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Abstract

In Infinitary Logic, the topological space $S(L_{F}, T)$ is not compact.
Morley showed $S(L_{F}, T)$ is analytic where $L_{F}$ is countable[2]. In this pa-
per I show that $S(L_{F}, T)$ is completely metrizable where $L_{F}$ is countable.

1 Introduction
In Infinitary Logic, coinpactness fail. For exalnple, $\{x\neq c_{i}\}_{i<\omega}\cup\{_{i<\omega}(x=c_{i})\}$

is finitely satisfiable but inconsistent. By this fact, we can’t get saturated lnodels
and arbitrary large lnodels in general. How do we construct a large lnodel? The
model existence $t]_{1eore}$1 $n$ is a way to construct solne lnodels$(see[1])$ . In this
paper, I show a basic property of infinitary logic. In lnany cases you can use
$t1_{1}is$ property instead of tlle lliodel existence tlieoreln. $I_{l1}$ section 2, I define
$L_{F}$ a $frag_{1}nent$ of $L_{\kappa.\omega}$ . This $defi_{11}itioI_{1}$ llas little deferences froln solne text
books[l], but you can easily understand $t\iota_{1at}$ it is sufficiently general. In section
3, I translate $L_{F}$ to $L(\tau)$ , a language with first order logic. $We’ 11$ see that ally
class of lnodels of a theory of $L_{F}$ is equivalent to a subclass of an $ele$lnelltary
class $w1$1 $ic1_{1}$ language is $F(\tau)$ . This subclass is characterized by a set of types.
III section 4, I show $tl_{1}at$ if language is coulltable then $S(L_{F}, T)$ is colnpletely
metrizable.

2 Preliminaries
First I define $L_{\kappa,\omega}$ and a fraglnent of $L_{\kappa,\omega}$ .

Definition 1 Suppose $L$ is the set of all (first order) L-formulas.

1. Let $\{p_{i}, f_{j}, c_{k}\}$ be a set of new symbols. $T1_{1}e\iota iWe’ 11$ write $L(\{p_{i}, f_{j}, c_{k}\})$

as tlie set of all (first order) forlnulas of tlie expanded laliguage whicli is
added $\{p_{i}, f_{j}, c_{k}\}$ to tlie language L.
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2. $L_{\kappa,\omega}$ is tlie slnallest set of forlnulas such that

(a) $L\subset L_{\kappa,\omega}$ .
(b) $L_{\kappa,\omega}$ is closed under finite booleari colnbiiiation and finite quantifica-

tion.

(c) If $\Phi(\overline{x})\subset L_{\kappa.\omega}(|\Phi|<\kappa, |\overline{x}|<\omega),$ $t1$ 1$eI1\wedge\Phi(\overline{x})\in L_{\kappa,\omega}$ .

3. We say $L_{F}$ is a fraginent of $L_{\kappa,\omega}$ iff $L\subset L_{F}\subset L_{\kappa.\omega}$ and it is closed
under $fi_{I1]te}$ boolean colnbinations and finite quantifications, subforinulas,
and finitely exchanging of terlns(i.e. if $\phi(t\gamma\in L_{F},$ $t^{\overline{\prime}}$ is L-term, then
$\phi(t^{\overline{\prime}})\in L_{F})$ .

I note that every forlnula has only finitely $\iota na$l $1y$ variables.(Tliere lnay be
infinitely lnal $\iota y$ occurrences.) In the $followi_{1}ig$ , we fix a fraglnent $L_{F}\subset L_{\kappa,\omega}$ .

3 Translation

3.1 Translation of $L_{F}$ into $L(\tau)$ ( $first$ order logic)
I construct a first order language $L(\tau)$ corresponding to $L_{F}$ .
Definition 2 We define $\tau$ be a set of llew predicate symbols $P_{\Phi}$ .

1. $\tau=\{P_{\Phi}(\overline{x})|\wedge\Phi(\overline{x})\in L_{F}\}$ .

2. $\phi^{*}\in L(\tau)$ is defined in each $\phi\in L_{F}$ as follows.

