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Abstract

In this article, solutions to the homogeneous associated Laguerre $s$

$e$quations

$\varphi_{\angle}\wedge\cdot z+\varphi_{1}\cdot(-\overline{\angle}+\alpha^{1_{t}-}1)+\varphi\cdot\beta=0$ $(\tilde{\mathcal{L}}\neq 0)$

$(.\varphi\angle$
.

are discussed by means of N-fractional caIcuIus operator (NFCO-Method).

By our method, some particuIar soIutions to the above equations are
given as beIow for example, in fractional differintegrated forms.

Group I.
(i) $\varphi=(e^{\overline{\wedge}}\cdot z^{-(1)}\alpha*\beta A)_{-(jc\beta)}\equiv\varphi_{t\overline{\perp}\tilde{i}(\sigma,\beta)}$ (denote)

and
$(ii)$ $\varphi=(\tilde{z}^{-(\alpha\neq\beta*I)}.e^{\overline{\wedge}})_{-(1+\beta)}\equiv\varphi_{\mathfrak{c}2\overline{/}(a,\beta)}$

And the familiar forms are
$\varphi_{[\overline{\downarrow}](\alpha.\beta)^{=e^{\wedge}z^{-(\alpha+\beta*:)_{2}}F_{0}(.:_{\angle}}}^{-}\alpha+1,$

$\alpha+\beta+1_{J}=^{1})$

and

$\varphi\prime_{\sim}=-e^{\dot{i}_{\overline{\prime\iota}}\beta}\frac{\Gamma(\alpha)}{\Gamma(\alpha+\beta\perp_{I}1)}z^{-\infty}\overline{e}F_{1}(\beta+1;1-\alpha_{\backslash }-z)$

respectively.

Where $\dot{p}F_{G,}(\cdot\cdot-)$ is the generalized Gauss hypergeometric function.
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\S $0$ . Introduction (Definition of Fractional Calculus)

(I) $Def\dot{m}^{-}tion$ . (by K. Nishimoto) ([1] Vol. 1)

Let $D\simeq\{D_{-\backslash }D_{+}\},$ $C=\{C_{-}, C_{A}\}$ ,
$C_{-}$ be a curve along the cut $jo\ddot{m}ng$ two points $\overline{4}and-\infty+i{\rm Im}(z)$ ,
$C_{A}$ be a curve along the cut $joi$-ning two points $\overline{4.}$ and $\infty+i$ Im(z),
$D_{-}$ be a $dom\dot{m}$ surrounded by $C_{-},$ $D_{*}$ be a domain $surrom\dot{d}ed$ by $C_{+}$ .

(Here $D$ contains $\hat{\iota}he$ points over the curve $C$ ).

Moreover, let $f=f(\tilde{\langle})$ be a regular function in $D(z\in D)$ ,

$f_{\vee}=(f)_{v}=_{c}(f)_{v}= \frac{\Gamma(\backslash r\perp 1)}{2\pi\overline{r}}\int_{c}\frac{f(\zeta C)}{(\zeta-z)^{v\wedge 1}}d\zeta$ $(v\not\in T)$ , (1)

$(f)_{-m}= \lim_{varrow-\pi:}(f)_{v}$
$(m\in Z^{*})$ , (2)

where $-\pi\leq\arg(\zeta-z)\leq\overline{r}t$ for $C_{-}$ , $0\leq\arg(\zeta-\overline{4})\leq Z\tau$ for $C_{+}$ ,
$\zeta\neq\overline{<.}$ . $\chi_{\vee}arrow\in C_{\dot{J}}$ $\gamma r\in R$ , $\Gamma$ ; Gmma function,

then $(f)_{V}$ is the fractionaI differintegration of arbitrary order $1^{\gamma}$ (derivatives of

order $v$ for $v>0$ , and integrals of $order-v$ for $v<0$ ), with respect to $\overline{\swarrow\sim}$ , of
the function$f$ , lf $|(f)_{V}|<\infty$ .

Fig. $I_{-}$ Fig. 2.

Notice that (1) is reduced to Goursat’s integral for $v=n(\in Z\gamma$ and is
reduced to-the famous Cauchy’sintegral for $v=0$ . That is, (1) is an
extention of Cauchy integral and of Goursat’s one, conversely Cauchy
and Goursat‘s ones are spetial cases of (1).

(I I) On the fractional calculus operator $N^{v}[3]$

Theorem A. Let fractional calculus operator $(Nish\iota’mo\tau o’s$ Operator $)$ $N^{v}$ be
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$N^{\cdot}. \cdot=(\frac{\Gamma(V^{\wedge},\dot{i})}{2_{d}\tau I^{-}}\int_{c}\frac{d_{=}^{a}(}{(c_{\underline{\sim}}^{\alpha}-\overline{\swarrow.})^{J-g}\prime}l$

wrth $N^{-\vec{\prime\prime}}=\underline{Ii}mN^{\wedge}v.-r,\iota$

$\mathcal{G}\overline{r}ta^{-}$ define the $b_{\hat{I}\triangleleft ar\gamma operq\hat{\iota}ion}c$ as

$(v\not\in T)_{\vee}$ [Rerer to (1)]

$(m\in Z^{A})_{\overline{\text{ノ}}}$

(3)

(4)

$N^{\beta}\circ N^{\sigma}f=N^{\beta}N^{\alpha}f=N^{\beta}(N^{\sigma}f)$ $(\alpha_{\neg,-}\beta\in R)_{\gamma}$
(5)

tken th$e$ set
$\{N^{v}\}=\{N^{v}[v\in R\}$

(6)

$\check{t}S$ an $J4bel\tilde{I}a^{-},i$ proauct group ( $h\sigma v1^{\vee}\tilde,7g$ continuous index $’\psi$ ) which has the inverse

