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On another proof of Ozaki’s theorem and
a sufficient condition for univalence

Mamoru Nunokawa, Toshio Hayami, Neslihan Uyanik
Shigeyoshi Owa, Maslina Darus and Nak Eun Cho

Abstract
In 1935, S. Ozaki (Sci. Rep. Tokyo Bunrika Daigaku, 2 (1935)) has given the

sufficicut condition for analytic functions to be at most p-valent in the convex domain.
The object of the present paper is to discuss new proof of Ozaki’s teorem. A sufficient
condition for univalent functions is also considered.

1 Main theorems

Theorem 1 Let f(z) be analytic in a convex domain D and suppose that

Re(fP(2)) >0 (z¢€ D).

Then f(2) is at most p-valent in D.

Proof.  Applying the mathematical method of redutive absurdity, we prove it. If f(2) is

not at most p-valent in D, then there exist p+ 1 points 211, 21,2, 21,3, ** *» 21,y 21p+1 Which
are different each other for which
f(z11) = f(z12) = f(z13) = -+ = fz1p) = f(21p41) = 0.

Let us number the points in order of multitude of real part of the points, but if some of them
have same real part, then let us rotate the z-plane suitably.

Renumbering of p + 1 points, then without generalization, we can suppose that all the line
segments 21 121,2, 21,2213 21,3214, ' **» Z1p-121p) 21p21p+1 are not perpendicular with the real
axis, and therefore, we can put the following

Re(z11) < Re(z12) < Re(z13) < - -+ < Re(z1p) < Re(21p41).-

Then we have the followings:
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Re (f(zl,2) - f(zl,l)) = Re(f,(zz,l)) — 0’

21,2 — 21,1
Re (f(zl,a) - f(Z1,2)) — Re(f’(zz,g)) =0,
21,3 — 21,2
(1) Re (L2090} gy <0,

Re (f(zl'p)—f(zl’p—]» = Re(f'(z2p-1)) =0,

21,p — 21,p-1
Re (f(zl,p-i-l) - f(zl,p)> = Re(f’(22 )) =0
21p41 — 21p P ’

where
2ok = 21k + O (21641 — 21k) 0<fr<land k=1,2,3,---,p),

and the sequence {Re(22x)} is a strictly increasing sequence.

From step (1), we have

Re(f'(z22) — f'(22,1)) = Re (af’(za,1)> =0

Re(Zz,g —_ 22,1)

@ Re(f'(z23) = f(z22) _ oo ( af g;3,2)> ~0,

Re(22'3 - 22,2)

Re(f'(z2p) = f'(22p-1)) _ Of (z3p-1)\ _
Re(z:,, - z2.p—11;— = Re ( - ) =0

where

23k = 22k + 02,k(z2,k+1 - Zg,k) (0 < 02,]‘, <land k= 1, 2, e L,p— 1)

Then the sequence {Re(z3)} is also a strictly increasing sequence.
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Form step (2), we have

Re (5f "(232) 8f’(23’1))

ox oz . 2% f '(24,1) _
Re(z32 — 23,1) = Re ( dz? ) =0
Re (af'(za,a) B af'(za,z))
Bz 8.'13‘ — Re (azf’(24’2) -0
Re(z33 — 232) oz? ’

Of'(23p-1) Of'(23p-2)
Re ( oz P
Re(z;;,,,_l - Zs,p_g)

~ e (ﬁzf’(z4,p—2)) _o,

o2
where
Zgr = 23k + O31(23 641 — 23k) (0<b3p<land k=1,2,---,p—2)

and {Re(zqy)} is a strictly increasing sequence.

Let us continue the same steps as the above, then we have finally the following equality

Re (apalf'(zpﬂ,l)) =0,

Oxr—1

where
Zpt1,1 = 2p1 + 0,,71 (Zp,z — zp,l) eD (0 < ()p,l < 1)

On the other hand, since f(z) is analytic in D, we have

Re (w) = Re(f®(2p411)) = 0.

dzp-1

This contradicts the hypothesis of the theorem and it completes the proof of the theorem. [

Remark In the proof of the above, if f(z) has zero at 21,1 of order 2 or z;,; = 21,2 and all
another zeros are of order 1, then in the step (1), we put

Re(f'(z21)) = Re(f'(21,1)) =Re(f'(z1,2)) =0,
Re(f'(222)) = 0,

Re(f'(z3)) = 0,

Re(f'(z24)) = 0,



where
221 = 21,1 = 21,2,

Zok = 21k + O1k(21 k41 — 21k) 0<brp<land k=2,3,---,p),

the sequence {Re(2; )} is not a strictly increasing sequence but the sequence {Re(z3)} is a
strictly increasing sequence. Continuing the same steps as the proof of Theorem 1, we have
the same conclusion.

For the cases, f(z) has zeros at many points of multiple orders, then applying the same idea
as the above, we obtain the same conclusion.

Theorem 2 Let f(z) be analytic in a conver domain D and suppose that there erists a
complezx constant o which satisfies

jarg(—a)| 2 (1+9)
where 0 < & and suppose that
jarg(f/(z) — ) < 5(1+6)  (2€ D).

Then f(z) is univalent in D.

Proof. If f(z) is not univalent in D, then there exist two points z; € D and z» € D,
zy # z9 for which

f(z1) = f(z2).
Then it follows that

() - a2) = (f(ar) —am) = [ " (F(2) - @)z

1
= (- 21)/ {f'(z1 +t(z2 — 21)) — o} dt
0
and therefore, we have

ﬁi?)__f_(._zl_) —Q=A1{f’(zl +t(22-—21))—'a}dt.

22 — 21

Then we have

2(1+6) < farg(-a)| = |arg (w'“)l

D2

arg/o {f'(z1 +t(z — 1)) — a} dtl

T
— 4).
< 2(1+ )

This is a contradiction and therefore it completes the proof. a
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