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Differential Equations in the Complex Domain

By

H & 558 (Hidetoshi TAHARA)*

Abstract
ZDmXIT,
(010" u = F(t, x, {(6/61)j(3/6x)"14}j+la|Sm,Km), (t,x)eCxC"

LI, BERERTORRBBEBHIFBRA 2PV, ROMEEZAHL T 3. T LoFBROBETS={t=0}
LR DARREEFOVDDBREETZ2DON?,

l. RRADEEEDOHRI, BoBRERICL->TRL SN,

2. REFOFER EBICS LHERZRH OBOBRICL>T@wRL 6N 5.

AR, S ORI DT OB (survey article) TH 3,

This paper considers the following nonlinear partial differential equation
(0/00)™u = F(t,x,{(3/31)(0/0x)°u} 1 |a|<m j<m)» (X)) ECxC",

in the complex domain. The main purpose is to examine whether or not the equation possesses solutions
which admit singularities only on the hypersurface § = {¢t = 0}. This will be done either by examin-
ing the possibility of analytic continuation of solutions or by actually constructing solutions that possess
singularities only on S. This is a survey article of this problem.

§1. Introduction

Let C be the complex plane or the set of all complex numbers, ¢ the variable in C;, and
X =(X1,...,%,) the variable in C? =C,, X ---x C,,. We use the notation: N={0,1,2,...},N* =
{1,2,...}, a=(a1,...,an) € N", |o| = + -+ + ay, and (8/0x)® = (3/0x1)*! ---(8/0xn)*".
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Let m € N* be fixed, set N = #{(j,@) € NxN”; j + |a| < mand j < m}, and denote by Z =
{Z;0} j+)a)<m,j<m the variable in CV.

Let F(t,x,Z) be a function in the variables (¢, x,Z) defined in a neighborhood of the origin
of C; x C? x CY. In this paper we will consider the following nonlinear partial differential
equation

a\m aA\Is d\®
(1) () “=F(’*"’{ () (3) u}jmgm)
with the unknown function u = u(, x).

For simplicity, let Q be an open neighborhood of the origin (0,0) € C; x C%, and we assume:

(A) F(t,x,Z) is a holomorphic function on € x (CQ' .

The following theorem is one of the most fundamental results in the theory of partial differential
equations in the complex domain:

Theorem 1.1 (Cauchy-Kowalewski Theorem). For any holomorphic functions go(x), ¢1(x),
veesPm—1(x) in a neighborhood x = 0 the equation (1.1) has a unique holomorphic solution
u(t, x) in a neighborhood of (0,0) € C; x C% satisfying

(g;)i“',=0=soi(x), i=01,....m—1.

By this theorem we see that the holomorphic solutions of (1.1) in a neighborhood of (0,0) €
C, x C} are completely characterized by the initial data ¢g(x),...,@m—1(x).

But if we include into consideration the singualr solutions (that is, the solutions with some
singularities) the structure of the solutions of (1.1) will become much more interesting.

In this paper we will study the following problem:

Problem 1.2. Does (1.1) admit solutions which possess singularities only on the hypersur-
face S = {t =0}?

One method of arguing the non-existence of such solutions is by means of analytic continu-
ation. We set Q, = {(#,x) € Q; Rer > 0}. If the equation (1.1) is linear, we have:

Theorem 1.3 (Zerner [13], 1971). Ifthe equation (1.1) is linear, any solution which is holo-

morphic on Q.. can be extended analytically up to some neighborhood of the origin (0,0) €
C; x C}. In other words, there does not exist a solution with singularities only on S.

If the equation (1.1) is nonlinear, we have the following nonlinear analogue of Zerner’s
theorem due to Tsuno.

Theorem 1.4 (Tsuno [12], 1975). If u(t,x) is a holomorphic solution of (1.1) on Q. and if
(u/dt)(t,x) (i=0,1,...,m— 1) are all bounded on Q., then the solution can be analytically
continued up to some neighborhood of the origin. In other words, there does not exist a solution
which possesses singularities only on S with growth order (0'u/d¢)(t,x) = O(1) (as t — 0) for
i=01,....m—1.
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The assumption that u(t,x) and all its derivatives with respect to ¢ up to order m — 1 are
bounded in some neighborhood of the origin seemed too strong to other researchers at that
time. Some might have believed that Zerner’s result can be extended to the nonlinear case
without any additional assumption. However, this is not possible if the equation is nonlinear, as
can be seen in the following example:

Example 1.5. Let (1, x) € C2. The equation

ou ou\? . .
> -—u(g;) with p € N*(={1,2,...})

has a family of solutions u(z,x) = (—1/p)/P(x + ¢)/t'/? with an arbitrary ¢ € C. Clearly, this
has singularities only on {t = 0}.