$ef\sim--rar_{(}s_{/}^{r}o^{-}rm$ operator $(N^{\vee})^{-I}=N^{-\wedge}-\sim$

.
to th$efacf’ !?al$ calculus operator $\wedge\overline{!}^{V}$ , for the

$/L\iota\{ncri^{-}or\iota f$ such that $f\in F=\{f_{=}^{-}0\neq|_{j_{v}^{t}}|<\infty,$ $v\in R\},\sim$ and $z\in C_{\sim}$

$($ vis. $-\infty<1’<\infty)_{-}$

(For our convenience. we call $A\overline{/}^{\prime^{\sigma_{J}}}O_{A}’\backslash .\overline{!}^{\sigma}$ as product of $N^{\beta}$ and $N^{\sigma}$ . )

Theorem B. ”

$F.O.C_{-}\mathcal{F}t\wedge\overline{!}^{v}\}^{-}\overline{I}s\sigma r_{(}^{\mathfrak{n}}$ Action product group which has continuous

index $v$
“ for $\overline{(}f_{\tilde{(}}e$ set of $\overline{F}$ . ( $\overline{\zeta}_{-}O.$ C-. : $\overline{p}ra\subset\overline{(\perp}ona\overline{\downarrow}\sim$ calculus $opera_{\hat{1}}$or group) [3]

Theorem C. $LeT$

$S:= \{-N_{f}^{v_{1}}U\{0\}=_{\iota}\int N^{-J}\}Uarrow N^{V}\}U\{0\}$ $(v\in R)$ . (7)

Then the set $S$ is a commutative ring for the $fun\alpha ionf\in F$ , when the $uenti’T\gamma$

$N^{\alpha}\perp N^{\beta}=N^{\gamma}$ $(N^{\sigma}.N_{j}^{\beta}N^{7}’\in S)$ , (8)
holds. $[\overline{b}$ I
(III) Lemma. $7\backslash \overline{/}e$ have [1]

(i)
$(( \overline{<}-c)^{\dot{o}})_{\alpha}=e^{-I\overline{\prime\iota}\propto}\frac{\Gamma(\alpha-b)}{\Gamma(--\text{\’{o}})}(\tilde{\langle}^{-c)^{b-\sigma}}=$

$(| \frac{\Gamma(\alpha--b)}{\Gamma(-b)}|<\infty)$ ,

$(ii)$ $(l(-c))_{\sigma}=-e^{-\overline{\prime\cdot}\sigma}\Gamma(\alpha)(z-c)^{-\alpha}$
’

$(|\Gamma(\alpha)|<\infty)$ ,

$(\tilde{X}\tilde{1}i)$

$((_{\overline{<}}.-c)^{-\sigma})_{-\sigma}=-e^{\text{て}\sigma} \frac{1}{\Gamma(\alpha)}Iog(z-c)$ $(|\Gamma(\alpha)|<\infty)$ ,

where $z-c\neq 0^{1}-A^{:}or(i)$ and $\overline{<.}-c\not\equiv O_{-}l$ for (\^ii ). (iii) ,

$(\tilde{1}v)$
$(u \cdot 7^{-},)_{\sigma}:=\sum_{k=0}^{\infty}\frac{\Gamma(\alpha+1)}{k^{1},\Gamma(\alpha\perp 1-k)}u_{\alpha-k}v_{k}$

$(\overline{\mathcal{L}}-$

$(v=v(z)]^{-}$

$($ Generalized Leibniz rule $)_{-}$
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\S 1. Preliminary

(I) The theorem below is reported by the author already (cf. J.F $C$ , Vol. 27, May

(2005), 83-88. ). [31]

Theorem D. Let

$P=P( \alpha,\beta, \gamma):=\frac{\sin_{J}w\cdot\sin\pi(\gamma-\alpha-\beta)}{\sin\pi(\alpha+\beta)\cdot\sin\pi(\gamma-\alpha)}$
$(|P(\alpha, \beta, \gamma)^{1}=M<\infty)$ (1)

and
$Q=Q(\alpha_{\backslash }\beta, \gamma):=P(\beta.\alpha, \gamma)$ , $(|P(\beta,\alpha, \gamma)|=M<\infty)$ (2)

When $\alpha,$ $\beta,$ $\gamma\not\in Z_{0;}^{+}$ we have ;

(i) $(( \tilde{\mathscr{J}}^{-c)^{\sigma}\cdot(\tilde{4}^{-c)^{\beta})_{\gamma}=e^{-i_{J}r\gamma}P(\alpha,\beta,\gamma)}}\frac{\Gamma(\gamma-\alpha-\beta)}{\Gamma(-\alpha-\beta)}(z-c)^{\alpha+\beta-\gamma},$
(3)

$({\rm Re}(\alpha+\beta+1)>0, (1+\alpha-\gamma)\not\in 4)$ ,

$(ii)$ $((z-c)^{\beta} \cdot(\overline{c}-c)^{\sigma})_{\gamma}=e^{-i\pi\gamma}Q(\alpha,\beta,\gamma)\frac{\Gamma(\gamma-\alpha-\beta)}{\Gamma(-\alpha-\beta)}(\overline{z_{\vee}}-c)^{\alpha+\beta-\gamma}$ , (4)

$({\rm Re}(\alpha+\beta+1)>0, (1+\beta-\gamma)\not\in Z_{0})$

$(iii)$ $((z-c)^{\alphaarrow\beta})_{\gamma}=e^{-i_{J}r\gamma}’ \frac{\Gamma(\gamma-\alpha-\beta)}{\Gamma(-\alpha-\beta)}(\overline{4}^{-c)^{\alpha\perp\beta-\gamma}},$ (5)

where

$z-c\neq 0,\cdot$ $| \frac{\Gamma(\gamma-\alpha-\beta)}{\Gamma(-\alpha-\beta)}|<\infty$ .

