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Abstract

This contribution is based on a talk givell by the second author in
Kyoto at RIMS. June 2010. It gives an overview of some recent develop-
ments in the theory of coincidence site lattices (CSLs). In particular, the
connections between similar sublattices and CSLs, coincidences of lattice
colourings, and coincidences of shifted lattices are discussed.

1 Coincidence Site Lattices (CSLs)
1.1 Brief historical overview
1911: first ideas by $F^{\urcorner}riede1[1]$

mid sixties, seventies: CSL,$\sigma_{)}^{\mathfrak{l}}$ are investigated to discribe grain boundaries in
crystals
RangaIiathan, BollInann, Grinnner, . . . [2, 3, 4]. . .
mid ninties: generalization for quasicrystals: Coincidence Site Modules (CSMs)
Baake, $Pleasant_{b}$ . Warrington, . . . [5, 6]. . .
2002: Quantizing Using Lattice Intersections
Sloane, Beferull-Lozano [7]
$20xy$ : Baake, Grimni, Heuer, Moody, Pleabants, Scharlau. Loquias, Glied,
Huck. PZ, Zou, . . .

1.2 Commensurate Lattices
A key notion is tlle concept of $c\cdot,ornnlensurability$. We call two lattices $\Gamma_{1}$ and
$\Gamma_{2}$ commensurate, if one of the following properties is satisfied.

Lemma 1.1. The following are equivalent:

$\bullet$ $I_{1}^{\neg}\cap\Gamma_{2}$ is a sublattice of both $\Gamma_{1}$ and $r_{2}^{\urcorner}$ .

$\bullet$ $1_{1}^{1}\cap 1_{2}$ is a svblattice of $1_{1}^{I}$ or $1_{2}$ .
$\bullet$ There exists an $rn\in \mathbb{N}$ such that $m1_{1}^{1}\subseteq 1_{2}^{1}$ and $m1_{2}^{1}\subseteq 1_{1}^{\backslash }$ .
$\bullet$ There exis $f_{\text{ノ}}9$ an $7n\in N$ such that $77z1_{1}^{\urcorner}\subseteq 1_{2}^{1}$ or $\cdot$

$n\iota 1_{2}^{1}\subseteq 1_{1}^{1}$ .
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1.3 Ordinary CSLs
Definition 1.1. Let $\Gamma\subset \mathbb{R}^{d}$ be a lattice, $R\in O(d)$ . Then

1‘ $(R):=1^{1}\cap R1^{1}$

is called a (simple,ordinary) coincidence site lattice $(CSL)$ , if $I^{\urcorner}$ and $R\Gamma$ are
commensurate. The index

$\Sigma(R):=[\Gamma:\Gamma(R)]<\infty$

is called coincidence index.

For a concise introduction we refer to [8].

Figure 1: $1^{1}he$ figure shows a square lattice (black dots) $a\iota ld$ a copy (red cir-
cles) rotated by $e^{i\varphi}= \frac{2+i}{2-i}$ (corresponding to a rotation through an angle
$\varphi=$ arctan4/3). One clearly sees the CSL formed by the coinciding dots and
circles. The shaded $al\cdot eu$ indicate a fundamental domain for each of the lattices.

1.4 Coincidence isometries
Lemma 1.2. The set of all coincidence isometries

$OC(1^{\tau}):=\{R\in O(d)|\Sigma(R)<\infty\}$

forms a group, a subgroup of $O(d)$ . Likewise

SOC $(\Gamma)$ $:=OC(I’)\cap SO(d)$

$\iota s$ a $g_{7}oup$ .
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The group of coincidence isometries is never empty. In particular, if $P(1^{1})$

denotes the point group of $\Gamma$ , we have

Lemma 1.3. The following are equivalent:

1. $R\in P(1^{1})$

2. $\Sigma(R)=1$

Corollary 1.4. $P(I^{1})=\{R\in OC(1^{t})|^{\backslash }\simeq^{1}(R)=1\}\subseteq OC(1^{1})$

1.5 Some Properties of the Coincidence Index
Lemma 1.5. For any $coincidenc\cdot e$ isometry $R$

$\Sigma(R)=\Sigma(R^{-1})$ .