(a) If $\phi\in L$ theli $\phi^{*}=\phi$ .
(b) If $\phi$ is $\phi_{1}\wedge\phi_{2}(\neg\phi_{1},$ ョ$x\phi_{1})$ , then $\phi^{*}$ is defined by $\phi_{1}^{*}$ A $\phi_{2}^{*}(\neg\phi_{1}^{*}, \exists x\phi_{J}^{*})$ .
(c) If $\phi=\wedge\Phi(\overline{x})$ . then $\phi^{*}=P_{\Phi}(\overline{x})$ .

Remark 3 The lnap $*:L_{F}arrow L(\tau)$ is injective but not surjective. For exalnple,
suppose $\wedge\Phi(y)$ be a $L_{F}$-forlnula and $t(x)$ be a $L$-terln. Let $\Phi^{f}(x)=\Phi(t(x))$ .
There is a predicate symbol $P_{\Phi}(y)$ and we $ca$11 take a $L(\tau)$ -formula $P_{\Phi}(t(x))$ . But
$(\wedge\Phi’(x))^{*}$ isjust $P_{\Phi’}(x)$ . So there is no $L_{F}-forlnula\psi$ such tbat $\psi*=P_{\Phi}(t(x))$ .

Next I define suitable subclass of $L(\tau)$-structure STR,. Eacli lnelnber of STR,
oxnits a set of $L(\tau)$-types $\Gamma$ and interprets $P_{\Phi}$ like $\wedge\Phi$ . $I_{l1}$ section 3.2, $we’ 11$ see
that STR, is:’suitable”.

Definition 4 Suppose $\Lambda I$ is a L-structure.

1. $AI^{*}$ is a $L(\tau)$ -structure expanded $M$ sucll that $\Lambda I^{*}\models P_{\Phi}(\overline{a})$ if and only if
$\Lambda I\models\wedge\Phi(\overline{a})$ for all $P_{\Phi}\in L(\tau)$ .

2. $\Gamma=\{q(\overline{y})|q=\{\neg P_{\Phi}(\overline{y})\}\cup\Phi(\overline{y})^{*}, P_{\Phi}(\overline{y})\in L(\tau)\}$ .

3. $TJ=\{\forall\overline{x}(P_{\Phi}(\overline{x})arrow\phi^{*}(\overline{x}))|P_{\Phi}\in L(\tau), \phi\in\Phi\}$
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4. $T_{2}$ $=$ $\{\forall\overline{x}(P_{\Phi}(\overline{t}(\overline{x})) rightarrow P_{\Phi’}(\overline{x}))|\overline{t}$ is L-term, $\wedge\Phi(\overline{y}),$ $\wedge\Phi’(\overline{x})$ $\in L_{F}$ ,
A $\Phi’(\overline{x})=\wedge\Phi(\overline{t}(\overline{x}))\}$ .

5. STR, $=$ { $N|N$ is a $L(\tau)$ -structure, $N$ omits $\Gamma,$ $N\models T_{1}.$ }

Let $*:M\mapsto M^{*}$ be $t\}_{1}e$ lnap in Definition 4. It is easy to $sl_{1OW}$ tfie map
is a injection. Moreover, the $i_{1}nage$ of the lnap is a subset of STR. Actually, if
$M\models\wedge\Phi(\overline{a})$ , then $M\models\phi(\overline{a})$ for all $\phi\in\Phi$ . This implies $M^{*}\models T_{1}$ . On the
other hand, if $M\models\phi(\overline{a})$ for all $\phi\in\Phi$ , then $M\models\wedge\Phi(\overline{a})$ . this implies $M^{*}$

Olnits $\Gamma$ .
The next reinark is important. This claiins $t]_{1at}*:L_{F}arrow L(\tau)$ is not a bijection
but it seems a bijection under $T_{2}$ .

Remark 5 For all $L(\tau)$ -forlnula $\phi(\overline{x})$ , tllere is a $L_{F}$-forlnula $\psi(\overline{x})$ such that
$T_{2}\models\forall\overline{x}(\phi(\overline{x})rightarrow\psi(\overline{x})^{*})$ .