Then the inequalities below are established from this theorem.
Corollary 1. We have the inequalities

(i) $((z-c)^{\alpha}\cdot(z-c)^{\rho})_{\gamma}\neq((z-c)^{\beta}\cdot(\overline{<}^{-c)^{\sigma})_{\gamma}}$ , (6)

and

$(ii)$ $((\tilde{4_{\vee^{-c)^{\sigma}\cdot(z-c)^{\beta})_{\gamma}\neq((z-c)^{\sigma^{\Delta}\beta})_{\gamma}}}},$ (7)

where
$\alpha,\cdot\beta_{;}\gamma\not\in Z_{0\prime}^{A}\backslash$ $\alpha\neq\beta$ , $z-c\neq 0$ .
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Corollarv 2.

(i) When $\sigma_{-,\prime}\beta\overline{.}\gamma\not\in Z_{0}^{\wedge}$ : and
(8)

$P(\alpha_{\sim}\beta_{:}\gamma)=\underline{\alpha}\beta_{-}\alpha.\gamma)=I$ ,

we $ha:ve$

$((_{\overline{\sim’}}-c)^{\sigma_{-}}(\overline{c}-c)^{\beta})_{\dot{i}}$.
$=((,\tilde{c}-c)^{\beta}\cdot(\overline{\langle,^{-c)^{\sigma})_{\gamma}=((-c)^{\alpha\wedge\beta})_{\gamma}}}\overline{4_{v}}.$

(9)

$({\rm Re}(\alpha+\beta\perp.\wedge:|)>0. (’\downarrow+\alpha-\gamma)\not\in T_{0\prime}.(1+\beta-\gamma)\not\in Z_{0})$
.

$(ii)$ $W^{-}hen$ $\gamma=m\in Z_{0:}^{\wedge}$ we $f\eta qve$
:

$((_{\dot{4}^{-},}-c)^{\sigma}\cdot(_{\dot{k}}^{-}-c)^{\beta})_{\ulcorner\prime\prime}=((\tilde{4_{\vee^{-c)^{\beta_{-}}(_{\tilde{\sim^{J}}}-c)^{\sigma})_{\overline{\prime 2}}=((\overline{4_{\backslash ^{-c)^{\sigma\neq\beta})_{-\prime}}}}}}},\cdot.\cdot$

(10)

$\hat{\mathfrak{d}}2$ . Solutions to The Homogeneous Associated Laguerre $\dagger s$

Equations by N-Fractional Calculus Operator

Theorem 1. Let $\varphi=\varphi(\tilde{\mathcal{L}})\in F$ , then the homogeneous associated Laguerre‘s

equation
$[\varphi_{j,}^{\sim\sim\cdot\alpha}\angle--\beta]=\varphi z+\varpi_{1}\cdot(-z+\alpha+1)+\varphi\cdot\beta=0$

$(z\neq 0)$ (1)

$(\varphi_{v}=d^{1’}\varphi/dz^{v}$ for $v>0_{-}\varphi_{0}=\varphi=\varphi(z))$

has particular so $l\iota\ell tior\iota s$ of the forms $\varphi ac\dot{a}onal$ differintegrated form)

Group I.
(i) $\varphi=(\overline{e}\cdot z^{-(\alpha*\beta\neq 1)})_{-(1A\beta)}\equiv\varphi_{\mathfrak{c}1)(\alpha,\beta)}$ (denote) (2)

$(ii)$ $\varphi=(z^{-(.\sigma\perp\beta A1)}.e^{\overline{\angle}})_{-(1\perp\beta)}\equiv\varphi_{\lceil 21(a.\beta)}$

(3)

GrOUD II.
(i) $\varphi=e^{\overline{k}}(e^{-i}\cdot z^{\beta})_{\sigma^{A}\beta}\equiv\varphi_{r^{a}}\sim i(a,\beta)$

(4)

$(i_{1}^{\vee})$ $\varphi=e\overline{(}z^{\beta}.e^{-z})_{\alpha*\beta}\equiv\varphi_{[\iota](\sigma.\beta)}$
(5)

Group III.
(i) $\varphi=z^{-\sigma}(e^{\overline{\wedge}}.z^{-(\beta A1)})_{-(1^{A}\alpha^{A}\beta)}\equiv\varphi_{\ddagger^{s)(\sigma,\beta)}}$

(6)

$(ii)$ $\varphi=z-(_{\sim}^{\sim}/\cdot e^{\overline{4}})_{-(1*\sigma^{A}\beta)}\equiv\varphi_{[6](\sigma,\beta)}$
(7)

and
Group IV.

(i) $\varphi=z^{-\sigma}e^{\overline{\iota}}(e^{--}.z^{\infty\neq\beta})_{\beta}\equiv\varphi_{[7](\sigma,\beta)}$
(8)

$(ii)$ $\varphi=z^{-\sigma}e\overline{(}z^{\sigma^{A}\beta}.e^{-}-)_{\beta}\equiv\varphi_{[8](\sigma,\beta)}$ . (9)
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Proof of Group I.
Operate N-fractional calculus (NFC) operator $N^{v}$ to the both sides of equation (1),

we have then

$(\varphi_{2}\cdot z)_{v}+(\varphi_{1}\cdot(-z+\alpha+1))_{\psi},+(\varphi\cdot\beta)_{v}=0$
$(\mathcal{V}\not\in z^{-})$ . (10)

Now we have

$( \varphi_{2}\cdot z)_{v}=\sum_{k-0}^{1}\frac{\Gamma(v+1)}{k!\Gamma(v+1-k)}(\varphi_{2})_{t^{t}-k}(z)_{k}$ (11)

$=\varphi_{2+v}\cdot z+\varphi_{1*v}\cdot v$
$i$

(12)

$(\varphi_{1}\cdot(-z+\alpha+1))_{v}=\varphi_{1+v}\cdot(-z+\alpha+1))-\varphi_{\gamma}\cdot v$ (13)

and
$(\varphi\cdot\beta)_{v}=\varphi_{v}\cdot\beta$ , (14)

respectively, by Lemmas (i) and ( iv).
Therefore, we have

$\varphi_{2*v}\cdot z+\varphi_{1\perp v}\cdot(-z+\alpha+1+v)+\varphi_{v}\cdot(\beta-v)=0$ (15)

from (10), appIyimg (12), (13) and (14).