1.6 Coincidences of the dual lattice
Lemma 1.6. 1‘ and its dual lattice $1^{\backslash \star}$ have the same coincidence $isomet_{7}\cdot ies$ .
$i.e$ .

$OC(1^{\backslash *})=OC(1^{\backslash })$ .

SOC $(\Gamma^{*})=SOC(I^{t})$ .

The coincidence index is the $sa7ne$ for both lattices:

$\Sigma(R)^{*}=\Sigma(R)$ .

1.7 Coincidences of Sublattices
Lemma 1.7. Let $I_{1}^{1}\subseteq\Gamma$ with index $m\cdot=[\Gamma : \Gamma_{1}]$ . Then

$OC(1_{1}^{I})=OC(1^{1})$ .

Let $\Sigma_{1}(R)$ be the coincidence index with respect to 11 $\cdot 7^{1}he7l$

$\Sigma(R)|n\iota\Sigma_{1}(R)$

$\Sigma_{1}(R)|m\Sigma(R)$ .

$C_{o1}npare[8,9]$ .

1.8 Example $\mathbb{Z}^{2}\simeq \mathbb{Z}[i]$

For more details on this example, see [8].
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1.8.1 Coincidence rotations

Let $\epsilon\in\{\pm 1, \pm i\}$ be a unit of $\mathbb{Z}[i]$ , and write any splitting prinle $p=1$ (nlod 4)
as $p=\omega_{J^{J}}\overline{\omega}_{p}$ . Then the coincidence rotationb are all of the form

$e^{i\varphi}= \epsilon\prod_{p\equiv 1(4)}(\frac{\omega_{p}}{\overline{\omega}_{p}})^{\iota_{l)}}$ ,

where only finitely many $n_{p}\neq 0$ .

1.8.2 Coincidence index

$\Sigma(e^{i\varphi})=\prod_{l)\equiv 1(4)}p^{|n_{p}|}$

1.8.3 Spectrum

set of all integers that contain only prime factors $p\equiv 1(mod 4)$ .

1.8.4 CSLs of $\mathbb{Z}[i]$

Let

$\omega(\varphi):=\prod_{()}\omega_{l}^{1\iota_{p}}\prod_{)}\overline{\omega}_{l)}^{\iota_{I’}}t)\equiv 1(4)’ T)\equiv 1(4)7l_{J)}>\prime l,<()$

.
Then the CSL corresponding to the rotatio11 $e^{l\prime}\neg$ is given by

$\mathbb{Z}[i]\cap c^{i_{\hat{\Psi}}}\mathbb{Z}[i]=\omega(_{\hat{r}}\backslash )\mathbb{Z}[i]$

1.8.5 Generating fuctions
$\ulcorner I^{1}1_{1}e$ number $f(m)$ of $(1iffc^{\iota}\iota$ ent $C^{t\backslash ^{\backslash }})I_{\lrcorner}s$ C’clll be llit $(^{\iota]y}$ expressed in $tcr$llis of $t1$ 1 $(^{\iota}$

Dirichlet series

$\Phi(,s)=\sum_{l||=1}^{\infty}\frac{f(nl)}{m}\backslash =$ $\prod$ $\frac{1+p^{-\backslash }}{1-p^{-\aleph}}$

$p\equiv 1(4)$

$=1+ \frac{2}{5^{\backslash }}+\frac{2}{13^{b}}+\frac{2}{17^{\backslash }}+\frac{2}{25^{\backslash }}+\frac{2}{29^{\backslash }}+\frac{2}{37^{s}}+\frac{2}{41^{\theta}}$

$+ \frac{2}{53^{\backslash }}+\frac{2}{61^{\backslash }}+\frac{4}{65^{s}}+\frac{2}{73^{\backslash }}+\ldots$

1.9 Example: Ammann-Beenker tiling
Coincidences of aperiodic tilings can be described via their $tliderlyi_{1}lg$ limit
translation lilodnle. giving $ri_{b}e$ to $CShIs$ (coincidence bite modules). For the
application to tiliil $g^{c}$, an additional so- called acceptance factor has to be taken
into account. [6, 8]
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Figure 2: Amman Beenker tiling. The black dots indicate the coincidences
for a rotation $R$ about the center by $\theta=\tan^{-1}(-2\sqrt{2})\approx 109.5^{0})\Sigma(R)=9$

acceptance factor $=0.980572924\ldots[9,10]$

1.10 Equal CSLs
Lemma 1.8. $S\in P(\Gamma)$ $\Rightarrow$ $\Gamma(R)=\Gamma(RS)$

$\ulcorner I^{\urcorner}houg1$1 the converse is true for several lattices, like the square and triangle
lattice in $d=2$ and the cubic lattices in $d=3$ , it does not hold in general.