(1.2)

Thus, for the equation (1.2) we see the following:
(i) the singularities on {¢ = 0} of order u(t, x) = O(1) (as t — 0) do not appear in the solution
of (1.2), but
(i) there really appear singularities on {t = 0} of order u(t, x) = O(|t|~!/P) (as t — 0) in the
solution of (1.2).
Hence, for nonlinear equations it seems better to reformulate our problem in the following form:

Problem 1.6. Let s be a real number. Does (1.1) admit solutions which possess singularities
only on § = {¢t = 0} with growth order O(|¢|®) (as t — 0)?

In view of this problem, Tsuno’s result is stated in the following form:

Corollary 1.7 (Corollary to Tsuno’s theorem). If u(t,x) is a holomorphic solution of (1.1)
on Q. and if u(t,x) = O(|t|™") (as t — 0) uniformly in x in some neighborhood of x = 0,
then the solution can be analytically continued up to some neighborhood of the origin. In other
words, there does not exist a solution which possesses singularities only on S with growth order
u(t,x) = O(t|™!) (as t — 0).

I s > m—1 holds, by Corollary 1.7 we conclude that such singularities do not appear in the
solutions of (1.1). Therefore we have only to consider the case s < m— 1 from now. In the case
s < 0 the solution may tend to oo (as t — 0); this is the reason why we suppose in (A) that
F(t,x,Z) is entire with respect to Z.

§ 2. Non-Existence of Singularities

Suppose the condition (A). Set I, = {(j,@) e Nx N"; j + || < m, j < m}. We may expand
the function F(t,x,Z) into the following convergent power series:
Fi,x,2)=) atx)2' =) *Mb,1,0Z,
vEA veA
where
z= [] @),

()€lm
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a,(t,x) and b(t, x) are all holomorphic functions on €, and k, are non-negative integers. In the
summation above, the set A has elements of the form v = (v;q)(je)el, and is a subset of NV we
have omitted from A those multi-indices v for which a,(t, x) = 0. Moreover, we have taken out
the maximum power of ¢ from each coefficient a,(7, x) so that we have b,(0,x) # 0 for all v € A.
Using this expansion, we can now write our partial differential equation as

(3 w=T o) T ((5) (7))

(J@)Elm
We set
YW= > jvja veN
(j@)€lm
which is the total number of derivatives with respect to ¢ in the term

AN\I s d\® \ie
2.1 () (5:) u) .
(D) (j,‘];)!lm ( ot/ \ox
Since the highest order of differentiation with respect to ¢ appearing in (2.1) is at most m — 1,
we have y,(v) < (m—1)|v|.
We set
A ={veA;|v|>2}.
If Ay = @, this implies that the equation is linear and we can apply Zerner’s theorem. If Az # &,
the equation is nonlinear; in this case we set
(2.2) o = sup —ky—m+ y,(v).
vEA, IVI -1

This was introduced by Kobayashi [5]; we call this o as Kobayashi index. For a neighborhood
w of x =0 € C? and a function f(¢,x) we define the norm || f(#)||, = sup,¢,, | f(2, x)|. Then we
have the following result (originally by Kobayashi [5], and improved by Lope-Tahara [6]):

Theorem 2.1. Suppose the conditions (A) and Ay # 3. Let o be the Kobayashi index given
in (2.2). If u(t,x) is a holomorphic solution on Q. and if ||u()||w = o(|2|”) (as t — 0), then
u(t,x) can be extended analytically up to some neighborhood of the origin (0,0) € C, x C7.

Hence we can get the following result on the non-existence of the singularities on S = {t =
0}.

Corollary 2.2. Suppse the conditions (A) and Ay # @. Let o be the Kobayashi index given
in (2.2). Then, there appears no singularities on S with growth order o(|t|”) (as t — 0) in the
solutions of (1.1).

In the equation (1.2) the number o may be verified to be equal to —1/p. Hence, by the
above result we see that the singularities of order o(|¢|~!/?) do not appear in the solutions of
(1.2). Note further that the singularities of the solution u(t,x) = (—1/p)/P(x + c)/t!/P has
growth order O(Itl"'/P) (as t — 0). Thus in the case (1.2) the number oo = —1/p is just the
critical value.
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§3. On the Singularities with Growth Order O(|t|”)

In the previous section, we have shown that there appear no singularities on § = {z = 0}
with growth order o(|¢|/”) (as t — 0) in the solutions of (1.1). But how about the singularities
with growth order O(|¢|”) (as t — 0)? In this section, we will study singular solutions with
growth order O(|¢|7) on the hypersurface S.

Set

(31) M={VEA2;0’:

—ky —m + y(v) }
v|-1 '

If M = @, we have the following result on the singularities with growth order O(}#|?) (as

t—0).