Choosing $v$ such that
$v=\beta$ (16)

we obtain
$\varphi_{-+\beta}\cdot z+\varphi_{1+\beta}\cdot(-z+\alpha+\beta+1)=0$ (17)

Set
$\varphi_{1+\beta}=\phi=\phi(z)$ $(\varphi=\phi_{-(1+\beta)})$ , (18)

we have then

$\phi_{1}+\phi\cdot(\frac{\alpha+\beta+1}{z}-1\}=0$ (19)

from (17). A particular soIution to this (variable separable form) equation $is$ given

by
$\phi=e^{z}z^{-(\alpha^{A}\beta+1)}$ . (20)

Therefore, we obtain
$\varphi=(e^{v}\sim\cdot z^{-(\alpha+\beta\perp 1)})_{-(1\perp\beta)}\equiv\varphi_{[1](\alpha,\beta)}$ (2)

from (20) and (18).
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Inversely (20) satisfies equation (19). then (2) satisfies equation (1).

Next, changing the order
$e^{\overline{z}}$ and $z^{-(\alpha\perp\beta+i)}$ in parenthesis $($ $)_{-(1\perp\beta)}$

we obtain other solution $\varphi_{[2](\sigma.\beta)}$ which is different firom (2) fo$r^{-(1+\beta)\not\in Z_{0}^{+}}$

,

市 at is,
$\varphi=(z^{-(\sigma\pm\beta\pm 1)}\cdot e^{z})_{-(1+\beta)}\equiv\varphi_{[2](\alpha,\beta)}$ . (3)

(Refer to Theorem D. )

Proof of Group II.
Set

$\varphi=e^{\gamma\overline{\iota}}\psi$ $(\psi=\psi(z))_{\dot{\prime}}$ (21)

we have then
$\varphi_{1}=e^{\gamma}\overline{(}\gamma^{r}\psi+\psi_{1})$ (22)

and
$\varphi_{2}=e^{\gamma}\overline{(}\gamma^{2}\psi+2r\psi_{1}+\psi_{2})$ . (23)

We have then

$\psi_{2}\cdot z+\psi_{1}\cdot\{z(2\gamma-1)+\alpha+1\}+\psi\cdot\{z\gamma(\gamma^{\gamma}-1)+\gamma(\alpha+1)+\beta\}=0$ (24)

from (1), applying (21), (22) and (23).
Here we choose 7 such that

$\gamma(\gamma-1)=0$ ,
that is,

$\gamma=0,1$ . (25)

When $J^{\prime=0},$ (24) is reduced to (1), therefore, we have the same solutions as
Group I.

When $\gamma=1$ we have

$\psi_{2}.z+\psi_{1}.\{z+\alpha+1\}+\psi.(\alpha+\beta+1)=0$ (26)

from (24)

Operate $N^{v}$ to the both sides of equation (26), we have then

$(\psi_{2}.z)_{v}+(\psi_{1}\cdot(z+\alpha+1))_{v}+(\psi.(\alpha+\beta+1))_{v}=0$ $(v\not\in Z^{-})$ . (27)

hence

$\psi_{2+v}^{-}z+\psi_{I\pm\gamma r}\cdot(z+\alpha+1+v)+\psi_{v}.(\gamma+\alpha+\beta+1)=0$ . (28)
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Choosing $v$ such that
$v=-(\alpha+\beta+1)$ (29)

we obtain
$\psi_{1-(\sigma+\beta)}.z+\psi_{-(\sigma+\beta)}.(z-\beta)=0$ (30)

Set
$\psi_{-(\alpha+\beta)}=\phi=\phi(z)$ $(\psi=\phi_{\sigma*\beta})$ , (31)

we have then

$\emptyset_{1}+\phi\cdot(1-\frac{\beta}{z}\}=0$ (32)

from (30). A particular solution to this (variabIe separable form) equation is given

by
$\phi=e^{-z_{Z}\beta}$ . (33)

Hence we obtain
$\psi=(e^{-z}\cdot z^{\beta})_{\sigma\beta}A$ (34)

from (31) and (33).

Therefore, we obtain
$\varphi=e\overline{(}e^{\overline{-}}.z^{\beta})_{\sigma+\beta}\equiv\varphi_{\iota 3)(\alpha,\beta)}$ (4)

from (21) and (34), having $\gamma=1$ .

Inversely, (33) satisfies (32), then (4) satisfies equation (1),

Next, changing the order
$e^{-z}$ and $z^{\beta}$ in parenthesis $($ $)_{\alpha+\beta}$ in (4)

we obtain other solution
$\varphi=e\overline{(}z^{\beta}\cdot e^{-})_{\sigma+\beta}\equiv\varphi_{[4](\alpha,\beta)}-$ (5)

which is different from (4) for $(\alpha+\beta)\not\in Z_{0}^{+}$ ,
(Refer to Theorem D. )

Proof of Group III.
Set

$\varphi=z^{\acute{\Lambda}}\psi$ $(\psi=\psi(z))_{j}$ (35)
we have then

$\varphi_{1}=\lambda z^{\lambda-1}\psi+z^{\lambda}\psi_{1}$ (36)
and

$\varphi_{2}=\dot{\Lambda}(k^{^{\vee}}\cdot$ (37)
respectively.
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Hence we obtain
$\psi_{2}\cdot z^{\dot{\Lambda}^{A}1}+\psi_{1}\cdot\{-z^{\tilde{J}^{A}1}+z^{\overline{\lambda}}(2\lambda+\alpha+1)\}$

$+\psi.\{z^{\dot{\lambda}}(\beta-\lambda)+z^{\lambda-1}\lambda(\lambda+\alpha)\}=0$ (38)

from (1), applying (35), (36) and (37).