In particular, there are rotations $S\not\in P(1^{1})$ such t,hat $1^{1}(R)=1^{\tau}(RS)$ for the
following lattices: $1^{i}=(2\mathbb{Z})^{2}\cross \mathbb{Z}$ . $\mathbb{Z}^{4},$ $D_{4},$ $A_{4}$

Open question: When does $\Gamma(R)=\Gamma(RS)$ imply $S\in P(\Gamma)$ ?

1.10.1 Example: Root lattice $A_{4}$

Let $f(m)$ be the number of CSLs and $|P(A_{4})|f^{rot}(m)$ the nulnber of coincidence
$i_{bOI}iietrics$ of $t$ he root lattice $A_{4}$ of index $m$ , where $|P(A_{4})|$ denotes the order
of the point group $P(A_{4})$ . Clearly $f^{rot}(m)\geq f(m)$ . The following generating
functions show that they are not equal in general.

$\Phi_{A_{1}}^{7ot}(s)=\sum_{7Y\prime=1}^{\infty}\frac{f^{rot}(m)}{m^{s}}$

$= \frac{1+5^{1-s}}{1-15^{2-8}}\prod_{p\equiv\pm J(5)}\frac{(1+p^{-s})(1+p^{1-s})}{(1-p^{1-s})(1-p^{2-.s})}\prod_{p\equiv\pm 2(5)}\frac{1+p^{-s}}{1-p^{2-s}}$

$=1+ \frac{5}{2^{\backslash }}+\frac{10}{3^{9}}+\frac{20}{4^{b}}+\frac{30}{5^{\backslash }}+\frac{50}{6^{\backslash }}+\frac{\backslash r_{y0}}{7^{\backslash }}+\frac{80}{8^{\backslash }}+\frac{90}{9^{s}}+\frac{150}{10^{9}}+\frac{144}{11^{\mathcal{B}}}+\cdots$
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$\Phi_{A_{1}}(s)=\sum_{m=1}^{\infty}\frac{f(7n)}{m^{s}}$

$=(1+6 \frac{5}{15}-2^{\frac{\wedge}{-s})\prod_{p^{-}\equiv+2(5)}\frac{1+I)^{-s}}{1\rho^{2-n}}\prod_{p\equiv\pm 1(5)}\frac{1+\mathcal{D}^{-s}+2p^{1-s}+2n^{-2_{R}}+p^{1-2s}+p^{1-3s}}{(1\rho^{2-e})(1p^{1-2\backslash ^{\backslash }})}}$

$=1+ \frac{5}{2^{s}}+\frac{10}{3^{s}}+\frac{20}{4^{6}}+\frac{6}{5^{s}}+\frac{50}{6^{6}}+\frac{50}{7^{s}}+\frac{80}{8^{s}}+\frac{90}{9^{s}}+\frac{30}{10^{s}}+\frac{144}{11^{s}}+\cdots$

For $\iota nore$ details. see [11, 12, 13]

1.11 Multiple CSLs
Definition 1.2. Let $1^{1}\subset \mathbb{R}^{d}$ be a lattice, $R_{i}\in OC(1’)$ . Then

1‘ $(R_{J}, \ldots, R_{7\iota}):=1’\cap R_{1}1^{\backslash }\cap\ldots\cap R_{n}1^{1}=1^{1}(R_{1})\cap\ldots\cap 1’(R_{71})$

is called $a$ multiple coincidence site lattice (MCSL).
The index

$\Sigma(R_{1}, \ldots, R_{n}):=[\Gamma:\Gamma(R_{1}, \ldots, R_{\iota})]<\infty$

is called coincidence index.

For more information, see [14, 15, 16].

