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Abstract. Here, we discuss normal modal logics containing the normal modal logic
K4. To do so, we use normal forms introduced in [Sas10a] and [Sas10b]. For two normal
modal logics Ly and L satisfying K4 C Ly C L, we show relation between normal forms
in L and normal forms in L.

1 Introduction

In the present section, we introduce formulas, sequents, normal modal logics, and normal
forms. We use sequents to treat normal modal logics and normal forms.

1.1 Formulas

Formulas are constructed from L (contradiction) and the propositional variables p;, ps, - -
by using logical connectives A (conjunction), V (disjunction), D (implication), and O
(necessitation). We use upper case Latin letters, A, B,C, - - -, with or without subscripts,
for formulas. Also, we use Greek letters, I', A, - - -, with or without subscripts, for finite
sets of formulas. The expression OI" denotes the sets {0A | A € T'}. The depth d(A) of a
formula A is defined as

d(BAC)=d(BVC)=d(B>C)=max{d(B),d(C)},

d(OB) =d(B) + 1.
The set of propositional variables p;,---,pm (m > 1) is denoted by V and the set of
formulas constructed from V and L is denoted by F. Also, for any n = 0,1, - -, we define
F(n) as F(n) = {4 € F | d(A) < n}. In the present paper, we treat the set F(n).

1.2 Sequents

A sequent is the expression (I' — A). We often refer to ' — A as (I' = A) and refer to

Ala"'aA‘i)Fh"',Fj _')Alﬁ"'aAk’Bh""Bl
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{Al,"',Ai}UF1U"‘UFj—)A1U"'UAkU{Bl,"',Bg}.

We use upper case Latin letters X, Y, Z, - - -, with or without subscripts, for sequents. The
antecedent ant(I' = A) and the succedent suc(I' = A) of a sequent I' — A are defined

as
ant(' > A)=T and suc(l' - A)=A,

respectively. Also, for a sequent X and a set S of sequents, we define for(X) and for(S)

as
t(X) D \Vsuc(X) if ant(X) # 0
for(X) = { O::IIC(X) T rane(0) 20

and
for(S) = {for(X) | X € S}.

1.3 Normal modal logics

A normal modal logic is a set of formulas containing all tautologies and the axiom
K :0O(pDgq) D (Op D Og)
and closed under modus ponens, substitution, and necessitation (4/0A). By K4, we
mean the smallest normal modal logic containing the axiom
4 : Op D O0Op.
For a normal modal logic L, we use A =;, B instead of (A D B) A (B D A) € L.

In order to treat normal modal logics, we use sequent systems obtained by adding
axioms or inference rules to the sequent system LK given by Gentzen [Gen35]. Here, we
do not use - as a primary connective, so we use the additional axiom 1 — instead of the
inference rules (- —) and (— —). For a sequent system L and for a sequent X, we write
X € Lif X is provable in L. It is known that a sequent system for K4 is obtained by
adding the inference rule

ror—- A
—(0
ar — 0A ()
to LK. In other words,
X is provable in the above system if and only if for(X) € K4.

Therefore, we can identify the above system with K4 and call the above system K4.
Also, for any sequent system L, the following two conditions are equivalent:
e L is a sequent system for a normal modal logic containing K4,
e L satisfies the inference rule (O);
and thus, we treat a sequent system satisfying the second conditions above as a normal
modal logic containing K4. Also, for a set S of sequents and for a normal modal logic
(or a sequent system) L, we refer to S — L as {X € S | X € L} and refer to SN L as
{XeS|XelL}
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1.4 Normal forms

Let L be a normal modal logic containing K4. Let ED be a finite set of sequents satisfying
the following two conditions:

) F)/= = {[\for(S)]|SCED),
(IT) for any subsets S; and S, of ED, §; C &, if and only if A for(S;) — A for(S;) € L.

Then we call an element of ED a normal form for F(n) in L.

If n =0, then the set EDg = {p} V---V p}, | pi € {pi, p:i}} satisfies the above two
conditions. An element of this EDy is called an elementary disjunction. In this sense,
each elementary disjunction is a normal form for F(0) in L.

Below, we define the set EDy(n), which was proved to satisfy the above two conditions
(I) and (II) in [Sas10b].

Definition 1.1 Let L be a normal modal logic containing K4. The sets G.(n) and G} (n)
of sequents are defined inductively as follows.

GL(0) ={(V-Vi—» ) | Vs C V},

GZ(O) =0,

Gulk+1)= |J  mexty(X),

X€G(k)-G* (k)

G (k+1) = {X € GL(k+1) | Ant(X) C Ant(Y) implies Ant(X) = Ant(Y), forany Y €
GL(k + 1)}7
where for any X € Gp(k),

next; (X) = {(OT, ant(X) — suc(X),0A) | TUA = for(G.(k)),[ N A = 0},

nextr(X) = next} (X) - L,

k—1
Ant(X) = {Y € | J G.(i) | Ofor(Y) € ant(X)},

=0

k-1
Suc(X) = {Y € | J G.(i) | Ofor(Y) € suc(X)}.
1=0
Definition 1.2 We define the sets EDy(n), G{(n), Gi(n), and G} (n), as
n—1
ED.(n) = G.(n) U | ] G1(3),
;=0

G.(0) ifn=0
Gi(n) = { U nextf(X) ifn >0,
XeGr(n—-1)-G} (n-1)
G'(n)={0 ifn=0
L {Y e G} |Ys € Ant(Y)} ifn>0,

Gy {0 itn =0
LW = {Y € GY | Yg € Suc(Y)} ifn>0.
Let X be a sequent in G} (n+ 1). Then there exists only one sequent Y € Gp(n) —

G} (n) such that X € nextf(Y). We refer to X¢ as this sequent Y. We note that
Xo € Gp(n) — G} (n) and X € nextj (Xg).
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For X € G.(0), we also refer to Xg as X.

By an induction on n, we can easily observe that for any X € G} (n),

e Ant(X)USuc(X) = UGL

n-1

e ant(X) Usuc(X) = Ofor( U G (3)) UV = Ofor(Ant(X) U Suc(X)) UV,
e Ant(X)NSuc(X) # 0, =

e ant(X) Nsuc(X) # 0.