Here we choose $\lambda$ such that
$\lambda(\lambda+\alpha)=0$ ,

that is,
$\lambda=0,$ $-\alpha$ . (39)

When $\lambda=0$ , (38) is reduced to (1) therefore, we have the same solutions as

Group I.
When $\lambda=-\alpha$ we have

$\psi_{2}\cdot z+\psi_{1}\cdot\{-z+1-\alpha\}+\psi\cdot(\alpha+\beta)=0$ (40)

from (38)

Operate $N^{v}$ to the both sides of equation (40), we have then

$\psi_{2+v}\cdot z+\psi_{1+v}\cdot(-z+1-\alpha+v)+\psi_{v}\cdot(\alpha+\beta-v)=0$
$(v\not\in Z^{-})$ . (41)

Choosing $v$ such that
$v=\alpha+\beta$ (42)

we obtain
$\psi_{2*\sigma+\beta}.z+\psi_{1\alpha*\beta}A^{\cdot}(-z^{1_{1^{-}}}\beta+1)=0$ (43)

from (43), applying (42).

Set
$\psi_{1+\alpha+\beta}=\phi=\phi(z)$ $(\psi=\phi_{-(1\alpha+\beta)}A)$ , (44)

we have then

$\phi_{1}+\phi\cdot(\frac{\beta+1}{z}-1_{f}^{\backslash }=0$ (45)

from (43). A particular solution to this (variable separable form) equation is $0\sigma ive\eta$

by
$tO=e^{z_{\overline{\angle}}-(\beta+1)}$ . (46)

Hence we obtain
$\psi=(e^{z}\cdot z^{-(\beta+1)})_{-(1^{A}\sigma\perp\beta)}$, (47)

from (44),applying (46).
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Therefore. we obtain
$\varphi=z^{-\sigma}(\overline{e}\cdot z^{-(\beta*j)})_{-(1+\sigma^{L}\beta)}\equiv\varphi_{l5)(\alpha,\beta)}$ (6)

from (35) and (47), having $\lambda=-\alpha$ .
Inversely, (46) satisfies (equation (45), then (47) satisfies equation (43).

Therefore, (6) satisfies equation (1)
Next, changing the order

$e^{z}$ and $z^{-(\beta+1)}$ in parenthesis $($ $)_{-(1\perp\alpha+\beta)}$ in (6)

we obtain other solution
$\varphi=z^{-\sigma}(z^{-(\beta\pm 1)}\cdot e\overline{)}_{-(1+\sigma+\beta)}\equiv\varphi_{[6](\alpha,\beta)}$ , (7)

which is different from (6) for $-(1+\alpha+\beta)\not\in Z_{0}^{+}$ ,

(Refer to Theorem D. )

Proof of Group IV.
First set

$\varphi=z^{\lambda}\psi$ $(\psi=\psi(z))$ , (35)

and substitute (35) into equation (1), we have then (38).

Hence we obtain
$\psi_{2}.z+\psi_{1}.\{-z+1-\alpha\}+\psi.(\alpha+\beta)=0$ (40)

from (38), choosing
$\lambda=-\alpha$ .

Next set
$\psi=e^{\delta z}\phi$ $(\phi=\phi(z))$ , (48)

We have then

$\phi_{2}\cdot z+\phi_{1}\cdot\{z(2\delta-1)+1-\alpha\}$

$+\phi\cdot\{z(\delta^{2}-\delta)+\delta(1-\alpha)+\alpha+\mathscr{T}=0$ (49)
from (40), applying (48).

Choose $\delta$ such that
$\delta^{2}-\delta=0$ ,

that is.
$\delta=0,1$ . (50)

When $\delta=0$ . we obtain (40) from (49). Then we have the same solutions as
Group III.

When $\delta=1$ we have
$\phi_{2}\cdot z+\phi_{1}\cdot(z+1-\alpha)+\phi\cdot(1+\beta)=0$ (51)
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from (49).

Operate $N^{v}$ to the both sides of equation (51), we have then

$\emptyset_{2cv}\cdot z+\phi_{1+v}\cdot(z+1-\alpha+v)+\phi_{v}\cdot(v+1+\beta)=0$ $(v’\not\in Z^{-})$ . (52)

Choosing $v$ such that
$\nu=-1-\beta$ (53)

we obtain
$\phi_{1-\beta}\cdot z+\phi_{-\beta}\cdot(z-\alpha-\beta)=0$

(54)

from (52).

Therefore, setting
$\phi_{-\beta}=u=rx(z)$ $(\phi=u_{\beta})$ , (55)

we have

$u_{1}+\mathcal{U}^{\cdot}l_{1-}\underline{\alpha+\beta}\backslash \tilde{\mathcal{L}})=0$ (56)

$L\mathfrak{u}^{-}om(54)$ . A particular soiution to this equation is given by

$u=e^{-z}z^{a\beta}A$ . (57)
Hence we obtain

$\phi=(e^{-\overline{L}} - z^{\sigma\sim\beta})_{\beta}$ (58)

from (55) and (57).

Therefore, we have
$\psi=e^{z}(e^{-Z}.z^{\alpha\perp\beta})_{\beta}$ (.59)

from (58) and (48). having $\delta=1$ .

We have then
$\varphi=z^{-\alpha^{-}}e^{\overline{e}}(e^{-\angle}.z^{\alpha\perp\beta})_{\beta}\equiv\varphi_{[7](\sigma,\beta)}$ (8)

from (59) and (35), having $\lambda=-\alpha$ ,

Inversely , the function shown by(57) satisfies equation (56), then (55)

satisfies equation (54), and hence (48)$which$ have (55) satisfies (40).