1.12 Known CSLs (and similar sublattices)
$\bullet$ Square lattice, hexagonal lattice [8, 17]

$\bullet$ certain planar modules witli $N$-fold synllnetry [6, 17]
$\bullet$ cubic lattices and related modules [4, 18, 8, 19, 20]

$\bullet$ hypercubic lattices [8, 21]

$\bullet$ $A_{4}$ -lattice, ring of icosians [11, 12, 13]

2 Similar Sublattices
For more details see [22, 23, 24, 25].

2.1 Similarity Tbansformations
Definition 2.1. Let $\alpha\in \mathbb{R}^{+}$ and $R\in O(d)$ . Then

$A:\mathbb{R}^{d}arrow \mathbb{R}^{d}$

$xarrow\alpha Rx$

is called a linear similarity transformation.
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Figure 3: A square lattice and two copies of it rotated by $e^{i\varphi}= \frac{2+j}{2-\dot{|}}$ (red circles)
and $e^{-i\varphi}= \frac{\prime 2-i}{2+j}$ (green circles). respectively. The MCSL I“ $(e^{i\varphi}, e^{-i\varphi})$ consists
of all points where tlie black dots and the red and green circles coincide, a
fundalnental domain of it is given by the yellow area.

2.2 Similar Sublattice
Definition 2.2. Let $A=\mathfrak{a}R$ be a $lir|$ear similarity $t7^{\cdot}ar\iota sformation$ and $\Gamma\subseteq \mathbb{R}^{d}$

a lattice. Then $A$ is called a similarity transformation of I“ if
$A1^{t}=\alpha R\Gamma\subseteq I^{\urcorner}$ .

In th is case $A\Gamma=(\}R\Gamma\iota s$ called $a$ $si_{1}ni1_{\dot{c}}\iota r$ sublattice (similarity sublattice).

2.3 Index of a Similar Sublattice
Lemma 2.1. For any similar sublattice of the lattice I“ $\subseteq \mathbb{R}^{d}$ :

$[\Gamma:\alpha R\Gamma]=\mathfrak{a}^{d}\in$ $N$ .

2.4 Similarity Isometries
Definition 2.3. An isometry $R\in O(d)\iota s$ called a $si_{lI}$1 $i1_{\dot{\mathfrak{c}}}\iota rity$ isometry of $\Gamma$ .
if there exists an $cv\in \mathbb{R}^{+}$ such that $r\nu R\iota s$ a similarity tmri sformation of $\Gamma$ .
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. . . . . . . . . .
$\ldots$ $\ldots$ $\ldots$....

.
. ....

.
. .

.. .
Figure 4: Similar sublattices of a square lattice of index 2 and 5, the latter also
occuring as CSL, see above.

Lemma 2.2. The set of all similarity isometries of I“ $forr\iota s$ a group, called
$OS(I^{1})$ . In particular $OS(\Gamma)$ is a countable $subg_{7}\cdot oup$ of $O(d)$ . Likewise $SOS(\Gamma):=$

$OS(\Gamma)\cap SO((l)$ is a countable subgroup of $SO(d)$ .

3 Coincidence Isometries versus Similarity Isome-
tries

Theorem 3.1. For $or$} $y$ d-dirnensional lattice $1‘\uparrow l,e$ have. $OC(I^{\urcorner})\subseteq OS(\Gamma)$. $OS(\Gamma)/OC(\Gamma)$ is abelian.. Moreover $g^{d}=\epsilon$ for any $g\in OS(1^{\urcorner})/OC(1^{1})$ .. $Ir\}$ particular, if’ $d=p$ for some prime $p$ . then $OS(1^{\backslash })/OC(1^{1})$ is a p-group.

See $\lfloor 26,27]$ .

3.1 Coincidence Isometries versus Similarity Isometries
Lemma 3.2.

$OC(1’)=\{R\in OS(1^{t})|$ den $(R)\in \mathbb{N}\}\subseteq OS(1’)\subset O(d)$

3.2 Denominator (“Minimal Blow-up factor”)

Definition 3.1. Let $R\in OS(I^{1})$ . Then

$den_{I^{\neg}}(R)$ $:=\iota 11i_{11}\{\cap\in \mathbb{R}^{+}|\cap R\Gamma\subseteq I^{\urcorner}\}$ .
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Lemma 3.3. Let $R\in OS(1^{t})$ . Then

$\{\alpha\in \mathbb{R}|\alpha RF\subseteq\Gamma\}=$ den$\Gamma(R)\mathbb{Z}$ .