Definition 1.3 We define the sets G, G}, and G as

G={JG(), G ={Gi(0, and Gf=JGi0)

i=0 1=0 =0

The following lemma was shown in [Sas10b].

Lemma 1.4 Let X and Y be sequents in GL(n). Then
(1) Ant(X) € Ant(Y) implies (— for(X), Ofor(Y)) € L,
(2) Ant(X) = Ant(Y) and Y € G} (n) imply Ofor(Y) — for(X) € L.

2 Main result

Let Lo and L be normal modal logics satisfying K4 C Ly C L. In the present section, we
show relation between Gf and G}. To do so, we define a mapping from G}, to G} and
a mapping from G} to G L,> and investigate their properties.

Definition 2.1
(1) For X € G (n), we define the sets pclus(X), Ant(X, k), Suc(X, k), and Suc(X, L);
and the sequent X (k) as follows:

e pclus(X) = {Z € GL,(n) | Ant(X) = Ant(2)},

e Ant(X, k) = Ant(X) N G, (k),

o Suc(X, k) = Suc(X) NGy, (k),

ifn=20
o Sue(X,L) =1\ 17 ¢ Sue(x,n - DHU{Xs}|Z€L} ifn>0,
e X(k) = (ant(X) — ' — suc(X) - I,

where I' = {Ofor(X) | X € U G, (4)}
i=k
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(2) For X € G} (n), we define the sequent f1,.(X) as

X ifn=0
= ifn>0and S #0

fro-(X) =4 Xp ifn>0,8=0, and fr,.(Xe) € GL
fro-(Xe) ifn>08=0,fr,-(Xo) € G}, and X ¢ K4
11 otherwise,

where

S = Suc(X,L)Uas(X, L),

as(X,L)={Z € Ant(X) | Z ¢ L, fr,-1(Zo) € G}, Zg € Suc(X)} U {Z € Suc(X) |
Z ¢ L’ fLo—)L(ZG) € G;AZ@ € Ant(X)},

X = (Ofor(So,e), ant(fry—1(Xe)) — suc(fr,-r(Xe)), Ofor(So,s)),

Soe ={fro»L(2) | Z € Ant(X,n—1),Z € L, fr,»1(Zs) € G} },

So,s = {fro—1(Z) | Z € Suc(X,n - 1), fLoaL(Ze) ¢ GL}.

(3) For Y € G} (n), we define the sequent f_,,(Y) as

(v ifn=20
frona(Y) = { (Ofor(S,), ant(fro(¥s)) = suC(fiosie(Ye)), DfOr(S,))  if n >0,
where
S, = Sia ifn=1
SlaU82aU83a ifn>1,
Sis ifn=1

Ss = {813U826 ifn>1,

S1o={fron,(Y') | Y € Ant(Y,n - 1)},

Sl,s = {fL——)LO(Y') | Y'e Suc(Y n— 1)},

Sna=1{Z € Gry(n—1)| Z &L, fry-1(Z0) € Ant(Yo) N GL},
Sps =12 €Gri(n—1)| Z &L fro(Zo) € Suc(Yo) N GL},
Sg,a {Z € GLO(TL — 1) | Z € L}

(4) For a finite subset S; of G, and for a finite subset Sy of G, we define fr,,1(S1)
and frr,(S2) as
frLosn(81) = {fre-n(X) | X € Si},

frosro(S2) = {fro1,(X) | X € S2}-
(5) We define the set G} (n) as

Gi,(n) ={X € G} (n) | Suc(X,L)Uas(X,L) =0, fr,-(Xe) € GL}-
We note that for X € G{ (n) (n > 0),
fro—r(X) = Xy, if and only if X € Gf_(n),

where X is as in the above definition.
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Lemma 2.2.
(1) For any X € GL,(0), fro~2(X) = X and fr1,(fro-r(X)

) =
(2) Forany Y € G(0), fr-1,(Y) =Y and fro1(frore(Y)) =Y.
(3) GL(0) = GLo(0) = {fLonr(X) [ X € G, (0)} = {frosLo(Y) |Y G.(0)}.
(4) For any X € Gf (1), fro»2(X) =X and fr1o(fro-r(X)) =
(5) For any Y € GI (1), fro1,(Y) =Y and fr,0(frs1,(Y)) =Y.
(6) GE(1) = G, (1) = {f1o-2(X) | X € G} (1)} = {fr-1,(Y) | Y € GE(1)}.

Lemma 2.3. Let X be a sequent in G},(n) and let Xg be a sequent
Xe = (Ofor(Sy), ant(X) — suc(X), Ofor(S,)),

where S, and S are subsets of G;. Then either Xg € K4 or for(X) =4 for(Xg).
Proof. If Ofor(S;) Nsuc(X) # 0, then clearly, X € K4. Also, we have

for(Xg) =k4 (Ofor(S;) — ant(X), ant(X) — suc(X), Ofor(S,)).

Therefore, we can assume that

8 < |JGL(). (1)
Similarly, we can assume that
S, C U G (7). (2)

By X € Gj(n), we have
Gr(n) ={Y € Gr(n) | Ant(X) € Ant(Y)} U pclus(X).

Also, by X € G} (n), we have pclus(X) C G} (n), and thus,

UG ={re U G (i) | Ant(X) € Ant(Y (n))} U pclus(X).
For brevity, we define S; as

Ss={YVe U G.(i) | Ant(X) € Ant(Y (n))}.

i=n

Then
U G (i) U (pclus(X) N G*(n)) U (pclus(X) N G°(n)),

Using (1) and (2), we have

81 € S3 U (pelus(X) N G*(n)) U (pclus(X) N G°(n)) (3)
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nd o :
) S; € 83 U (pelus(X) N G*(n)) U (pelus(X) N G°(n)). (4)

On the other hand, by Lemma 1.4(2),
Y € pclus(X) N G°(n) implies (Ofor(Y),ant(X) - suc(X)) € K4. (5)
By Lemma 1.4(1), and Ofor(Y (n)) — Ofor(Y) € K4, we have
Y € S; implies (ant(X) — suc(X), Ofor(Y)) € K4. (6)
Also, if Y € pclus(X) N G*(n), then Ofor(Yy) € Ant(Y) = Ant(X). Therefore,
Y € pclus(X) N G*(n) implies (ant(X) — suc(X), Ofor(Y)) € K4. (7)
We divide the cases.

