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In this article, we consider a time-discrete epidemic model, which is built by a rational modeling making use
of the Royama’s framework [4, 5, 6, 7].Especially we consider an epidemic population dynamics of nonfatal
disease transmission, assuming that the total population size can be regarded as constant, say N, according
to the epidemic time scale. We assume the probability P(i) that the number of contacts to other individuals
by an individual is ¢ in the & th day, and give the probability that the individual who contacts in j times
to some infectives in the k th day successfully escapes from the infection by (1 — 8) (0 < 8 < 1). Our
discrete model can be regarded as a discrete Kermack-McKendrick SIR model if we assume that P(i) follows
a Poisson distribution. Further, with a rational introduction of the time step size, the limit of our discrete
model system exactly converges/corresponds to well-known Kermack—McKendrick SIR model. We show that
there is explicitly a conservation quantity for the discrete SIR model as well as for the well-known Kermack—
McKendrick SIR model, furthermore that those conservation quantities coincide with each other so that the
solutions of those discrete and continuous models are identical at each discrete time step defined for the

former model.
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TR PR 2 EA L CHI X h 3 ESABRARIC X 2HEEEE T L oBRE (TE—FE,
REBETFTYVITERENIHELDHS) PIOBBRELSIREL - LEXL B LDTE S site-based €
T 2k 2IE, B[, 6] 8H) 2IBAT5Z LHTE 3,

AFHXTid, Royama (1992)[4] I & 2 8EE 7Y v 7 2IEA L T, HE (2008, 2009) [6, 7] =&\ Tl
HEN7, BOLEORETE ZBPIEDBRY A F 2 7 220 TD, BREEEE ¢, = Sy/N, BRE
BB o, = I /N, %BRE GERZHE) HHE g = Ry/N OBEE*2 52 220 5BRARICL 3 SIR €
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gu_mz(j) () (- )"
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Yrer= (1 — By P(j)vx
=0
b= 3 {1 (1-Bow)} PG + (1 q)n W)

3=0
Moyl = 9Pk + Mk

EBDEIZOVT Yp+ o+ =1TH 5,
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4, BEE P(i) H*R D Poisson I I BEZELS :
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Fig. 1: R (2) OBBuB. o = 0.999; ¢o = 0.001; ¢ = 0.2; 8 =0.1; v = 5.0,

REZALEA | BT 2 MR BOWFE (r) i}, (1) =y TH3, TOLE, FEEFL (1), XD
EOHBARLL S (Fig. 18K) [6,7):

Vrt1 = Ype Pk
Pri1 = Pp(l — e P1%) + (1 — )¢y 2

Mh+1 =  qdk + Mk
CDEFHBRRICE BELRS A F 27 2 7% BEES Kermack—McKendrick SIR €71 & B3 (ki
2 ),

3 WHERATYT7RODBRICEITZIEGRRABEETIL

BEMURESE 537G P (i) 2% Poisson 75 ICHE ) BADEDABAR (2) l22owT, BEATy 78%, —BHIC,
h>0&ET2%561, BRZEBRELT ROLI h—BRUEFABRARZEBHT 52 L05CE5(6,7):

P(E+h) = p(e-srme®
Blt+h) = ({1 - e BHO} 1 (1 - gh)o(t) ®)
nE+h) = qhd() + (e

CIT, (2)% (3) K—RILTBRBEST, (2) KBVTHERT v PRICKEL R b5 X —5
KOWTOERBRER y - yh, ¢ — qh ZAVTWLS, BB, 3) D h — 0 DERICKE VT, ROMSY

FRAREEMT B ¢ LHCR :
WO _ s

dt
989 = Brw(t)o() - astt) @
i;’g—t) = q¢(t)

CDOWFTTBARIE, B ML Kermack-McKendrick SIR € F A cEEMIcASTH 2, 20—z, (2)
LK ZMBBERY A F IV RADEF YV IOREE, & HSNBEIHERR (4) 12 & % Kermack—
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Fig. 2: % (4) DM#H. (0) = 0.999; ¢(0) = 0.001; ¢ = 0.02; 8 =0.1; ¥ = 0.5,

McKendrick SIR € FNVICBIT A REDIFHICL 2D DL BB TE S, LidoT, MBRERSY 132
7 ZEF IV (2) iZMEBIY Kermack-McKendrick SIR € 7NV LA Z L iZBICHZ> TV 3,