Therefore, the function given by (8) satisfies equation (1), by (35) wnere
$\lambda=-\alpha-$

Next, changing the order
$e^{-z}$ and $\angle\sim^{\sigma\perp\beta}$ in parenthesis $($ $)_{\beta}$ in (8)

we $obta\dot{u}\urcorner$ other solution
$\varphi=z^{-\sigma}e^{\overline{6}}(z^{\sigma*\beta}.e^{-\overline{\iota}})_{\beta}\equiv\varphi_{\iota 8\tilde{)}((z,\beta)}$ (9)

which is different from $\varphi_{\mathfrak{c}7\tilde{\}}(\sigma_{:}\beta)}$ for $\beta\not\in Z_{0}^{A}-$
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$\S^{\neg}3$ . Familiar Forms of The Solutions
$IJ1$ the below. the translated (more familiar) forms of the solutions obtained in 62.

are presented.

Corollary 1. We have
Group I.

(i) $\varphi_{[1](\sigma_{:}\beta)^{=e^{\overline{\wedge}}z^{-(\sigma\sim\beta A1)_{2}}F_{0}(\beta+1_{J}.\alpha+\beta+1}}.z\iota_{)}$ (1)

$(ii)$ $\varphi_{(2_{r^{1}}^{\sim}(\sigma,\beta)}=-e^{i\pi\beta}\frac{\Gamma(\alpha)}{\Gamma(\alpha+\beta+1)}e^{\overline{\angle}}z^{-\sigma_{\dot{\lambda}}}F_{1}(\beta+1;1-\alpha:-z)$ (2)

Group II.

(i) $\varphi_{[3](\sigma,\beta)}\approx e^{-i\overline{\cdot},(\alpha+\beta)}z^{\beta_{2}}F_{0}(-\alpha-\beta_{i}-\beta:-z\iota_{)}$ (3)

$(ii)$ $\varphi_{\lceil 4|(\sigma,\beta)}=e^{-i-(.\alpha}$
‘の

$\frac{\Gamma(\alpha)}{\Gamma(-\beta)}z^{-\alpha_{1}}F_{1}(-\alpha-\beta;1-\alpha,\cdot z)$ (4)

Group III.

(i) $\varphi=e^{-}z^{-(\sigma^{A}\beta A1)}F_{0}(\beta+1, \alpha+\beta+1:_{Z}^{\perp})$ (5)

$(ii)$ $\varphi_{[6](\alpha,\beta)}=-e^{i\overline{\cdot},(\alpha-\beta)}\frac{\Gamma(-\alpha)}{\Gamma(\beta+1)}e_{1}F_{1}(\alpha+\beta+1;1+\alpha;-z)$ (6)

Group IV.

(i) $\varphi=e^{-iz\beta}z^{\beta_{2}}F_{0}(-\beta.-\alpha-\beta;_{z}^{-\perp})$ (7)

$(ii)$ $\varphi r\approx e^{-i\overline{.},\beta}\frac{\Gamma(-\alpha)}{\Gamma(-\alpha-\beta)}F_{1}(-\beta;1+\alpha;z)$ (8)

where $pqF(\cdots\cdots)$ is the generalized Gausss hypergeometric function, (See $\S^{\neg}5.$ )

Proof of Group I.

(i) $\varphi_{[1](\sigma,\beta)}=(e^{-}\cdot z^{-(\sigma+\beta*1)})_{-(1\sim\beta)}$ (9)

$= \sum_{\dot{\kappa}-0}^{\infty}\frac{\Gamma(-\beta)}{k!\Gamma(-\beta-k)}(e^{z})_{-(1\beta)-k}A(z^{-(a+\beta A))})_{k}$ (10)
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$=e^{\overline{\wedge}}z^{-(a+\beta+1)} \sum_{k=0}^{\infty}\frac{[\beta+1]_{k}[\alpha+\beta+1]_{k}}{k!}z^{-k}$ (11)

$=e^{\overline{\epsilon}}z^{-(\sigma+\beta+1)_{2}}F_{0}(\beta+1, \alpha^{r}+\beta+1;_{Z}^{\perp})$ (1)

by Lemma (iv), since

$\Gamma(\lambda-k)=(-1)^{-k}\frac{\Gamma(\lambda)\Gamma(1-\lambda)}{\Gamma(k+1-\lambda)}$ $(k\in Z_{0}^{+})$ , (12)

$(e^{z})_{\gamma}=\overline{e}$
ノ

(13)

$-i_{i}\tau k\Gamma(k-\lambda)\lambda-k$

$(z^{\lambda})_{k}=e$

$\overline{\Gamma(-\lambda)}z$
’ (14)

and

$[ \lambda]_{k}=\lambda(\lambda+1)\cdots(\lambda+k-1)=\frac{\Gamma(\lambda+k)}{\Gamma(\lambda)}$ with $[\lambda]_{0}=1$ .

(Notation of Pochhammer).

$(ii)$ $\varphi_{[2](\alpha,\beta)}=(z^{arrow(\alpha+\beta+1)}\cdot e^{z})_{-(1+\beta)}$ (15)

$= \sum_{k\Rightarrow 0}^{\infty}\frac{\Gamma(-\beta)}{k!\Gamma(-\beta-k)}(z^{-(\alpha+\beta+1)})_{-(1+\beta)-k}(e^{z})_{k}$ (16)

$=e^{i_{\overline{t}}r(1*\beta)}z^{-\sigma}e^{z} \sum_{k=0}^{\infty}\frac{[\beta+\prime\perp]_{k}\Gamma(\alpha-k)}{k!\Gamma(\alpha+\beta+1)}z^{k}$ (17)

$=-e^{\iota_{j}\tau\beta}z^{-\alpha}e^{z} \frac{\Gamma(\alpha)}{\Gamma(\alpha+\beta+1)}\sum_{k*0}^{\infty}\frac{[\beta+1]_{k}}{k![1-\alpha]_{k}}(-z)^{k}$ (18)

$=-e^{i_{d}\tilde{\cdot}\beta} \frac{\Gamma(\alpha)}{\Gamma(\alpha+\beta+1)}z^{-a}e_{1}^{z}F_{1}(\beta+1;1-\alpha;-z)$ (2)

since

$(z^{-(\alpha+\beta A1)})_{-(1+\beta)-k}=e^{i\pi(1+\beta+k)} \frac{\Gamma(\alpha-k)}{\Gamma(\alpha+\beta+1)}z^{k-\alpha}$ (19)
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Proof of Group II.