The case that S, € S; U (pclus(X) N G*(n)). There exists a sequent
Y eS8 - (83U (pelus(X) NG*(n))).

Using (3), we have

Y € & Npclus(X) N G°(n).
By Y € pclus(X) N G°(n) and (5), we have (Ofor(Y),ant(X) — suc(X)) € K4, and
using Y € &, we obtain X5 € K4.

The case that S; € pclus(X) N G°(n). There exists a sequent
Y € S, — (pclus(X) N G°(n)).
Using (4), we have

Y € S; and Y € S3 U (pclus(X) N G*(n)).

By Y € S3 U (pelus(X) N G*(n)), (6), and (7), we have (ant(X) — suc(X), Ofor(Y)) €
K4, and using Y € S,, we obtain Xg € K4.

The case that S; € S3U (pclus(X)NG*(n)) and S; C pelus(X)NG°(n). By (5), we
have
Y € S; implies (Ofor(Y), ant(X) — suc(X)) € K4.

By (6) and (7), we have
Y € §; implies (ant(X) — suc(X), Ofor(Y)) € K4.

Therefore,
for(Xg) — for(X) € K4,

and hence,
for(Xg) =k4 for(X).



Lemma 2.4. Let X be a sequent in G, (n) (n > 0). Then
X € Gf,(n) implies Xg € Gl (n-1).
Proof. By X € Gf (n), we have
as(X,L) =0, Suc(X,L) =0, and fr,.(Xe) & G}.

By as(X, L) = 0, we have
as(Xg, L) = 0.

By Suc(X, L) = 0, we have Xg ¢ Suc(X, L), and thus,
Xo € L O K4.

Therefore,
SUC(XG, L) = 0

By (1), (2), and (3), we have
fro-1((Xe)e) € G, implies fr,1(Xo) = fLo-L((Xo)o) € G
Using fr,-r(Xe) € G, we have

fLo—-bL((Xe)e) ¢ G"*L

By (1), (3), and (4), we obtain the lemma.

Lemma 2.5. Let X be a sequent in Gf,(n) (n > 0). Then
(1) froor({Z € Ant(X) | Z ¢ L, fLo-1(Z6) € G1}) = Ant(fro-1(X)),
(2) fro=1({Z € Suc(X) | fro»1(Zs) € G1}) = Suc(fro-r(X))-

Proof. We use an induction on n.
If n = 0, then by
Ant(fLo_,L(X)) = Ant(X) = (?)

and

Suc(fr,—1(X)) = Suc(X) =0,

we obtain the lemma. If n = 1, then we obtain

Ant(fL,-0(X)) = Ant(X) = fro-.({Z € Ant(X) | Z ¢ L, fr,-1(Ze) ¢ G1L})

and

Suc(fro-1(X)) = Suc(X) = fr,-.({Z € Suc(X) | fro-1(Ze) & GL})-

130

We assume that n > 1. By Lemma 2.4 and the induction hypothesis, we have the

following two conditions:
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(3) fro»({Z € Ant(Xg) | Z & L, fLo—1(Zo) & G1}) = Ant(fr,—1(Xe)),
(4) fro-»({Z € Suc(Xg) | fronr(Zs) € G1}) = Suc(fro-1(Xe)).

We show (1). Suppose that Z € Ant(X), Z ¢ L, and fr,,.(Z5) € G}. If Z €
Ant(X,n — 1), then by the definition, we have f1,.,.(Z) € Ant(fr,(X)). If Z €
Ant(Xg), then by (3),

fro-1(Z) € Ant(fL,1(Xs)) € Ant(fror(X)).
Suppose that Z' € Ant(f,—.(X)). Then we have either
Z' € Ant(fro-1(Xo))

or
A= So,a = fLo—>L({Z € Ant(X, n — 1) { YA LafLo—)L(Ze) ¢ GZ})

If Z' € Ant(fr,—.(Xs)), then by (3) and Ant(Xs) C Ant(X), we have
Z' € fro-L({Z € Ant(X) | Z € L, frLo-1(Z6) & GL})- (5)
If Z' € Sp4, then by Ant(X,n — 1) C Ant(X), we also have (5).

We show (2). Suppose that Z € Suc(X) and fr,-.(Zs) € G}. If Z € Suc(X,n—1),
then by the definition, we have fr,.(Z) € Suc(fr,—r(X)). If Z € Suc(Xg), then by

(4)’ :
fro—1(Z) € Suc(fry-1(Xe)) € Suc(fro—r(X)).

Suppose that Z' € Suc(f,—1(X)). Then we have either

Z' € Suc(fr,—r(Xe))

or
Z' € So,s = frost({Z € Suc(X,n = 1) | fro-1(Ze) € G1})-

If Z' € Suc(fr,—1.(Xs)), then by (4) and Sue(Xg) C Suc(X), we have

Z' e fLoﬂL({Z € SUC(X) | fLo—)L(ZG)) ¢ GZ}) (6)
If Z' € Sy, then by Suc(X,n — 1) C Suc(X), we also have (6). =
Lemma 2.6. Let Y be a sequent in G} (n) (n > 0). Then

(1) Ant(fL——)Lo (Y)) = fL—)Lo (Ant(Y)) U S;,a U S;,a)

(2) Suc(fr-1,(Y)) = froro(Suc(Y)) U Ss,,
where

n—1
5a=1{Z € U Gro(1) | Z € L, fro»1(Zs) € Ant(Yp) N GL},
=1

n—1
S.={Z € U Gr (1) | Z € L, fro-»1(Ze) € Suc(Yo) NGL},
i=1



132

n—1
S;a=1{Z2€|JGL()|ZeL}
=1

Proof. We use an induction on n.
If n € {0,1}, then
850=8,=835,=0.