4 FRER

ECHmenTV3 & 9 i, MR Kermack-McKendrick SIR, (B2 ABAR) €7 (4) 22T,
H1RALBE 2R BB BYHBR

& _ =By
dp Py —gq
kb, EROBHt IcBWTRFESNIR
_ = -2
(1) +¢(t) - 5~ log¥(t) = ¥(0) + $(0) - 5~ log ¥(0) (5)

DEETDZERBRBISRTIENTES, ZORK(5) 13, FARIC, (v,s)-HFEICEIT5BEHR (v(2), 4(1)
*5%2% (Fig. 2 8MH),
—7%, BE#R Kermack-McKendrick SIR €7V (2) oW Tk, F1REB 2L h, BEELEEI %
HETHL,
Yit1 + Pot1 = Yk + bk — 9ok

2/oh, FEB1RXrSHH1NS

1 Yi
=1
ok By °8 Yi+1
2EAEIFHIRATNIE, R
Vikt+1 + Ok41 — Z’% log Yr+1 = Vr + dx — ﬂi'y log ¥ (6)

BRoNG, FK(6) 1k, EEOMMAT v 7k itBTRESI VIR

¢k+¢k—%10g¢k=¢0+¢0~%108¢0 M
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Fig. 3: % (3) L% (4) OMHE. ¥(0) = 0.999; ¢(0) = 0.001; ¢ = 0.02; B = 0.1; v = 0.5; h = 10.0, F (3) DB
B {(vE),6®)|t=0,h,2h,...} 1Z, Hic, R4 PBEHBRLICHS,

BEETLILRZRLTOE, 2LT, ZOR(7)Z, (v, ¢)-HFEICET 3% (2 DEEE { (v, or)| k=
0,1,2,...} HSihig
-2 - _9
Y+ ﬂfylogz/z Yo + ¢o ,8710g¢0 (8)

Lichr Z LEBH®T 3,

5 Dynamical Consistency

B8 Kermack-McKendrick SIR, € 7V (2) iR T v 78 h ZEA L 72 —8{LR (3) IKDWTH,
HRRIZLT, (6) YT %R
g - _4
Y(t+ h)+ ot +h) — B logy(t + h) = ¢(t) + o(¢) Gy log 9 (t) ©)
2/BEILNTES, TR (9) 13, (¥, ¢)-HEHEICEIT SR (3) DREHE { (¥(2t), 6(t))|t =0,h,2h,...} D5,
REA T v 778 h IR L Ll

-1 = -
Y+¢ B log ¢ = ¥(0) + ¢(0) B log %(0) (10)

LlichaZLEBHRLTVS,

(¥, o)-HHFEIZ & T 5 H#i#R (10) I3, HHEH Kermack-McKendrick SIR (B HBRE) €F1 (4)
DEHRR (5) L —BL T3, Thbhd, AUOHEGEEZEEE, (v,0)-EFEICEIT SR (3) DRHE
{(¥(t), o)) | t =0,h,2h,...} ¥, ¥, EHE Kermack-McKendrick SIR (B2 HBRR) €71 (4)
DR 5) Lich 3 (Fig. 3),

Bwv#Zhid, EHRE Kermack-McKendrick SIR (B ABRAR) €FNV (4) LAL I XA —F1#E 3,
v, ¢ ZHWT, BEEE Kermack—McKendrick SIR € 7V (2) ICREA Ty 7R L 2 EAL T, REIAT Y
TRAMRELIEEZD DRI A—P v L qiZD0TDOHR, Bty —h, ¢—gh &L T,

Y1 = Ype Prhoe
Pri1 = Yr(l — e Prhér) 4 (1 — gh)dy (11)
Mk+1 = qhéx +m
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REZNE (—BULR 3) LRA%ETHY), (4) KB HHRE (v(0),6(0)) & R UHIRE (Yo, dx) =
($(0), $(0)) i ¥ 2 (11) DRRBIE { (i, o)l k = 0,1,2,...} 1, 5 (4) DR ((t), §(t)) »*5 X e
25y 78 h COMOMBEERI {(H(t), )|t = 0,h,2h,...} E—FF B : (Y, x) = ((kh), $(kh))
(k=0,1,2,...), ZOMKT, R (11) &, EROKBPARAT v 7R hic 2T, R Kermack-McKendrick
SIR (Mo AHBRE) EFNV (4) L ERHZ dynamical consistency Z b2 E VX 3,