Theorem 3.1 ([5], [6]). Suppose the condition (A) and Ay # @. If M = & and if a holo-
morphic solution u(t,x) of (1.1) in Q4 satisfies ||u(?)||. = O(|t|7) (as t — 0), then u(t,x) can
be extended analytically up to some neighborhood of the origin.

This implies that in the case M = & there appear no singularities on S with growth order
O(|t|7) (as t — 0) in the solutions of (1.1).

The following equation gives an example with M = &:

Example 3.2. Let (£,x) € C? and consider the first-order nonlinear equation
ou ,/0u
%= (5)
In this case, it is easily checked that o = 0 and M = @. Therefore by Theorem 3.1 we see that
this equ4tion has no singular solutions with growth order O(1) (as # — 0), which is just the

same result as in Tsuno’s theorem.

In the case M # @, the growth condition ||u(?)||., = o(|¢|”) (as t — 0) may not be weakened,
say by assuming that we only have [|u(t)||, = O(|¢|7) (as t — 0). Let us consider the equation
(1.2); in this equation, m = 1, k(1,5) =0, 0 = —1/p and M # @. Note that the solution u(?,x) =
(—1/p)VP (x 4 ¢)¢+~ /P has singulatities only on { = 0} with just the large order of |¢|.

Since k, is nonnegative and y,(v) < (m — 1)|v/, it follows that
—ky —m + Y (v) < —ky —m + (m— 1)|v| _ —ky— 1+ (m—1)(|v|-1)

lv|—1 - lv|—1 v|—1
and so o0 < m— 1. Moreover (3.2) yields that if = m— | we have M = &. This easily leads
us to the following result (which is the same as Corollary 1.7).

Corollary 3.3. If u(t,x) is a holomorphic solution on Q4 and if ||u(?)||e = o([t|™1) (as
t — 0), then u(t, x) can be extended analytically up to some neighborhood of the origin (0,0) €
C; x C". Hence, there does not exist a solution which possesses singularities only on S with
growth order u(t,x) = O(|t|"~ ") (as t — 0).

-1

(3.2)

In the next section we will consider the following problem:

Problem 3.4. In the case A; # @ and M # @, does (1.1) has a solution u(z, x) with singu-
larities only on {¢ = 0} of the growth order O(|¢|”) (as t — 0)?
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§4. Construction of a Solution with Singularities

Now, suppose the conditions (A), Ay # @ and M # @; then o is a rational number and
o<m-—1. Set

4.1) P(x,Z) = Z b,(0,x)Z"
veEM

which is a holomorphic function on (QN {t = 0}) x C}. Note that |v| > 2 holds for all v € M.
By the definition of o~ we have

Lemma 4.1. (1) k, + m+ o(|v] — 1) —y«(v) > 0 holds for all v € A.
(2) ky + m+ o(|v| = 1) — y«(v) = 0 holds if and only if v € M.

In the case o #0,1,...,m — 2, one way to prove the existence of singularities of the growth

order O(|¢|”) on S is to construct a solution u(z, x) of (1.1) in the form
4.2) u(t,x) =17 (p(x) + w(t, x))

where ¢(x) is a holomorphic function in a neighborhood of x = 0 with ¢(x) # 0, and w(z,x) is a

function belonging in the class 5+ which is defined by Definition 4.2 given below. Denote:

— R(C\ {0}) the universal covering space of C\ {0},

- Sp={t€ R(C\{0}); |argt| < 6} a sector in R(C\ {0}),

- Se(s)) = {te R(C\{0}); 0 < |1] < e(argr)}, where &(s) is a positive-valued continuous
function on Rg,

- Dr={x=(x1,...,%0) €C"; |x;| < Rfori=1,---,n},

Definition 4.2. A function w(z, x) is said to be in the class 5+ if it satisfies the following
conditions c;) and c¢2): ¢1) w(t,x) is a holomorphic function in the domain S(e(s)) x Dg for

some positive-valued continuous function &(s) on R, and R > 0; c2) there is an a > 0 such that

for any 6 > 0 we have max <z |w(t, x)| = O(|#|%) (as t — 0 in Sp ).