Lemma 3.4. $den_{\Gamma}(R)=1$ if and only if $R\in P(\Gamma)$ .

Lemma 3.5. Let $R\in OS(\Gamma)$ . Then

$den_{I’}(R)^{d}\in \mathbb{N}$

3.3 Coincidence Index and Denominator
Lemma 3.6. Let $m:=$ lcm $(del1_{\Gamma}(R), den_{\Gamma}(R^{-1}))$ and $n$ $:=gcd(den_{\Gamma}(R), den_{\Gamma}(R^{-1}))$ .
Then

$m|\Sigma(R)|n^{d}$ and $\Sigma(R)^{2}|m^{d}$

Remark 3.1. If $d=2$ then

$\Sigma(R)=den_{1}(R)=den_{1’}(R^{-1})$ .

3.4 Primitive Similar Sublattices
Definition 3.2. A similar sublattice $1_{1}^{1}$ of 1i is called primitive, if $\frac{1}{n}1_{1}^{1}\not\subset 1^{1}$ for
all $n>1$ .

Lemma 3.7. A similar sublattice $\Gamma_{1}$ of $\Gamma$ is primitive if and only if the$re$ exists
an $R\in OS(\Gamma)$ such that

$1_{1}^{I}=$ den $\Gamma(R)R1^{\gamma}$ .

3.5 Example: square lattice
Let $a(m)$ and $a^{pr}(m)$ denote the number of similar and prilnitive similar sub-
lattices of the square lattice. These functions are multiplicative and have the
following generating function. See [23].

$D_{\mathbb{Z}^{2}}( s)=\sum_{\prime\prime\iota=1}^{\infty}\frac{a(m)}{m^{\backslash }}=(_{\mathbb{Q}(i)}(s)=\frac{1}{1-2^{arrow s}}$ $\prod_{-,1^{y}-}\frac{1}{(1-p-S)^{2}}$

$=1+ \frac{1}{2^{s}}+\frac{1}{4^{\backslash }}+\frac{2}{5^{\backslash }}+\frac{1}{8^{9}\backslash }+\frac{1}{9^{s}}+\frac{2}{10^{s}}+\frac{2}{13^{s}}+\frac{1}{16L^{\backslash }}+\ldots$

$D_{Z^{2}}^{pr}(s)= \sum_{m=1}^{\infty}\frac{a^{pr}(m)}{m^{\backslash }}=\frac{1}{\zeta(2s)}D_{\mathbb{Z}^{2}}(s)$

$=(1+2^{-\backslash }) \prod_{p\equiv 1(4)}\frac{1+p^{-8}}{1-p-s}$

$=1+ \frac{1}{2^{s}}+\frac{2}{5^{s}}+\frac{2}{10^{\backslash }}+\frac{2}{13^{s}}+\frac{2}{17^{s}}+\frac{2}{25^{s}}+\frac{2}{26^{s}}+\ldots$
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4 Colourings
Here we consider special colourings of lat,tices. For a fixed sublal t,ice $1_{2}^{1}$ ofl $\backslash 1$ we
assign all points of a coset the same colour, with different colours for different
cosets. [28, 29, 30, 9]

4.1 Colour symmetries
symmetry operation leaves lattice and colours fixed

colour symmetry leaves lattice fixed but perlnutes colors

In our case:

$\bullet$ all lattice translations are colour synunetries

$\bullet$ there is a bijection between colours and cosets

$\bullet$ to each colouring (up to colour permutations) there corresponds a unique
coset decomposition $\Gamma_{1}=\bigcup_{\ell}(c_{\ell}+\Gamma_{2})$ and vice versa

4.2 Coincidences and colourings
Idea: use colourings of lattices to find out more about coincidence indices of
sublattices [10, 9]

Let $\Gamma_{2}$ a sublattice of $\Gamma_{1}$ of index $m,$ dlld let $\Sigma_{i}(R)$ be the coincidence $i_{11}dex$

of $R$ with respect to $\Gamma_{i}$ for $i\in\{1,2\}$ .