Proof: By induction on $\phi(\overline{x})$ . If $\phi(\overline{x})=P_{\Phi}(\overline{t}(\overline{x}))$ , then we can take $\psi(\overline{x})=$

$P_{\Phi’}(\overline{x})w1_{1}ere\Phi’(\overline{x})=\Phi(\overline{t}(\overline{x}))$ . By $T_{2},$ $\phi$ is equivalent to $\psi$ . The other cases are
straightforward. 1

3.2 Interpreting as a subclass of $L(\tau)$-structures
Proposition 6 Suppose $N$ is a L-structure. If $N$ is in STR, then $N\lceil_{L}\models\phi(\overline{a})$

if and only if $N\models\phi^{*}(\overline{a})$ for all $\phi\in L_{F},\overline{a}\in N$ .

Proof: By induction on $\phi$ . Suppose $\phi=\wedge\Phi(\overline{x})$ . Let $N\lceil_{L}\models\wedge\Phi(\overline{a})$ . By
definition, this lneans $N\lceil_{L}\models\psi(\overline{a})$ for all $\psi\in\Phi$ . By induction hypothesis,
$N\models\psi^{*}(\overline{a})$ for all $\psi\in\Phi.$ Sillce $N$ is ill STR, $N$ olnits $\Gamma(Defi_{11}ition4)$ . Then
$N\models P_{\Phi}(\overline{a})$ . $Co$llversely, let $N|=P_{\Phi}(\overline{a})$ . Because $N$ is in STR, $N\models T_{1}$ . So
we get $N\models\phi^{*}(\overline{a})$ for all $\phi\in\Phi$ . By induction fiypotllesis, $N\lceil_{L}\models\phi(\overline{a})$ for all
$\phi\in\Phi$ . Therefor $N\lceil_{L}|=\wedge\Phi(\overline{a})$ . The other cases are straightforward. I
Corollary 7 Suppose $\phi\in L_{F},$ $\Sigma\subset L_{F}$ .

1. ${\rm Im}(*)=$ STR, $*^{-I}=\lceil_{L}$ .

2. $N\in$ St $\Rightarrow N\models T_{2}$ .

3. $\Sigma|=\phi\Leftrightarrow$ For all $M\in$ STR,, if $M\models\Sigma^{*}$ then $M\models\phi^{*}$ .

Proof.$\cdot$ 2. We want to show that $N\models P_{\Phi’}(\overline{a})rightarrow P_{\Phi}(\overline{t}(\overline{a}))$ for all $a\in N$ . Let
$N\models P_{\Phi’}(\overline{a})$ . $Tl1e\iota 1N\lceil_{L}\models\wedge\Phi’(\overline{a})$ by proposition 6. Take $\overline{b}=\overline{t}(\overline{a})\in N$ . Since
$\Phi’(\overline{a})=\Phi(\overline{t}(\overline{a}))$ , we get $N\lceil_{L}\models$ A $\Phi(\overline{b})$ . Again by proposition 6, $N\models P_{\Phi}(\overline{b})$ .
This ilnplies $N\models P_{\Phi}(\overline{t}(\overline{a}))$ . The other direction is $t1_{1}e$ same. I

Proposition 6 and Corollary 7 say that you can consider tbe model theory
of STR, instead of the model theory of $L_{F}$ .
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4 Complete metric

4.1 $G_{\delta}$

Definition 8 Suppose $T$ is a set of $L_{F}$-sentences.

1. $\Sigma(\overline{x})\subset L_{F}$ is an n-type with respect to $T$ if $|\overline{x}|=n$ and there are a L-
structure $\Lambda\prime I$ and eleinents $\overline{a}\in\Lambda I$ sucli that $\Lambda I\models\phi(\overline{a})$ for all $\phi(\overline{x})\in\Sigma(\overline{x})$ .

2. $S_{n}(L_{F}, T)$ is the set of all colnplete(in $L_{F}$ ) n-types $w$ .r.t. $T$ .

