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Abstract

The following coupled soliton equations are ultradiscretized through the Miura

transformation.
(i) Coupled Modified KdV equation

d
EWa,n = Wa,nWb,n[Wa,n+1 - Wa,n—l]a

d
aWb,n = Wa.,nWb,n[Wb,n+1 - Wb,nwll-

(ii) Coupled Lotka-Volterra equation

%log[a +u(n)] = uw(n+1) —w(n-1),

£ logle™ + w1 (n)] = u(n +1) ~ u(n ~ 1),

where o« is a real parameter.

1 Introduction

VU b UABREZERBILT 2 7=HIiEVY P ABRZEMET BLBENH B, HEN
DEMEDT=D DB L FRABZEMT 5.
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1.1 NEERF

KTV +UERTHES IREMNEET D, ZEBAT S (1], HMYEHt OEEEK f,g
=L T

Dfg= (i - i)m FB)9(t)

=019 ...
dt av m=0,1,2,

’
t'=t

ERET D, teXdm=10DL%

d RCAA _d :
th g= <% _ %) f(t)g(t’) . — (d];(tt)g(t/) — f(t) Z; )) .
_df  .dg
= d_tg - fd—t

THB, LIA>T
D,f-f=0

ERB, m=2DLE

Dif - f= %f—2(j—{)2+f% =2 (%f— (j—{)z)
TH%,
TR R NRET P & (LRI £(), (1) 1T LT

e’Ptf(t) - g(t) = f(t + )g(t — &)

EEBBEINTWVS, LizA T

28inh(5D,)1(t) - £(2) = [ — =P 7(t) - £(£) = 0 (1)
<55,

1.2 FHAFER
FTVY MUABRTEANAREZEL TV AFEERER

d? .
alog(1+Va) =Voy =2y + Vg, N=--,-2,-1,0,1,2,- (2)
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IR RICE]T B,
R (2) DI KEET & log MEF LTV BDT, AL &R LEETHRADR £, ¢

ALTW3EEXT

d?
Vo= 7 log fr, (3)
CEBL, TDLEX(2) I
d? 42
dt2 log(l +V ) dt2 Iog[fn+1fn—1/f ] (4)
LEREND, tT2EMS LT (APEHZOLL) V,DRRK ) 2FES &
;:2 108 frn = fas1fno1/f? (5)

L%, NED2EMPZEITL, I 2 EHTTEBET S L, ROBOIREHEAN
Bo5Nh3,

fnfn_f.f%— [fn+1fn-—1— 3] =0 (6)
CORIVREREF D, 285 &
%D?fn ’ fn = fn+1fn—1 - frZu (7)

KEREN S,

2 VU rUABAOERIL

VY FUABRKOBRILIE Y Y P ABRZZOX EREBILT 20 TR, YUY MVA
ERADRER R Z2RBILT 2ONERNTH S, e XIETFARER

;22 logVy = Vouy = 2Vt Viq, m=--,=2,—1,0,1,2,--. 8)
DS, TOFRROBHILERDSDTIEL, R

S0 fo= fsifara = f M=, =2,-1,0,1,2,0, ©
DR RS 3D TH 5,

V) FABRKTROBEREIFFEEL WS ZDOYEENS T HVE->TRELEM
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MRZERLTVRH, BB L2 2ICCOZDODWEBEHID bR BZT EHELL,
L LIAREFEA TR BB RIZDWAYIT, IR A RERICEDAENTY
% (RICIENTWAEY), FHREERREBEREHE > TREE R 2 BR DARERIC
ZERUIERLHT 5,

KRB RIC R T —IFERE L VI ABLRENDBD T, TORERERTH
BRI Z2ZANI+DTH S,

FEAEROREHER
SDM o fo = fastfas = £ M= —00,0,0,10 0 (10)
BIRREE T EE T P ZES &
DM fa= €% = Ufa- far m==00,+-,0,-+,00. (11)
L%, BiEn & t ONMIEREZ TED%:
SDifu fo = Em b ~ 1), fo (12)

ERY, Lieh> TREAERDO—DOB#EL LT

| [65Dg_1]fn_fn=62[eDn_l]fn.fn’ ’n,=—00,"',0,"’,00 (13)
MNEZLNB,
&9 —DODAREMHIZ
[e‘”’* _ l]fn . fn — 62[6Dn+66¥Dt _ l]fn . fn_ n=—00,-- ,0, cee, 00 (14)

(a = const) TH B, TOREMER lims_,o CREAFEREZEZX 3,
S#EAEN (13) Z Type- 1 DF EEU‘:?*E:EU:WU R (14),(a = —-1) Z Type- 2 DF A

AR LS,
fE 52 Modified KAV AEXEZRD S L 21X Type-2 DFHABREE, AR Lotka-

Volterra 23R % & EiZid Type-1 DEHEAEERZES,
COZRiFt=mdé LEBL L, ZNFh

Type 1: [P —1]f7 fi = 8%l — 11f7 - f7s (15)
Type2: [P — 1f7- f = 8(eP—Pr — 1If7 - £, (16)
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L%, WHIGEEF D, D, ZEDBEVTE L

Type L:  frt'fo = (F)? = &fafaea — %), (17)
Type 2: fitfe™t = (f)? = Uy = (B0, (18)

TH%o
529 Type-2 DEAAFEBRDINY V)V FEHZRD B,

3 Nv7IvY FEBRODORDS
RO—MR(L KP 535 (Hirota-Miwa AER) Z2E X 5,
[21 exp(D1) + 22 exp(D2) + z3exp(D3)]f - f =0, (19)

T T T Dy, Dy, Dy i$FSICEET Dy, D,y Dy, etc., DRFEREETH . 21,20, 23 ZHEERE

HTH?,
CDEZFHBARD—DODMR f LA CHBEXDFIRE ¢

(21 exp(D1) + 23 exp(D2) + 23 exp(Ds)]g - g = 0.