Theorem 4.1.
$\Sigma_{2}(R)=\frac{t\cdot u\cdot\Sigma_{1}(R)}{m}=\frac{s\cdot v\cdot\Sigma_{1}(R)}{m}$

and $s,$ $t,$ $u,$ $v|m$ . Here $s$ and $t$ are the nurnber of colours in the induced $coulour\cdot-$

$ing$ of $\Gamma_{1}(R^{-1})$ and $\Gamma_{1}(R)$ , respectively. $u$ is the number of colours $(j$ with the
property that some point of $\Gamma_{1}(R^{-1})$ coloured $c_{j}$ is mapped under $R$ onto a point
coloured $c_{0}=0$ in $\Gamma_{1}(R);v$ is the number of colours in the colouring of $\Gamma_{1}(R)$

that are intersected by the images under $R$ of those points of $1_{1}(R^{-1})$ coloured
$c_{0}$ .

4.3 Colour coincidences
Definition 4.1. We call $R$ a colour coincidence, if one of the follo $u\prime ingtu$) $0$

equivalent conditions is satisfied
1. colouring of $1_{1}^{1}(R)$ is a rotated copy of the coloureng of $1_{1}(R^{-1})$ (up to

colour permutations)

2. $R$ leaves colour $c_{0}$ fixed
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Theorem 4.2. If $R$ is a colour coincidence, then $\Sigma_{2}(R)$ divides $\Sigma_{1}(R)$ .

Open question: Do colour coincidences form a group?

What is known:

$\bullet$ $R$ colour coincidence $\Leftrightarrow R^{-1}$ colour coincidence

$\bullet$ $R,$ $S$ colour coincidences and $\Sigma_{1}(R),$ $\Sigma_{1}(S)copril\iota le\Leftrightarrow RS$ colour coin-
cidence

5 Shifted lattices

5.1 Coincidence isometries
Here we consider linear isometries of lattices shifted by solne vector $x\in \mathbb{R}^{d}$ , i.e.
sets $x+\Gamma$ . One extends all the definitions in the llatural way. One gets

Theorem 5.1. $OC(x+\Gamma)=\{R\in OC(\Gamma) Rx-x\in\Gamma+R\Gamma\}$

$\bullet$ In general, $OC(J^{\cdot}+\Gamma)$ is llot a group.

For further details and applicalions to lllultilattices and sublattices see [31,
9 $]$ .

5.2 Coincidence isometries of $\mathbb{Z}[i]$

Theorem 5.2. Let $\Gamma=\mathbb{Z}[i]$ and $x\in \mathbb{C}$ .

1. SOC $(x+\Gamma)$ is a subgroup of SOC $(\Gamma^{1})$

2. $OC(x+\Gamma)$ is a subgroup of $OC(\Gamma)$ if and only if $\ulcorner l_{1}^{\urcorner}T_{2}\in SOC(x+\Gamma)for$

any $T_{1},$ $T_{2}\in OC(x+\Gamma)\backslash SOC(x+\Gamma)$ .
Lemma 5.3. Let $x= \frac{p}{q}i_{l)}herep,$ $q\in \mathbb{Z}[i]$ . $p$ and $q$ relatively prime. Then

$SOC^{\gamma}(x+ \Gamma)=SOC(\frac{1}{q}+\Gamma)$

Lemma 5.4. If $p$ and $q$ are relatively $p$rime, then

SOC $( \frac{1}{pq}+\Gamma)=SOC(\frac{1}{p}+\Gamma)\cap SOC(\frac{1}{q}+\Gamma)$
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5.3 Example $\mathbb{Z}[i]$ : specific shift vectors (1)

$\bullet x_{0}=\frac{1}{5},$ $\frac{2}{5}alld_{X1}=\frac{1}{\backslash 5}+\frac{1}{5}i,$
$\frac{2}{5}+\frac{2}{5}i\Rightarrow\frac{1}{\ovalbox{\tt\small REJECT}}=5$

$\bullet$ SOC$(a:_{0}+1^{1})=SOC(x_{1}+1^{1})$

$\bullet$ $OC(x_{0}+\Gamma)$ and $OC(x_{1}+\Gamma)$ are groups

The generating function $\Phi_{x}(s)$ of the shifted CSLs reads as follows (the
generating function $\Phi(s)$ of the CSLs of $\mathbb{Z}[i]$ is repeated for easier comparison)