If n =0, then
fron(Ant(Y)) = f1,1,(0) = 0 = Ant(Y) = Ant(fr1,(Y)),
fr-1,(Suc(Y)) = fror,(0)=0= Suc(Y) = suc(fL—»Lo(Y))-

If n =1, then we have
fL—)Lo (Ant(Y)) = Ant(Y) = Ant(fL—)Lo(Y))’

fr-1,(Suc(Y)) = Suc(Y) = Suc(fr1,(Y)).
If n > 1, then by the induction hypothesis,

Ant(fio1,(Y)) = Ant(fio1,(Ye)) US1,a USya USs,
= (fL_,LO(Ant(Ye)) U 5:1 U S;:z) U Sl,a U 82,0, U 83,0
= (fropo(Ant(Y5)) US1,4) U (83 U Sz0) U (S5* U Ss)
= fL-—-)Lo (Ant(Y)) U Sg,a U Sg,a’

Suc(fL—)Lo(Y)) = Suc(fL—)Lo (Y'@)) U Sl,s U ‘52,3
= (fL-1,(Suc(Yg)) USHL) US1,, U Ss s
= (fro1o(Suc(Y)) US1) U (855 U Sy,)
= fL——)Lo(Suc(Y)) U S;,s’

where 814,815, 82,0, S2.5, and Sz, are as in Definition 2.1; and
n—2

S5 ={Z € | JGL() | Z ¢ L, fry51(Zo) € Ant((Yp)s) N GL},

i=1
n—2

S5 =12 € | GL,(i) | Z ¢ L, fro1(Zo) € Suc((Ys)s) N GL},

=1
n—2

Spr={Ze|JGLl)| Ze L} .
i=1

Theorem 2.7.
(1) For any X € G% (n),
(12) fro».({Z € Ant(X) | Z € L, f1o-1(Z6) € G}}) C Ant(fror(X)),

(1b) froor({Z € Suc(X) | fr-1(Zs) € G1}) C Suc(fr,—r(X)).
(2) For any X € G} (n),

(2a) Suc(X,L)Uas(X,L) # 0 implies X € L,
(2b) fOl‘(‘Y) =r fOl‘(fLo_*L(X)),



(2c) for any X' € G} (n), X # X' and f,1(X) = fr,-(X') imply X € L,
(2d) X € G, (n) implies f1,(X) € G} (n),
(2e) X € Gfo(n) implies fr—1,(fro—0(X)) = X,

(2f) X ¢ L implies fr,(X) € U G(i)
i=0
(3) For any Y € G} (n),
3a) for(Y) =, for(fr-1,(Y)),
3b) for any V' € Gf(n), Y #Y' and fr1,(Y) = fror,(Y') imply Y € L,
3¢) frsr,(Y) € Gﬁo (n),
3d ) fL0—>L(fL—>L0(Y)) =Y.

(4) fLo-(GE,(n)) = GE(n).
(
(6) G, (n) = froro(GE(n)).
(M) {X € GL,(n) | X € L, fro-1(Xe) € G1} = GL,(n) = L = fr1,(GL(n)).
o ((8 froot({X € G, (n) | X € L, fro»1(Xe) € G1}) = fLe-1(GE(n) N GL, = L) C

)
(
(
(
(
)
5) fro-({X € GLo(n) | X € L, fLo=1(Xe) € G1}) = fro-L(GEy(n) — L) = Gi(n).
)
)
)
).
)

(9) {X € GL,(n) | X & L, fron1(Xe) € G} = GL,(n) N GL, — L € frsn,(GL(n).

Proof. We use an induction on n. If n = 0, then by Lemma 2.1, Ant(X) = Suc(X) = 0,
and G} (0) = G1(0) = 0, we obtain the lemma. We assume that n > 0.

We show (1). Let X be a sequent in G} (n). By Lemma 2.4 and the induction
hypothesis of (1), we have the following two conditions:

(1a.1) frowr({Z € Ant(Xg) | Z ¢ L, fro-1(Zs) € G1}) € Ant(fr-1(Xe)),

(1b.1) fro-r({Z € Suc(Xe) | fro~r(Ze) € GL}) € Suc(fro-L(Xe)).
We show (1a). Suppose that

Z e Ant(X), Z ¢ L, and fr,,1(Zs) € G}.
By X € Gf,(n), we have as(X, L) = 0, and thus,
Zg € Ant(Xp).
By Z ¢ L, we have Z ¢ L, and thus,
Zo €{Z' € Ant(Xg) | Z' € L, fro~1(Z5) € G or fro»1(Zg) ¢ GL}-
Using (1a.1) and Lemma 2.5(1), we have
fro1(Zs) € Ant(fror(Xe)) € Ant(fro-1(X)).
Also, by Z ¢ L and the induction hypothesis of (2a), we have

Suc(Z,L)uUas(Z,L) =0,

133
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and using Z ¢ L D K4,
fLo-1(Z) = fLo»1(Zo) € Ant(fro-1(X)).
We show (1b). Suppose that
Z € Suc(X) and fr,»1.(Zg) € G
By X € Gf,(n), we have as(X, L) = 0, and thus,
Zo € Suc(Xg) = {Z' € Suc(Xe) | fro~r(Z5) € GY, or fr,-1(Z5) & GL}.
Using (1b.1) and Lemma 2.5(2), we have

fro»1(Ze) € Suc(fr,»1(Xe)) € Suc(fr,—L(X)).

Also, by X € G (n), we have Suc(X,L) = 0, and thus, Z ¢ L. Using the induction
hypothesis of (2a), we have

Suc(Z,L)Uas(Z,L) =0,
and using Z ¢ L D K4,
frooi(Z) = fro»1(Zs) € Suc(fr,-1(X)).

We show (2). Let X be a sequent in G{o(n). We use Sp 4, So,s, and X, as in Definition
2.1.