6 B

AR TIX, BERATFY 78 L ZBA L T—#L L 7-BEEE Kermack—-McKendrick SIR € 7 (11) %3,
kAo N HBRR (4) i< & 5EHE Kermack-McKendrick € 7L &, BHEXT v 7R b ICKEF
®FC, Bt =0,h,2h,... BT IBHR—HTEI L (BOBRELXERN ) 2, RERLE5X3
BBEAWTR L, £2T, HEIBREOERIAF I 7RACHTHBEEFLE LT, BER (1) L
R (4) 12, BERICAFDETY ¥ (dynamically consistent modeling) ¢EA 503,

TeREL, SCTHBRLTEIREZ LI, BEREEFL (1) ik, EREETFV (4) o Ti#ts ck-
THINBHDTREWEVLI I LTHB, WS, KWXTRLE LI I, EREETLV (4) i3, FENE
BEEe 7Y v Sk o TR IR 7T (11) ORMERED E LT, REXT v 7R 0 DERE
ik > CHIEE N B, BRCTHR- -BEBBIE 7L, BN e 7N ORFBHILIC X 2880 &> TH
NOREHRAIEF LTIz,

BRI TIE, i, BREOERY A F I 7 R220WTOR G EEHR % Kermack-McKendrick SIR €5
MY T 2 MHRE 7L (2) ZED B, ABAICHIET 2 EREEFLVORE ZOBO—BEETRL
2, MEBEEFALZNDOBHINIEREE TN EDMTBRNICHIFINZIZ L TRRLTEY, T
L%, ZRLCRREZDIZSHELBETH2Y, IhECHBIRRINTVUARVWERTLH S,

HPE, EHE Kermack-McKendrick € 7V DF& & FARRIC, BB Kermack-McKendrick € 7V (2) I
DnTYH, BRENBRAZXK->THLOGEEZLTLHEETELVEE (FRLRE  SISETFA), H
HLTEETE I REHNRESEE L OBE (FE2AE  SIRSEFNL) KHRTEZLIBRETH 5,
NS OHBE, METHERME T VOB LEOMIC, FRX TR L) sBEZERN—FHRI—RUCE
D (RER; IERBRFE). 7L, 20IILBETH-TH, MOEBENZ—BHERIRHRRAT v
TE A DECERICOVWTRY D EFTE, LT, MflerVE (ZhdoBHEIND) ERE
EF N DD dynamical consistency DFMIC OV TiX, SHOBETH 5,

BTV, 20EF) 7BV, ERBE 7L LD b AENICEENEELEAAD 2 8hHE
DI, L Lihts, BRI, MEIAERRICEERBRE SN, WHEL, BRRENERS
AF T2 RCOVTHHTD, 2DORER, HLOMAENEROBBICHYLZFSER L TEL, LR
BHeFA Db 2k hEVERER, BRI, BENEFVICHT 2HPNRTORES 2 THET
HYH, FDOIED, BROBROFRIBATE-00 GEEHEFLICHLTOD) RETH2LODD
Lk, LaL, B, 2LT, 48, avPao—oXRBIC s 2BENLBIROFENET ETESRL,
BELL TR it T, BEAEE 7 ILOBENRI 2 +20ED SN ARENEI S IToh, REBE
EFANOHBEEORIBEBEFV VJLELTEYRTHIEP D TRALBOALRAE-,TERLVZL
j. TOBKRTS, BT VBRI 3 BRVLEHARRISBRETETEMLL->TRL{ESLS, X,
EERle P SRHERN L ERTEL 2 EYORHL L D) BRICNT 3 b sBOMFLENTH B Z L
PEANE, ThETOEBRHEFLBROERICLZBEROBRIIOVLTH, BEEEFLICE2ER
HEFICTLILEST, FLOERCHBEAZRVEZE S Livgy, 60, ERRET L LBE#EE
FUZEBZWTNDEFY L H) SEA»INRLETIHRKOKYE, £ L) o 7= fUHE %2 ERIIC
FES ETIBETCHIPIBMELTEDSNBIRELDTH 05, 5%, HMKEE, BEHOVLThbic
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