$\Phi_{x}(s)=1+\frac{2}{13^{\backslash }}+\frac{2}{17^{\backslash }}+\frac{2}{29^{\epsilon}}+\frac{2}{37^{\backslash }}+\frac{2}{41^{h}}+\frac{2}{5.3^{p}}+\frac{2}{(;1^{\backslash }}+\frac{2}{73^{\hslash}}+\ldots$

$\Phi(s)=1+\frac{2}{\backslash )^{S}r}+\frac{2}{13^{\epsilon}}+\frac{2}{17^{\backslash }}+\frac{2}{25^{\backslash }}+\frac{2}{29^{\backslash }}+\frac{2}{3’7^{\backslash }}+\frac{2}{41^{\rho}}+\frac{2}{53^{R}}$

$+ \frac{\prime 2}{61^{\backslash }}+\frac{4}{65^{s}}+\frac{2}{73^{\rho}}+\ldots$

Tlle rotations alld tlle orientation $1^{\cdot}eversi$ 1$lgis(I\iota ietries$ both generate the same
CSLs.

5.4 Example: $\mathbb{Z}[i]$ : specific shift vectors (2)

$x= \frac{2}{5}+\frac{1}{\backslash \ulcorner)}i=\frac{?}{1+2j}\Rightarrow q=1+2i$

$\frac{1}{2}$

. $SOC(.r+ I^{\urcorner})=SOC(\frac{1}{5}+\Gamma)$. $OC(.\iota\cdot+f^{1})$ is NOT a group!

Here rotations and orientation reversing isometries generat $\epsilon^{1}clifi_{1^{s}1e11}t$ CSLs.
$\Phi_{\Gamma}(s)$ generates tlie coullting function of shifted CSLs tliat are generated by
rot at ions $on1$}, Vv } $\iota(^{\supset}1^{\cdot}\epsilon^{1}a\backslash \Psi_{d}.(s\cdot)$ generates the counting function of all $\llcorner\backslash 1_{1}ifted$

$(^{\tau_{k}\backslash })L\backslash$ . Again, $\Phi(.9)$ of the unbllifted $\mathbb{Z}[i]i_{b}$ included for $coi\iota i_{P^{a1}}\cdot is(t1$ .

$\Phi_{J}.(.b^{\backslash })=1+\frac{2}{1_{\backslash }\}^{\backslash }}+\frac{2}{17’}+\frac{2}{29^{\backslash }}+\frac{\prime 2}{37^{\wedge}}+\frac{2}{41^{Q}}+\frac{2}{5_{\backslash }J^{\backslash }}+\frac{2}{61^{R}}+\frac{2}{73^{\backslash }}+\ldots$

$\Phi(s\cdot)=1+\frac{2}{5^{\backslash }}+\frac{2}{13^{\backslash }}+\frac{2}{17^{\backslash }}+\frac{2}{2^{r_{J^{b}}}}+\frac{2}{29^{\backslash }}+\frac{\prime 2}{J7^{s}}+\frac{2}{41^{\backslash }}+\frac{2}{53^{\backslash }}$

$+ \frac{2}{()1^{\backslash }}+\frac{4}{)5^{h}}+\frac{2}{73’}+\ldots$

$\Psi_{x}(s)=1+\frac{4}{\prime\ulcorner\backslash )}+\frac{2}{1.\theta^{\backslash }}+\frac{2}{17^{\backslash }}+\frac{4}{25^{\backslash }}+\frac{2}{29^{\backslash }}+\frac{2}{3^{\subset}7^{R}}+\frac{2}{41^{n}}+\frac{2}{5.3^{\backslash }}$

$+ \frac{2}{()l^{\backslash }}+\frac{8}{65^{\backslash }}+\frac{2}{-,\prime.3^{\backslash }}+\ldots$

For further examples see $\lceil 9]$ .
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6 Conclusions
There are a lot of connections. . .

$\bullet$ colourings $rightarrow$ similar sublattices. similar sublattices $rightarrow$ CSLs

$\bullet$ CSLs $rightarrow$ colourings
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