In lnodel $t1_{1}eory$ for first order logic, the space of types $S_{n}(T)$ is compact.
Morley showed $S_{n}(L_{F}, \prime 1^{\urcorner})$ is analytic where $L_{F}$ is countable[2]. A topological
space is analytic if it is a image of continuous function of a Borel set. In this
section, I introduce $G_{\delta}$ subsets. Clearly every $G_{\delta}$ subset is a Borel set tll$e11$ it
is analytic. We will see $S_{n}(L_{F}, T)$ is a $G_{\delta}$ subset of a stone space.

Definition 9 Let $S$ be a topological space, and $A\subset S$ . Then $A$ is called a
$G_{\delta}$ subset of $S$ if there are countably inany open sets $O_{i}(i<\omega)$ such that
$A= \bigcap_{i<\omega}O_{i}$ .

The next fact is well known. For exalnple, see [4].

Fact 10 Let $S$ be completely metrizable and $A\subset S$ . Then $A$ is $G_{\delta}$ if and only
if $A$ is colnpletely metrizable.

4.2 $S_{n}(L_{F}, T)$ is $G_{\delta}$

First, I clailn that we can consider $S_{n}(L_{F}, T)$ as a subset of $S_{n}(T^{*})$ .

Lemma 11 If $\Sigma(\overline{x})\subset L_{F}$ is finitely satisfiable, then $\Sigma^{*}\cup T_{1}\cup T_{2}$ is also $fi_{I1}itely$

satisfiable. If $\Sigma(\overline{x})\subset L_{F}$ is finitely satisfiable and colnplete in $L_{F}$ , then $\Sigma^{*}\cup$

$T_{1}\cup T_{2}$ has a unique completion in $L(\tau)$ .

Proof: If $M\models\phi(\overline{a})$ , then $AI^{*}\models\phi^{*}(\overline{a})$ by definition of $*$ . Moreover, $M^{*}\in$ STR.
Then $M\models\cup T_{1}\cup T_{2}$ by Corollary 7. (Relnark5 ilnplies tlle uniqueness of
coinpletion.) 1

Recall $\Gamma$ is the set of $L(\tau)$-types(See Definition 4). If $\Sigma(\overline{x})\subset L_{F}$ is consistent,
then there is a lnodel $M\models\Sigma(\overline{a})$ . Then $M^{*}$ lnust be olnits $\Gamma$ and $\Lambda I^{*}\models$

$\Sigma^{*}(\overline{a})\cup T_{1}$ . Conversely, If there is a model $N\models\Sigma^{*}(\overline{a})\cup T_{1}$ which olnits $\Gamma$ , then
$N\lceil_{L}\models\Sigma(\overline{a})$ . Tliis fact $i_{lI}iplies$ that $S_{n}(L_{F}, T)$ is a $G_{\delta}$ subset of a stone space
by OInitting Types TheoreIn. $We’ 11$ see this in Proposition 12 and Tlieorein 14.

Proposition 12 Suppose $L_{F}$ is countable and $p(\overline{x})$ is a set of $L_{F}$-forlnulas. Let
$p(\overline{x})$ be finitely satisfiable and colnplete in $L_{F}$ . The following are equivalent.

1. $p(\overline{x})$ is consisteiit.

2. For every $q(\overline{x},\overline{y})\in\Gamma,$ $q$ is $\iota ioll]solated$ w.r.t. $p(\overline{x})^{*}\cup T_{1}\cup T_{2}$ .
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3. For every A $\Phi(\overline{x},\overline{y}),$ $\psi(\overline{x},\overline{y})\in L_{F}$ , either of (a) or (b) holds.

(a) $\forall\overline{y}(\psi(\overline{x},\overline{y})arrow\wedge\Phi(\overline{x},\overline{y}))\in p(\overline{x})$

(b) $\exists\overline{y}(\psi(\overline{x},\overline{y})\wedge\neg\phi(\overline{x},\overline{y}))\in p(\overline{x})$ for solne $\phi\in\Phi$ .

