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Abstract
Let T be the class of functions f(2) of the form

f(z) = z+iakz"

k=2

which are analytic in the open unit disk U = {z : 2| < 1} and a; are real numbers. For a
function f(z) € T, some sufficient conditions for starlikeness and convexity are discussed.
1 Introduction

Let A denote the class of functions of the form

f(z) =2+ f:akz"

k=2
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(1.1)

which are analytic in the open unit disk U = {z : |z| < 1}, and let & be the subclass of A of
the univalent functions in U. By S§* and K, we denote the subclasses of A whose members map

U onto the domain which are starlike and convex.

Further, the function f(z) € A is said to be starlike of order a (o < 1) in U if and only if

Re{i}fé%)-} >a (zel).

Similarly, f(z) € A is said to be convex of order a (a < 1) in U if and only if
zf"(2)
f'(z)

1+Re{ }>a (ze )

(1.2)

(1.3)

We shall denote by S*(«) and K(«) the subclasses of .4 whose members satisfy (1.2) and (1.3),

respectively.

It is known that for 0 £ a < 1, 8*(a) C §*, K(«) C K and that §*(0) = S*,'IC(O) =K.
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Furthermore, we define 7 the class of analytic functions with real coefficients, that is,

={f(z)€Atf(Z)=’+iakzk, akeR}, (14)

k=2

where R is the set of real numbers.

According to Silverman, we introduce A the class of analytic functions with negative coef-
ficients, that is,

oo
= {f(z)EA:f(z)=z—Zakzk, akQO}. (1.5)
k=2
We note that
NcTcA
Next, we define the Hadamard product or convolution by
(f*9)(2) = F(2) x9(z) = > arbz*, (1.6)
k=0

where f(z) = f: axz® and g(z) = Z bz*.

With a view to introducing the Srivastava-Attiya convolution operator J,5, we begin by
recalling a general Hurwitz-Lerch Zeta function ®(z, s,a) defined by

00 ik
®(2,s,a) := n;o mrar wn

(a € C\Zj; s € C when |z| < 1; Re(s) > 1 when |z| = 1).

Srivastava and Attiya [3] introduced the linear operator

Tsp(f): A— A
defined; in term of the Hadamard product (or convolution), by
Jop(£)(2) :=Gsp(2) x f(2)  (z€U; beC\Zg; s€C), (1.8)
where for convenience,
Gop(2) = (1 4+ b)° [®(z,5,b) — b™°] (z € U). (1.9)

It is easy to observe from (1.1) and the definition (1.7) and (1.8) that

e =+ 3 (7)) wet (1.10)
For f(z) € A, we define the class S},(a) by

Ll i

Js,b(f)(z)
that is, J,5(f)(2) isin S*(a) (z€U; 0Sa<1; beC\Z;; s €C).

SR eSia) > Re(
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Remark 1 For f(z) € A, we put

o0

l1+c¢ ,
G(z)—2;n+cz
n=

is convex (Re(c) > —1). So we have
c+1
zC

8.(f(z)) = /0 Ef 0 (e > —1)

(f = G)(2)

o0

1+c
- oS

n=2

= J1f)(2).

2 Preliminaries
We introduce the following lemmas for our results.

Lemma 1 [4] Let f(z) € T and Re{f'(2)} > 0, then the function

F(z)=c:; ./Oztc‘lf(t)dt (c > —1) (2.1)

belongs to K(—c) for allc (0 £ —c < 1).

Lemma 2 [1, Carathéodory] Let ¢(2) =1+ § cn 2" be analytic in U and Re{¢(2)} > 0
n=1 i

(z € U). Then,
lea] £ 2 (n=1,2,3,---).

Lemma 3 [2] Let f(z) € T and suppose that
Re{f'(2) +azf"(z)} >0 (2 €U) (2.2)

where a 2 1. Then, we have

zf"(z2) a—1
1+Re{ ) }> ~ (z € U),

: a-—
or f(z) is convex of order
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3 Main results

Theorem 1 Let f(2) =2+ Y. a,2" €T and 0 < a < 1.

n=2

O If [2f"(2) + 1 = a)(f'(z) = 1)| £1~a, then f(z) € K(a) (z€U).

f(z)+a (1 - %Z)-) - 1‘ S1—oa, then f(z) € S*(a) (2€U).

Proof.  Using Lemma 3, we have (i) and (ii). O

Remark 2. From Theorem 1, we have the following results given by H. Silverman [5].

(1)2 nn—a)la.] Sl1-a = f(z) € K(a).

n=2

(i) g(n—a>lan| S1-a = f(z) €8 a).

Next, we prove the following theorem.

Theorem 2 Let f(2) = z+ E an2” € A. If

n._

Re{(1-a)f'(z) +zf"(2)} >0 0<ax<l), (3.1)

then |a,| < ETll )) The result is sharp.

Proof.  The coefficient bounds are maximized at the extreme point. Now the extreme point
of (3.1) may be expressed as

2(1 —
- n — 312

f(z) z+; n(n a) AT g =1 (3.2)

and the result follows. O
2 —6
Remark 3 If f(z) € T and @ = 0, then |a,| < < —- So, we have Z lan| < <z =1.289-..
n=2
Moreover, in the case of f(z) € 7, we have f(z) E K(a).
Theorem 3 Let f(z) =z + i anz” € A. If
n=2
Re {f’(z) - a@} >0 (02 ax<l), (3.3)

then |a,| < 2%_—0)

ot The result is sharp.
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Proof. The coefficient bounds are maximized at the extreme point. The extreme point of

(3.3) is
e _ n—1
f2)y=z+3 20 —e)am - f‘);” 2 el =1

n=2

and the result follows.

Remark 4 In the case of f(z) € T, we have f(z) € §*(a).

(3.4)

a

Next, in Theorem 4 helow, we present the coefficient inequalities for functions in the class

K(a).

Theorem 4 Let0 £ a < 1. If f(z) € A satisfies the following inequality

1+b6\°
n+b

o0

Zn(n - @)

n=2

’anl § 1—0’.,

then f(z) € K(a).

Proof.  Using Silverman'’s result (Remark 2 (i)), we can prove this theorem.

Letting o = 0 in Theorem 4, we have

Corollary 1 If f(z) € A satisfies the following inequality

i 2 <1+b)8
n
o n+b

laﬂ' —<_: 11

then f(z) is conver.

Furthermore, we can have

oo

Theorem 5 LetOSa <1 If f(z) =z+ Y a,2" € K(a), then

n=2

21—a)|/n+b\°] 3 2(1 - )
lonl = 2T (1+b) g(”'}T) (n € NA{L}).
Proof. We set (@
z sl,lb z
GO -
p(z) = 1o —-1+Zc.,,z.

n=2

(3.5)

(3.6)

(3.7)
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Then p(z) is analytic with
p(0)=1 and Re{p(z)} >0 (z € ).

Since

2Jp(£)(2) = [(1 — a)(p(2) = )] T,p(f)(2),

by virtue of equation

Tsp(F)( z)-—z+;(1+b) an?", (3.8)
we have
n(n—1) (1 —_::l;) =(1-0q) [Cn_l + gm (;:Z)samcn_mJ (neN\{1}). (3.9

By applying Lemma 2, we obtain

n(n_l)’<1+b> 1+Zm|(1+b>

We shall prove, by using the principle of mathematical induction, that the inequality (3.7) is
satisfied for n € N\ {1}. O

lan] £2(1 - a)

|a mljl : (3.10)

Putting @ = 0 in Theorem 5, we have

Corollary 2 If f(2) =z + Eoi anz™ € K, then
n=2

n+b\’
14+

lan] <
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