(i) $\varphi_{r3\int(\alpha,\beta)}=e^{z}(e^{-}\cdot z^{\beta})_{\alpha*\beta}$ (20)

$=e^{\overline{4}} \sum_{k-0}^{\infty}\frac{\Gamma(\alpha\perp\beta+1)}{k!\Gamma(\alpha+\beta+1-k)}(e^{\overline{-}})_{\alpha*\beta-k}(z^{\beta})_{k}$ (21)

$\approx e^{-i_{\tilde{r\iota}}(\alpha*\beta)}z^{\beta}\sum_{k\cdot 0}^{\infty}\frac{[-\alpha-\beta]_{k}[-\beta\iota}{k!}(-\frac{1}{z})^{k}$ (22)

$=e^{-i\tilde{\cdot},(\sigma*\beta)}z^{\beta_{2}}F_{0}(-\alpha-\beta, -\beta;_{Z}^{-\perp})$ (3)

since
$(e^{-\overline{4}})_{\gamma}=e^{-i,\tau\gamma}e^{z}$ . (23)

$(ii)$ $\varphi_{[4](\alpha,\beta)}=e^{z}(^{\sim^{\beta}}\angle\cdot e^{-z})_{\sigma\beta}A$ (24)

$=e^{z} \sum_{k-0}^{\infty}\frac{\Gamma(\alpha+\beta+1)}{k!\Gamma(\alpha+\beta+1-k)}(z^{\beta})_{\sigma*\beta-k}(e^{-\overline{\wedge}})_{k}$ (25)

$=e^{-i\overline{\cdot},(\sigma+\beta)}z^{-\sigma} \sum_{k-0}^{\infty}\frac{(-1)^{k}[-\alpha-\beta]_{k}\Gamma(\alpha-k)}{k!\Gamma(-\beta)}z^{k}$ (26)

$=e^{-i\pi(\alpha-\text{の}} \frac{\Gamma(\alpha)}{\Gamma(-\beta)}z^{-\alpha}\sum_{k-0}^{\infty}\frac{[-\alpha-\beta]_{k}}{k![1-\alpha]_{k}}z^{k}$ (27)

$=e^{-i\tau\beta} \frac{\Gamma(\alpha)}{\Gamma(-\beta)}z^{-\sigma_{\check{1}}}F_{1}(-\alpha-\beta;1-\alpha;z)$ (4)

. Proof of Group III.

(i) $\varphi_{[5](\sigma,\beta)}=z^{-\alpha}(e^{-}\cdot z^{-(\beta*1)})_{-(1+\alpha\sim\beta)}$ (28)

$=z^{-\alpha} \sum_{k=0}^{\infty}\frac{\Gamma(-\alpha-\beta)}{k!\Gamma(-\alpha-\beta-k)}(e\overline{)}_{-(1+\sigma*\beta)-k}(z^{-(\beta*1)})_{k}$ (29)

$=z^{-(\sigma*\beta\perp 1)}e^{\overline{4}} \sum_{k\Leftrightarrow 0}^{\infty}\frac{\lceil 1+\alpha+\beta]_{k}[!+\beta]_{k}}{k!}z^{-k}$ (30)

$=z^{-(\sigma*\beta\overline{\lambda})}*e_{2}^{z}F_{0}(1+\alpha+\beta, 1+\beta;_{\overline{\angle}}^{\perp})-$ (5)
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$(ii)$ $\varphi_{[6](\alpha,\beta)}=z^{-\alpha}(z^{-(\beta*1)}\cdot e^{\overline{\iota}})_{-(1*\alpha\perp\beta)}$
(31)

$=z^{-\alpha} \sum_{k\Leftarrow 0}^{\infty}\frac{\Gamma(-\alpha-\beta)}{k!\Gamma(-\alpha-\beta-k)}(z^{-(\beta A1)})_{-(1*\sigma-\beta)-k}(e^{\overline{\iota}})_{k}$
(32)

$=e^{i\overline{\cdot},(1+\sigma\pm\beta)} \frac{\Gamma(-\alpha)}{\Gamma(\beta+1)}e^{\overline{L}}\sum_{k=0}^{\infty}\frac{[1+\alpha+\beta J_{k}}{k![1+\alpha]_{k}}(-z)^{k}$
(33)

$=-e^{i_{\overline{\prime}}(\alpha+\beta)} \frac{\Gamma(-\alpha)}{\Gamma(\beta+1)}e_{1}^{\overline{\angle}}F_{1}(1+\alpha+\beta;1+\alpha;-z)$
(6)

Proof of Group IV.

(i) $\varphi_{[7](\sigma,\beta)}=z^{-\alpha}e^{\overline{\angle}}(e^{-\tilde{\iota}}\cdot z^{\alpha^{A}\beta})_{\beta}$
(34)

$=z^{-\sigma}e^{\overline{\wedge}} \sum_{k=0}^{\infty}\frac{\Gamma(\beta+1)}{k!\Gamma(\beta\perp_{\iota}\iota\cdot-\cdot k)}(e^{-\overline{\wedge}})_{\beta-k}(z^{\sigma+\beta})_{k}$
(35)

$=e^{-i\overline{.},\beta}z^{\beta} \sum_{k\Rightarrow 0}^{\infty}\frac{[-\beta]_{k}[-\alpha-\beta]_{k}}{k!}\text{�^{}-\frac{1}{z})^{k}}$ (36)

$=e^{-i_{\overline{J\iota}}\beta}z^{\beta_{2}}F_{0}(-\beta,$ $-\alpha-\beta;-1_{)}z$ . (7)

$(ii)$ $\varphi_{[8](\sigma,\beta)}=z^{-\alpha}e^{\overline{e}}(z^{\alpha+\beta}\cdot e^{\overline{-}})_{\beta}$
(37)

