (,@ 3@—a)(p+1)(p+3))'

For each a and u, we see that the following equalities
|ap+18p13 — pa2is| = ki(p,a) and |api1ap43 — paj o] = ks(p. )
are attained for function f(z) = 2P2 FA(2(p — @), p;p + 1; ). Similarly, the equality
|api10p13 — pal,,| = ka(p, @)
is attained for function f(z) = 2P Fy (-g—,p -1+ g; z2) .
Setting o = 0 or p = 1 in Theorem 3.5(1)—(3), the following corollaries are obtained.

Corollary 3.6 If a function f(z) € K,, then
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|ap+10p43 — Hogyo| <

( p'(%p+1) [4 2 (4p—1)(p+2)?

(p+3)(p+2)? {g(p Al 3)“} (“ = 3p(2p+1)(p+ 3))

P {6(p+ 1)2(p +2)* — 8(2p+ 1)(p+ 1)(p+ 3)(p+ 2’ + 32p+ 1)’(p + 1) (p + 3)°s’}
P+3)@+22 3@ - Dp+1)(p+3)p—4r?-1)p+2)?}

((4p—1)(p+2)2< o Ap+2) )
B+ )P +3) - = 32p+ )(p+3)

/\

p*{3(p+2)° — 2(2p + )(p + 3)p} ( lp+2)° (4p+5)(p+2)* )
G+9) 2+ — 30+ )+ 9 \30p+ D@ +9) = = 3o+ Do+ Do +9)

(4p+5)(p + 2)?

p*(2p+1) 4
L (p+3><p+2)2{(2’”“)“”3)““5(””’2} <“33(2p+1)(p+1)<p+3))'

1
Corollary 3.7(1)—(2) If a function f(z) € K(a) with0 < a < 5 then

R =
ka(1, ) ( i e SR H)
s~ el £ { hlt0) (SEgh SuE 5)
ka(1, @) (g— Sps 38(?1__25)))
| k5(1.0) (u 2 3;?1__163))

Corollary 3.7(3) f(z) € K(a) with H La<1l, then

9=
1 3 32-a)(3—4a) 3 3
Lea<li < S<a<1u<s
[ ha(1,0) (2 < G HESgi-a)B2a) 1-0TTHE=7
1. _3 3(2-0a)3-40) 9 3 3 9)
< <u<z, =€ S<c,<?
k(o) (52¢<3 giTa)B 20 =F=¥® g3e<Lig=sk=3

lagas—pa3] < |

(
o (j2e52)
)

2300
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Also, by Corollary 3.6 and Corollary 3.7, we can establish the following corollary including
Theorem 1.4 due to Janteng, Halim and Darus [4].

Corollary 3.8 If a function f(2) € K, then

Q204 — ﬂa§| S 9
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