We show (2a). Suppose that Suc(X, L) U as(X,L) # 0. Then we have either one of
the following three conditions:

(2a.1) Suc(X, L) # 0,

(2a.2) {Z € Ant(X) | Z & L, fry-1(Zs) € G}, Zg € Suc(X)} # 0,

(2a.3) {Z € Suc(X) | Z ¢ L, fro~»1(Zs) € G}, Ze € Ant(X)} # 0.
If (2a.1) holds, then clearly, we have X € L. If (2a.3) holds, then by for(Zg) — for(Z) €
K4, we have X € L.

Therefore, we can assume that (2a.2) holds. Then there exists a sequent Z such that
the following four conditions hold:

(2a.4) Z € Ant(X),

(2a.5) Z ¢ L,
(22.6) f1.1(Zs) € G2,
(2a.7) Zg € Suc(X).
By (2a.5) and the induction hypothesis of (2a), we have

Suc(Z,L)Uas(Z,L) = 0. (2a.8)
Also, by (2a.5), we have Z ¢ K4, and using (2a.6) and (2a.8), we have

fro-1(2) = fro-1(Ze).



Using (2a.4) and the induction hypothesis of (2b), we have
for(Z) =, for(fr,»1(2)) = for(fr,—~1(Zs)) =1 for(Zy).
Using (2a.4) and (2a.6), we obtain X € L.

We show (2b). If Suc(X, L) Uas(X, L) # 0, then by (2a), we have X € L, and thus,
for(X) =, (LD 1) = fro»r(X).
Therefore, we can assume that
Suc(X,L)Uas(X,L) =0. (2b.1)
We have
( = (Ofor(Ant(X,n — 1)), ant(Xg) — suc(Xy), Ofor(Suc(X,n — 1))).
By the induction hypothesis of (2b), we have
for(Xe) =i for(fre-1(Xe)),

/\for(Ant(X,n -1)) =L /\for(fLo_,L(Ant(X,n - 1))
=1 ) for(fro-r(Ant(X,n —1)) — L)
= \for(fr-.({Z € Ant(X,n—1)| Z ¢ L}))
=1 /\ for(SoaUS;,),

\/ Ofor(Suc(X,n - 1)) =g \/for(fLO_,L(Suc(X, n—1)))
=y \/ for(So,s U Sy ),
where
(l),a = fLo—‘)L({Z € Ant(Xan - 1) I Z ¢ L’fLo—-*L(ZG) € G*L}):
So,s = fro—r({Z € Suc(X,n — 1) | fro-1(Ze) € GL}).
Therefore, we have
fOI‘(X) =r for(Dfor(SO,a U S(,),a)’ ant(fL(HL(Xe)) — SUC(fLO_,L(Xe)), DfOI’(So,s U 86’3))

(2b.2)
If fr,-1(Xe) & G%, then by (2b.1), (1a) and (1b), we have

for(f[o*)L(‘Y))
= for(Ofor(Sp ), ant(fr,-1(Xs)) = suc(fro-r(Xs)), Ofor(Sos))
=; for(Ofor(Spq U Sy ,), ant(fr,-1(Xe)) — suc(fro—1(Xe)), Ofor(Sp s U Sy 4))
(X

)-

If fro»r(Xo) € G} and X € K4, then we can easily observe
for(X)=p (LD 1) = fro—(X).
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Therefore, we can assume that
frosr(Xg) € G and X ¢ K4.

Then by (2b.1), we have
fro-L(X) = fro-1(Xe).

Also, using (2b.2) and Lemma 2.3, we have
So,a U Sp o USo,s USy s € Gy, implies for(X) =1, fr,10(Xe) = froor(X).
On the other hand, by (2b.1), we have Suc(X, L) = 0, and thus,

S0, U8y, USos USp, = fro-r((Ant(X,n—1) — L)U Suc(X,n —1))
= fro»((Ant(X,n — 1) USuc(X,n —1)) — L).

Therefore, we have only to show
froor((Ant(X,n — 1) USuc(X,n—1)) - L) C Gi. ' (2b.3)
Suppose that Z € (Ant(X,n — 1) USuc(X,n — 1)) — L. Then
n =1 implies fr,(Z) = Z € G(0). (2b.4)
By Z ¢ L and (2a), we have Z ¢ K4 and Suc(Z,L) Uas(Z,L) = 0, and thus,
n>1and fr,1(Zg) € G}, imply fr,-1(Z) = fro—1(Zs) € G C GL. (2b.5)
Also, by Z ¢ L, and the induction hypothesis of (5),
n>1and fr,1(Zo) € GL imply fr,1(Z) € Gi(n). (2b.6)

By (2b.4), (2b.5), and (2b.6), we obtain (2b.3).
We show (2c). Suppose that X # X' and fr,—r(X) = fr,-r(X'). Then by (2b), we
have
for(X) =1 fro-1(X) = fro-1(X') =1 for(X').

If either X € L or X' € L, then we obtain the lemma. We assume that X ¢ L D Ly
and X' ¢ L D L,. Then we have X, X' € Gp,(n). Using X # X', we have for(X') D
for(X) =1, for(X), and thus,

for(X') D for(X) =, for(X).
Using for(X) =, for(X'), we have X € L.

We show (2d). By Lemma 2.2(4) and Lemma 2.2(5), we can assume that n > 1.
Suppose that X € Gf_(n). Then we have

fLo—)L(fY) = XL.
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Therefore, we have only to show the following three conditions:
(2d1) fLo—>L(X€)) € GL(’N, — 1) - GZ(H — 1),
(2d2) Sg,a U 80,3 = GL('ﬂ - 1),
(2d.3) Sg,a n S(),s = (.
Also, by X € G (n), we have
X € G (n),Suc(X,L)Uas(X,L) =0, and fr,-1(Xe) € G}, (2d.4)
and using Lemma 2.4,

Xo € Gro(n ~1),Suc(Xp, L) Uas(Xe, L) = 0, and fr,.((Xe)e) € G- (2d.5)

We show (2d.1). By Suc(X, L) = (), we have X & L. Using (2d.5) and the induction
hypothesis of (5), we have
fLoaL(Xe) € GL(TL — 1)
Using fr,—1(Xe) € G}, we obtain (2d.1).
We show (2d.2). By Suc(X, L) = 0, we have Sy s = Sos — L, and hence

SO,a U’SO,s = f;o—w({Z € GLO(TL - 1) ! Z &L, fLo—)L(ZG) ¢ GZ})

Using the induction hypothesis of (5), we obtain (2d.2). ,
We show (2d.3). Suppose that Z € Sy, NSy s. Then there exist sequents

Z'e Ant(X,n—1)— L and Z" € Suc(X,n — 1)
such that Z = fr,,.(Z2") = frLy»1(Z"). By X € G}(n), we have Z' # Z", and using
(2c), we obtain Z' € L, which is in contradiction with Z’' € Ant(X, — 1) — L.