Proof:
$(2arrow 1)$

By olnitting types, we can take a inodel $M\models p^{*}(\overline{a})\cup T_{2}$ which olnits $\Gamma$ . Tben
$1\downarrow I\lceil_{L}\models p(\overline{a})$ by Propositio116.
$(1arrow 3)$

Notice $\{\psiarrow\phi|\phi\in\Phi\}\models\psiarrow\wedge\Phi$ . So, if (b) does’t hold tfien (a) holds by the
consistency and the colnpleteness of $p(\overline{x})$ .
$(3arrow 2)$

Since $p(\overline{x})$ is colnplete, $p^{*}(x)\supset T_{J}$ . Because of Lelnlnall, we can assulne
$p^{*}(\overline{x})\cup T_{2}$ is a complete consistent in $L(\tau)$ . Let $q(\overline{x},\overline{y})=\{\neg P_{\Phi}(\overline{x},\overline{y})\}\cup\Phi^{*}(\overline{x},\overline{y})$

be isolated w.r. $t$ . $p^{*}(\overline{x})\cup T_{2}$ . $T1$ 1 $e\iota 1$ we can find a $L(\tau)$ -formula $\psi’(\overline{x},\overline{y})$ such that
$\psi’$ isolates $q$ . By Relnark 5, there is a $L_{F}$-forlnula $\psi(\overline{x},\overline{y})$ sucli that $T_{2}\models\cdot\psi*rightarrow$

$\psi’$ . By 3., either $\forall\overline{y}(\psi^{*}(\overline{x},\overline{y})arrow P_{\Phi}(\overline{x},\overline{y}))\in p^{*}(\overline{x})$ or $\exists\overline{y}(\psi^{*}(\overline{x},\overline{y}) A \neg\phi^{*}(\overline{x},\overline{y}))\in$

$p^{*}(\overline{x})$ for solne $\phi^{*}\in\Phi^{*}$ liolds. But $\psi*$ isolates $q$ . $T1_{1}e$11 $p(\overline{x})^{*}\cup T_{2}$ lnust be
inconsistent. 1
Corollary 13 Suppose $L_{F}$ and $p(\overline{x})$ satisfy tlie assulnption of Proposition12.
Let $L_{F}$ satisfy following $co$llditio11 $(a)(b)$ .

(a) $\psi,$ $\wedge\Phi\in L_{F}\Rightarrow\wedge\{\psiarrow\phi\}_{\phi\in\Phi}\in L_{F}$ .
(b) $\wedge\Phi(x,\overline{y})\in L_{F}\Rightarrow\wedge\{\forall x\phi(x,\overline{y})\}_{\phi\in\Phi}\in L_{F}$.
Then TFAE.

1. $p(\overline{x})$ is consistent.

2. For all $\wedge\Phi(\overline{x})\in L_{F}$ , if $\neg\wedge\Phi(\overline{x})\in p(\overline{x})$ tlien there is $\phi\in\Phi$ sucll that
$\neg\phi(\overline{x})\in p(\overline{x})$ . I

Theorem 14 Suppose $T\subset L_{F}$ , and $|L_{F}|\leq\omega$ .
Then $S_{n}(L_{F}, T)$ is completely lnetrizable.

Proof: First I prove at $T=\emptyset$ . Let $D_{n}=\{p(\overline{x})|p(\overline{x})$ is complete(in $L_{F}$ )
and finitely satisfiable, $|x|\leq n.\}$ (I relnark $p$ inay llot be consistent). $T1_{1e}\iota 1D_{n}$

will be a stone space and $S_{n}(L_{F}, \emptyset)$ is a subset of $D_{n}$ . Because $D_{n}$ is a second
countable stone space, it is completely metrizable. Let’s show $S_{n}(L_{F}, \emptyset)$ is a $G_{\delta}$

subset of $D_{n}$ . By Proposition 12, we can take

$S_{n}(L_{F}, \emptyset)=\cap\cup O_{\forall\overline{y}(\psiarrow\wedge\Phi))\vee \text{ョ}\overline{y}(\psi\wedge\neg\phi))}$.

So $S_{n}(L_{F}, )$ is completely lnetrizable by Fact 10. If $T\neq\emptyset$ , we can take
$S_{n}(L_{F}, T)=S_{n}(L_{F}, \emptyset)\cap\bigcap_{\phi\in T}O_{\phi}$ . I
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