$=z^{-\alpha}e^{\overline{\iota}} \sum_{k=0}^{\infty}\frac{\Gamma(\beta+1)}{k!\Gamma(\beta+1-k)}(z^{\alpha\beta}A)_{\beta-k}(e^{-\overline{\wedge}})_{k}$
(38)

$=e^{-\dot{\mathfrak{i}}_{\overline{J\phi}}\beta} \frac{\Gamma(-\alpha)}{\Gamma(-\alpha-\beta)}\sum_{k=0}^{\infty}\frac{[-\beta]_{k}}{k![1+\alpha]_{k}}z^{k}$ (39)

$=e_{i}^{-i_{\overline{\iota}}\beta_{\frac{\Gamma(\alpha)}{\Gamma(-\alpha-\beta)}F_{1}(-\beta;1+}}\alpha;z)$ . (8)
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\S 4. Commentary

(I) All solutions shown by (2) $\sim(9)$ in \S 2 have a fractional differintegrated form
$(\cdots\cdots)_{g(a.\beta)}$ , where the index $g(\alpha,\beta)$ is the order of differintegration.

Then notice that only the constants $\alpha$ and $\beta$ In the equation (1)

in \S 2 contribute to the order $g(\alpha,\beta)$ .
And notice that we have the identities below.

$(e^{z}\cdot z^{-(a+\beta+1)})_{-(\mathfrak{l}+\beta)}=z^{-\alpha}(e^{z}\cdot z^{-(\beta+1)})_{-(1+a+\beta)}$ (1)

from \S 3. (1) and \S 3. (5), and
$(e^{-Z}\cdot z^{\beta})_{\alpha+\beta}=(-z)^{-\alpha}(e^{-\overline{\iota}}\cdot z^{\alpha+\beta})_{\beta}$ (2)

from \S 3. (3) and \S 3. (7).

And we have
(i) $\varphi_{[1](\alpha,\beta)}=\varphi_{[2](a,\beta)}$ for $-(1+\beta)\in Z_{0}^{+}$ .

(ii) $\varphi_{[3](a.\beta)}=\varphi_{[4](\sigma,\beta)}$ for $(\alpha+\beta)\in Z_{0}^{+}$ .
$(iii)$

$\varphi_{(5\mathfrak{l}(\alpha,\beta)}=\varphi_{[6](\alpha,\beta)}$ for $-(1+\alpha+\beta)\in Z_{0}^{+}$ .
and
(iv)

$\varphi_{[7](\sigma.\beta)}=\varphi_{[8](\alpha.\beta)}$ for $\beta\in Z_{0}^{\star}$ .
$(\Pi I)$ Generalized Associated Laguerre$\dagger_{S}$ function of order $\beta$ and degree $\alpha$ is
denoted by $L_{\beta}^{(a)}(z)$ and is defined as

$L_{\beta}^{(\alpha)}(z)=_{1}^{\frac{\Gamma(\alpha+\beta+1)}{\Gamma(\alpha+1)\Gamma(\beta+1)}F_{1}(-\beta;\alpha}+1;z)$ , (3)

where
$1F_{\iota}(-\beta;\alpha+1;z)$

is the Kummer’s confluent hypergeometric function.
Now we have

$\varphi_{[8](\alpha.\beta)}=z^{-\alpha}e^{z}(z^{a+\beta}\cdot e^{-z})_{\beta}$ (4)

$=e_{1}^{-i_{\dot{d}}r\beta_{\frac{\Gamma(-\alpha)}{\Gamma(-\alpha-\beta)}F_{1}(-\beta;\alpha}}+1;z)$ . (5)

Therefore, we have the presentation below.

$\varphi_{r8K\alpha,\beta)}=e^{-i\tau\beta}\frac{\Gamma(-\alpha)}{\Gamma(-\alpha-\beta)}\cdot\frac{\Gamma(\alpha+1)\Gamma(\beta+1)}{\Gamma(\alpha+\beta+1)}L_{\beta}^{(\alpha)}(z)$ (6)

and

$\varphi_{[8](\alpha,n)}=(-1)^{n}\frac{\Gamma(-\alpha)}{\Gamma(-\alpha-n)}\cdot\frac{n!\Gamma(\alpha+1)}{\Gamma(\alpha+;\iota+1)}L_{n}^{(\alpha)}(z)$ (7)
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for $\beta=n\in Z_{0^{i}}^{A}$ using the $Laguerre^{1}s$ function.
$W^{\wedge}\int)ere$

$L_{n}^{(\sigma)}(z)= \frac{e^{\overline{\wedge}}z^{-\sigma}}{n!}$
.

$\frac{d^{r}}{\ ^{\vee}\sim^{\Gamma}}(z^{a+\beta}e^{\overline{\wedge}})$ (8)

$= \frac{\Gamma(\alpha+n^{\perp}1)}{n!\Gamma(\alpha+1)}F(-n;\alpha+1;z)$ . (9)

is the polynomial of Laguerre.
(IV) Hitherto, to the homogeneous associated Laguerre’s equation, mainly the
function $L_{\beta}^{(\alpha)}(z)$ (which is can be derived from our solution $\varphi_{[8](\sigma,\beta)}$

) is discussed

as its solution.
However, we must notice that there exists many other partimlar solutions such as

$\varphi_{\mathfrak{c}1\tilde{)}(\sigma,\beta)},$ $\varphi_{(2\tilde{)}(\alpha,\beta)},$ $\varphi_{[\underline{3}](\alpha,\beta)},$ $\varphi_{[4](\sigma,\beta)\prime}.\varphi_{[6](a,\beta)^{f}}$

which are different from $L_{\beta}^{(\sigma)}(z)$ . and they are obtained by our NFCO-Method.
(V) The solutions obtained by means of $\downarrow\backslash -FCO$ to the nonhomogeneous associated
Laguerre’s equation shall be reported in a next paper of the author, in a near future.
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