We show (2e). By Lemma 2.2(4), we can assume that n > 1.
Suppose that X € G, (n). Then we have the conditions:

(2d.1), (2d.2), (2d.3), (2d.4), and (2d.5).

shown in the proof of (2d). For brevity, we refer to Y as fr,(X). Then by (2d), we
have

Y = fLO__)[J(X) = ‘YL € G}t(n)
By the definition,

fL—-)Lo (fLo—)L(X))
fror,(Y)
(Dfor(Sl,a U Sg,a U Sg,a), ant(fL_,LO(Ye)) — SllC(fL.d)Lo(Ye)), DfOl‘(Sl,s U 82,3)),

i

where 814, 1,5, S2,0, S25, and S;, are as in Definition 2.1. On the other hand, we have
X = (Ofor(Ant(X,n — 1)),ant(Xg) — suc(Xg), Ofor(Suc(X, n — 1))).
By (2d.4), we have Suc(X, L) = 0, and thus,
Ant(X,n—1) = (Ant(X,n —1) — L) U S3,,
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Suc(X,n — 1) = Suc(X,n—-1) — L.
Therefore, we have only to show the following five conditions:
(2e.1) Xo = fro1,(Ye),
(26.2) {Z S Ant(X,n - 1) l Z ¢ L, fLo—>L(Ze) 3 GZ} = Sl,aa
(2.3) {Z€e Ant(X,n—1) | Z & L, fro-1(Ze) € G} = S0,
(2e.4) {Z € Suc(X,n - 1) | fro»L(Ze) € GL} = S1,s,
(2¢.5) {Z € Suc(X,n—1)| Z &L, fLo~L(Zo) € G1} = Sa5.

We show (2e.1). By (2d.1), we have
s = (fro-L(X))o = (X1L)e = fre-1(Xe).
Using (2d.5) and the induction hypothesis of (2e), we obtain
JL-00(Ye) = frone(fro-1(Xe)) = Xe.
We show (2e.2) and (2e.4). By Y = X, (2d.1), and (2d.2), we have
Ant(Y,n —1) = Sy, and Suc(Y,n — 1) = Sy .
By (2a) and Suc(X, L) = 0, we have
Z € Ant(X,n—1) and Z ¢ L imply Suc(Z,L)Uas(Z,L) =0

and
Z € Suc(X,n — 1) implies Z ¢ L and Suc(Z,L)Uas(Z,L) = 0.

Using the induction hypothesis of (2e), we have

S = froro(Ant(Y,n — 1))
Jr-15(S0,0)

fL—)Lo(fLo—)L({Z € Ant(X,n - 1) | A ¢ L, fLo—)L(Ze) ¢ GZ}))
={ZeAnt(X,n—-1) | Z &L, fry~.(Zo) & G} }

i

and :
Sis = fraro(Suc(Y,n —1))

= fL—)Lo(SO,s)
= fL—)Lo(fLo—yL({Z € Suc(X,n —1) | fLo—>L(Ze) ¢ GZ}))
={Z € Suc(X,n - 1) | fro»1(Zo) ¢ GL},

and hence, we obtain (2e.2) and (2e.4).
We show (2e.3) and (2e.5). By (2d), we have only to show
Z € Ant(X,n — 1) if and only if f1,1.(Z5) € Ant(Ys) (2e.6)

forany Z € {Z € Gy(n—-1) | Z ¢ L, fry,»1(Zo) € G}}. Let Z be a sequent in
Gro(n — 1) — L satisfying f1,~.(Zs) € G}. Then by (1a) and (1b), we have

Z € Ant(X,n — 1) implies fr,-.(Z) € Ant(Y)
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and
Z € Suc(X,n — 1) implies fr,.(Z) € Suc(Y).

Using (2d), we have

Z € Ant(X,n — 1) if and only if fr,,(Z) € Ant(Y). (2e.7)
Also, by Z ¢ L and (2a), we have Suc(Z,L)Uas(Z,L) =0, and using Z ¢ L D K4,
fro-1(Z) = fro-1(Zs).- (2e.8)

Moreover, by Z € Gp,(n—1) — L, we have Zg € G,(n—2) — L, and using the induction
hypothesis of (2f), we have

n—2
fre-1(Zs) € | G1(0),
1=0

and therefore,

fro=r(Zs) € Ant(Y) if and only if fr,,1(Zs) € Ant(Yy). (2e.9)
By (2e.7), (2¢.8), and (2e.9), we obtain (2e.6).

We show (2f). Let X be a sequent in G (n) — L. By X ¢ L and (2b), we have
fro—n(X) &€ L. (2f.1)
Also, by X ¢ L and (2a), we have
Suc(X,L)Uas(X,L) = 0.

If fro»i(Xe) € G3, then by (2d), we have fr,(X) € Gf(n), and using (2f.1), we
obtain the lemma. If f,,1(Xg) € G}, then we have f,,1(X) = fr,-1.(Xe), and using
Xo € Gr,(n — 1), (2f.1), and the induction hypothesis of (2f), we obtain

n—2
fron(X) = fronn(Xe) € | Go(3).
1=0

We show (3). By Lemma 2.2(5) and Lemma 2.2(6), we can assume that n > 1. Let Y’
be a sequent in G} (n). Then

fr-1,(Y) = (Bfor(8; ,USs sUSs ,), ant( f1— 1, (Ye)) = suc(frr,(Ye)), Ofor(S; sUS, ),
(3.1)
where 814, Si1,5, S2,0, S2.5, and S; , are as in Definition 2.1.