The construction of a solution of the form (4.2) is as follows. By substituting (4.2) into (1.1)

and then by cancelling the factor 1™ from the both sides we have

[olme + [t% + 0'} mw

(vl = D=y I\ o 9 Ve
=vezAtkv+ +o(M=D-7Mp, (1, x) [U’Elmoab(a) o+ [tg; +0']j(5-;)aw> ]

where [1]o = | and [A], = A(A—1)---(A—p + 1) for p > 1. By Lemma 4.1 we see that this
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equation is written in the form

4.3) [ lm + [z-g—t + a‘] v

= bv(t,x)[ I1 ([U]j(_:_x)f’(er [tg; +‘T]j(%)aw)vj.a}

vEM (@)€Elm

+ Z Frtmta(=D=r0p (1 1)
vEA\M

L 1A
(p@)€Eln j

Since we are now considering a function w(t,x) € (5+, we have w(t,x) — 0 (as t — 0 uni-
formly in x) and so by letting t — 0 in (4.3) we obtain

) (T = F (x’ {[J]" (Z%) a(p}(j,a)elm)

which is a partial differential equation with respect to the unknown function ¢(x). Then, sub-

tracting the equation (I) from (4.3) we obtain

W [Grodpn T 2 ({5 ()

t G (x’ {[a]j‘p(a) }(j,a)el,,,’ { [tgi * UJ j (%yw}(ﬁ“)e”")

n t'/LR(t”L,x, {[o-]jgo(“) + [tg; + U]j(%>aw}(j,a)61m)’

where L is a positive integer such that o € Z/L, ¢ = (3/3x)Pp, '@ = (8/3x)%¢,
1 d \#
GEzW =Y —((55) P)x2w

o
|ﬂ122'u t\\oZ
R(s,x,Z) = s&! Z c(sh, %) ZY + Z sy (st x) 2"
YEM veEA\M

with Z = {Z;o}Gayet W = {WjalGaeh: 1 = {ja}(jaretn cv(t:%) = (bu(t, 1) — by(0,))/t,
and l, = Lk, + m+ o(v]| = 1) —y:(v)) - 1.

Proposition 4.3. If o # 0,1,...,m —2, if the equation (1) has a holomorphic solution ¢(x)
with @(x) Z 0, and moreover if the equation (II) has a solution w(t,x) € Oy, then we can
conclude that the original equation (1.1) has a solution u(t,x) which has really singularities
only on {t = 0} with the growth order |t|°.

Thus, to construct a solution in the form (4.2), it is sufficient to consider the following

problem:

Problem 4.4. When the assumption in Proposition 4.3 holds?
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In the case m = 1, this problem is solved in [7] and [8]. In the general case, Kobayashi [5]
gives a sufficient condition; but still there are many equations which do not satisfy the condition
in [5] and for which the problem 4.4 is affirmative. On the present situation of the research, see

§6.

§5. Inthecaseoc=0,1,....m—2

In Proposition 4.3 we have excluded the case 0 =0, 1,...,m—2. Inthe case 0 =0, 1,...,m—
2, instead of (4.2) it will be better to consider
(5.1) u(t,x) =t (a(x)logt + b(x) + w(t, x))
where a(x) and b(x) are holomorphic functions in a neighborhood of x = 0, a(x) # 0, and w(¢, x)
is a function belonging in the class O.

Tahara-Yamane [10] gives a sufficient condition for the equation to have a singular solution
of the form (5.1) in the case 0o =0, 1,...,m — 2; the condition in [10] corresponds to the one in
[5]. Still there are many equations which do not satisfy the condition in [10].

§ 6. Supplement on the Equation (IT)

We note that by the change of variable ¢!/ — ¢ the equation (II) is transformed into a
holomorphic equation of the form

(6.1) (tg;)mwzH(t,x,{(tg;)j<%)aw}j}-<lc’rl5m)

where H(t,x,Z) be a holomorphic function in a neighborhood of the origin of C, x C" x Cﬁ’
satisfying H(0, x,0) = 0 in a neighborhood Ag of x = 0. Therefore, if we can prove the existence
of a solution w(z,x) € 5+ of this equation (6.1), it will help to solve the problem 4.4.

We set In(+) = {(ia) e Nx N"; j+ |a| < m, j < m and |e| > 0}; for convenience, we
will divide our equation (6.1) into the following three cases:

Case 1: OH (0,x,0) =0 on Ag for all (j,@) € In(+);
azj,a
O0H .

Case 2: ——(0,0,0) # 0 for some (j,@) € I(+);
aZj‘a

Case 3 : the other cases.

In Case | the equation (6.1) is recently called a Gérard-Tahara type partial differential equa-
tion (or before it was called a nonlinear Fuchsian type partial differential equation), in Case 2
the equation (6.1) is called a spacially nondegenerate type partial differential equation, and in
Case 3 the equation (6.1) is called a nonlinear totally characteristic type partial differential
equation.

As to the solvability in (5+ we can see:
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Case 1 | Gérard-Tahara [2], Gérard-Tahara [4], Tahara-Yamazawa [11]
Tahara-Yamane [10]

Case 2 | Gérard-Tahara [3]

Case 3 | Chen-Tahara [1], Tahara [9]
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