We show (3a). By the induction hypothesis of (3a),
for(}’@) =L for(fLaLo(Ye))’

/\for(Ant(Y,n -1)) = /\fOl‘(fL»Lo(Ant(K n—1)))
= /\for(Sl,a),

\for(Suc(¥,n-1)) =, \/fOP(fLal,o(SUC(Y, n—1)))
= \/for(81,).
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Also, we note that each member of S;, is provable in L. Therefore,

for(fro1,(Y))
= for(Ofor(S;, U820 U Ss,), ant(Yg) — suc(Ys), Ofor(S; ; U Sy )
=, for(Ofor(Ant(Y,n — 1) U Sa,), ant(Ys) — suc(Yy), Ofor(Suc(Y,n — 1) U S,,)).

From the definition of Sz, and S5, we have
Z € S, implies fr,1(Zg) € Ant(Yy)

and
Z € S, implies fr,1(Zg) € Suc(Yy).

Considering
Y = (Ofor(Ant(Y,n — 1)), ant(Ys) — suc(Yy), Ofor(Suc(Y,n — 1))),
we have only to show
Z € 8,,US, implies for(Z) =, for(fr,—.(Zs)).

Suppose that Z € S;, U S;,5. Then we have Z ¢ L and fr,1(Zg) € G}. By Z ¢ L and
(2a), we have Suc(Z, L) Uas(Z,L) =0, and using f1,-,1(Zg) € G}, we have

fLo—+L(Z) = fLo-*L(ZG)'

Using the induction hypothesis of (3a), we have

for(Z) =L for(fro-1(2)) = for(f1,-1(Zs)).

We show (3b). Suppose that Y # Y’ and fr,1,(Y) = fro1,(Y’). Then by (3a), we
have

fOl‘(Y') = fL—)Lo(},) = fL—)Lo(Y,) = fOI‘(Y').

If either Y € L or Y’ € L, then we obtain the lemma. We assume thatY ¢ Land Y’ ¢ L.
Then we have Y)Y’ € GL(n). Using Y # Y’, we have

for(Y') D for(Y) =;, for(Y).
Using for(Y) =, for(Y”’), we have Y € L.

We show (3c). By (3.1), we have only to show the following six conditions:
(3c.1) fror,(Yo) € Gr,(n—1) — Gi,(n—1),

(3¢.2) 81, U8, US3,US s USs s = Gy (n— 1),

(3¢.3) (81,6 U820 US3,) N(S1,sUSs,) =0,

(3c.d) S sNL =0,

(3c.5) as(frr,(Y),L) =0,

(3¢.6) frosir((fro10(Y))e) € GI-



We show (3c.1). We note that Yo € GL(n—1) - Gj(n—1). By Yg € GL(n— 1) and

the induction hypothesis of (7), we have

fL—»Lo(Y@) € G[,O(n — 1)

and

fo-10(Ye) € L and froo0((fr-10(Ye))e) € GL.
By Y5 € G} (n — 1) and the induction hypothesis of (9), we have

fL—>Lo(Y6) ¢ {Z € G.*Lo(n - 1) | Z¢ L>fLo-+L(Ze) ¢ GZ}

Using (3c.8), we have

frs10(Yo) € GL,(n = 1).

Using (3¢.7), we obtain (3c.1).

We show (3c.2). By the induction hypothesis of (7), we have

Sl,a USl’S = {fL_,LO(YI) l Y'e GL(n - 1)}
= {Z € G.Lo(n - 1) | A ¢ L, fLo—>L(Z9) ¢ GZ}

Also, we have

S2,a U'S2,s = {Z € GLo(“ - 1) | A ¢ L7 fLo%L(Ze) € G*L}

Therefore, we can easily observe (3c.2).

We show (3c.3). Clearly,
82,3 m (82,0, U 83’0) = ®~

By (3c.9) and (3c.10), we have

82,3 N Sl,a - 0
and

S1,sN S = 0.
By (3c.9), we have

81,3 N S3,a =0.
Therefore, we have only to show

81,3 N 81,a = (/)

(3c.7)

(3c.8)

(3c.9)

(3c.10)

(3c.11)

Suppose that Z € &, U S1s. Then there exist sequents Z' € Ant(Y,n — 1) and Z" €
Suc(Y,n — 1) such that fr.1,(Z") = fi-1,(Z") = Z. By Z' € Ant(Y,n — 1) and
Z" € Suc(Y,n — 1), we have .Z' # Z”  and using (3b), we have Z € L, which is in

contradiction in (3c.9). Hence, we obtain (3c.11).

We have (3c.4) from (3c.9).
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We show (3c.5). Suppose that Z € as(fr,1,(Y),L). By (3c.8) and (2a), we have

aS(fL—>L0 (Yo), L)= 0.

Using (3.1) and (3c.2), we have the following five conditions:
(3C.12) Z € Sl,a U Sg,a U 53,(1 U 81,3 U 82’5,
(3c.13) Z ¢ L,
(3¢.14) fro-1(Z6) € Gi,
(3C15) Z € Sl,a U Sgya U 83,a implies Z@ € SllC(fL_,LO (Ye)),
(3016) Z € 81,3 U 82,,, implies Ze € Ant(fL_,Lo (Ye))

If Z € 81,US8:,, then by

Sl,a U 81,3 = f[,_,LO(Ant(Y, n — 1) U SUC(Y, n — 1)) g fL_.)LO(G[,(’n - 1))

and the induction hypothesis of (3c), we have Z € Gf (n—1), and thus, f1,-,.(Zs) € G},
which is in contradiction with (3c.14). If Z € S, 4, then by the definition of S;,, we have
fro-1(Zo) € Ant(Yy), and using the induction hypothesis of (3d) and Lemma 2.6(1),

Zo = fL1o(fLo-1(Z6)) € fror,(Ant(Ys)) C Ant(f11,(Ys)),

which is in contradiction with (3c.15) and (3c.1). If Z € S,;, then by the definition
of Sy, we have fr,,1(Zg) € Suc(Yg), and using the induction hypothesis of (3d) and
Lemma 2.6(2),

Zo = fro1o(fro—1(Zo)) € fr-1,(Suc(Ye)) C Suc(fr-1,(Ys)),

which is in contradiction with (3c.16) and (3c.1). If Z € S;,, then by the definition of
53,4, we have Z € L, which is in contradiction with (3c¢.13).

We show (3c.6). By (3.1), (3c.1), and (3c.2), we have

(froro(Y))e = froro(Yo) € Gro(n — 1), (3¢.17)

and using the induction hypothesis of (3d), we have

from1((fr10(Y))o) = fromr(fLore(Ye)) = Yo € Gi.

We show (3d). By the induction hypothesis of (3d), we have

frosn(fL-1,(Ye)) = Yo,
Also, by (3c), we have
fL—)Lo(Y) € Géo (n)
Therefore, by (3.1) and (3c.17), we have
fro-1(fL-10(Y))

= (fL—)L()(Y))L
= (Ofor(fre—1(S1,4)),ant(Ys) — suc(Yy), Ofor(fro-1(S1,)))-
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Also, by the induction hypothesis of (3d), we have

fro-1(810) = A{fro-r(fr-r,(Y") | Y' € Ant(Y,n — 1)}
={Y'|Y' € Ant(Y,n - 1)}
= Ant(Y,n - 1),

and similarly,
fLo-eL(Sl,s) = Suc(Y, n—1).

Hence, we obtain

fLoﬁL(fL—)Lo(Y))

(Ofor (fro-L(S1a)), ant(Ys) — suc(Yy), Ofor(fr,—1(S1,)))
(Ofor(Ant(Y,n — 1)), ant(Yg) — suc(Yy), Ofor(Suc(Y,n — 1)))
Y.

We show (4). By (2d), we have
fro-(GL,(n)) € GE(n).
Also, by (3c) and (3d), we have
G1(n) = frosr(fro10(GE (1)) C fro-L(GL, ().
We show (5). By (2a), (2b), and (4), we have
Gi(n)-L
1 o—»L(GLO(”)) -
fLo-1(GL,(n) — L)
{fLo»0(X) | X € GI,(n), Suc(X, L) Uas(X, L) =0, fr,».(Xe) € G, X ¢ L}
{fLo—-)L(X) l X € GLo(n’)v‘Y g L7 .fLo-—)L(Xe) ¢ GZ}
We show (6). By (3c), we have
fr10(GE () C GL,(n).
Also, by (2d) and (2e), we have

GL,(n) = frs1o(frosr(GE, (M) C frore(GE ().

GL(n)

We show (7). By (2a), (3a), and (6), we have

)
fr10(GL(n)) —fL—>Lo(G (n) - L)
-fl——-ﬂo(G-l*:(n))

=G (n)-L

={X € G} (n) |Suc(X,L)Uas(X,L) =0, fro-1(Xe) € G1} — L

= {X € G} (n) | Suc(X,L) Uas(X, L) = 0, fror(Xo) € GY, X & L}
={X € G, (n) l X €L fre-1(Xe) € GL}
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We show (8). By (7), we have
{X € GL(n) | X ¢ L, fr,-1(Xe) ¢ GL} = GL,(n) NG, - L. (8.1)
Therefore, we have only to show
fros1(GL,(n) NG, — L) € Gi(n).

Suppose that X € Gf (n) N G}, — L and fr,1(X) € G3(n); in other words, we
suppose that X € Gj (n), Suc(X,L)Uas(X,L) = 0, fr,~1(Xe) € G}, X ¢ L, and
fro»1(X) € Gi(n). Then by f1,1(X) & G} (n), there exists a sequent Y € G (n) such
that

Ant(fLo_,L(X)) g Ant(Y). (82)

By (7), we have fr,1,(Y) € Go(n), and using X € G} (n), we have only to show the
following two conditions:

(8.3) Ant(X) C Ant(fzz0(Y)),

(8-4) Ant(X) # Ant(fr1,(Y)).

We show (8.3). Let Z be a sequent in Ant(X). By Lemma 2.6(1), we have
Z € L implies Z € S5, C Ant(f11,(Y)),
where 53, is as in Lemma 2.6. Therefore, we can assume that Z ¢ L. Then we have
Ze{Z € Ant(X) | Z' ¢ L, f11(Z0) € GIU{Z' € Ant(X) | Z' ¢ L, fro11(Zb) € G ).
Using X € Gf (n), Lemma 2.5(1), (1a), and (8.2), we have
fro-1(Z) € Ant(fr,L(X)) C Ant(Y),
and using Lemma 2.6(1),
Jro10(fro-L(2)) € fL1,(Ant(Y)) C Ant(frL,(Y)).
Using (2b) and (3a), we have

for(fr—1o(fLo-1(2))) =L for(Z).

Therefore, if Z € Suc(fL1,(Y)), then fr_,1,(Y) € L, which is in contradiction with (7)
and Y € Gp(n). Hence, we have

Z QI SllC(fL_,LO(Y)). (85)
Also, by (7) and Y € G (n), we have fr,1,(Y) € G,(n), and thus,
Z € Ant(X) - Ant(f[,_,Lo(Y)) U Suc(fL_,LO(Y)).

Using (8.5), we obtain
Z € Ant(fL_,Lo(Y)).
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We show (8.4). By (5) and (8.2), there exists a sequent
Z € Ant(Y) N Suc(fr,—r(X)).

Using Lemma 2.6, we have
fro00(2) € fLoro(Ant(Y)NSuc(fro»r(X))) € Ant(fr-1,(Y))NSuC(frm Lo (fLo-L(X))),
and using X € Gf,(n) and (2e), we obtain (8.4).

We show (9). By (8.1), we have only to show

Gf,(M)NGL, — L C fi1(GL(n).

By (8), we have

fropo(fromr(GL,(M) NG}, — L) € fro1,(GL(n)),

and using (2e), we obtain (9).
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