BRI IV REHEEZ B,
RKFEDIZXRRXPZEZXS,

P = {[z exp(D;) + 22 exp(D2) + 23 exp(Ds)]f - f}exp(Ds)g - g
—exp(Ds)f - f{[z1 exp(D1) + 22 exp(Dz) + z3 exp(Ds)]g - g}-

P=00DkE, fHRTEEAER ORTHOIE, g TS HFBERDRICKS, ZOHE
BDIW>TWVW3B, 8 LZOR P=0H5 f & g DMEMNMBRBRZ I=—HOIERE S ER

Fl(D17D2yD3)f'g=07
F2(D11D27D3)f g = 0’

PRoNTE, ZNDRD B/ 7))V REBOBRFHEICE S,
PZERT B DDEAFRNANIRD-DTH 5,



3.1 EFAH
) Ezchange formula (f & g DMHMNUBZEZ 5),

{exp(D;)f - fH{exp(Dr)g - g} — {exp(Dx)f - f}{exp(D;)g - g}
= 2sinh[(D; + Dy)/2/{exp[(D; — Dx)/2]f - g} - {exp[—(D; — Di)/2]f - g},

for j,k=1,2,3.
) Interchange formula (£ YTy 7 A1 & 22 ANHEZ3),

2sinh[(D; + Ds)/2]){exp[— (D2 — D4)/2]f - g} - {[exp[- (D1 — Ds)/2]f - g}
= 2sinh[(D; + Ds)/2]){exp[—(D1 — Ds)/2]f - g} - {lexp[— (D2 — Ds)/2]f - g},

where D4 = "‘Dl - D2 - D3.
Ny vy FE#ERE LTRD 2RZES,

[ale-(Dl—DS)/z —_ e(Dl_D3)/2 + /Ble—(D2_D4)/2]f . g — O,
[aze—(Dz-—Ds)/2 — e(D2—D3)/2 + ;326_<D1_D4)/2]f .g=0.

cZ —(“ﬁﬁ 1, Og, ,82, ,62 ’9/‘0)2: C 55'%%??&?&%5“%0
P %ﬁgﬁ bfﬁﬁ 21 %tﬂE,Pl aiﬁ 29 %@8@,}32 b:ﬁbj'5

P = 21P1 + Zng.
P, & Ezchange formula 2> &

Po=(f-)(ePg-g9)— (€7 f - f)(ePg-g)
= 2sinh[(D; + Dy)/2][eP=P/2f - g] - [em POV f . g]

EixB, TTTNY IV REBRR (20) 2> &
Py/p, = 2sinh[(D + D3)/2][e™P27P2f . g . [emP1=DD)2f . g]
DBICEREND, ARICZLT
Py/ By = 2sinh[(D; + Dj)/2)jeP1=P2f . g . [ (P2=DR)/2f . g]
2185, P, P 3EETII% L Interchange formula i X D
P/ = P/fe

173

(20)
(21)
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THB, LIeh>T
P=21P 4+ P =0, if 20 +26=0. (27)

TH3, TORERNNY 7)Y FERK OB Egs.(20),(21) I3, 272U 81+ 2262 =0

TdH b,
Ny 72y REBRIZKRERBOBUAICKD, Lax-pair ZERLZD, FFLWLWYY LY

Fﬁiﬁ%iﬁbﬁ: H ‘g‘%o

3.2 Lax Pair
Bécklund Z# (20),(21) B &E#H:
g=1"r¢
I X o T Lax Pair
{01 exp[(01 — 85)/2] — exp[(—01 + 83)/2]
+pitiexp[(G2 — 04)/2]}¢ = 0, (28)
{ag exp[(0; — 85)/2] — exp[(—02 + 83)/2]
+B20 exp((01 — 04)/2]}¢ =0, (29)

CEBEND, JeEL =2, fori=1,2,3THD, 8,=-01-0 -0 TH5%, NRE
B, 3RATEASNTVS,

o _ expl(Dy = D)/2f - f
exp[(Dy — Ds3)/21f - f’

b= exp[(Dy — D4)/2If - f
exp[(D2 — D3)/2)f -

FHRER (28),(29) 10T MEET expl(~81 + 85)/2] & exp|(—8s +85)/2] TRENEEL,
WHE S & ROFRD Lax-pair BESN 3,

Lip = a0, (30)
Lo¢ = ao, (31)

where
L= e—al+83 _ ﬁlueaz“Laa, (32)

Ly = 6—82+83 _ ﬂ2v681+63, (33)
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CZT
_ (2 p)ehn)
e [ Y I &
_ (e )
R T (%)
TH5,

3.3 WiI%&H (Compatibility Condition)
AR (30) & (31) DMILEMIEIIER (L1, L) =0 TEASN3, KBERIDu b v
VT BABADRDE S ICEREN S,
[L17 L2]
— [8—31+63 — Blueaz+33,e-32+63 _ ﬁ2v681+53],
— _131 [’U,862+637e_62+a3] _ ﬁ2[e—6l+63, ,v601+63] + /81,32[U662+63, Ueal+as]

CORED., u & viEWTIHEEEAER

Bru(zy, T2, 23) — frulz1, 22 — 1,23 + 1)

= Lov(z1, T2, 23) — Gov(®1 — 1, %2, 73 + 1), (36)
U($1,$2,$3)U($1,x2 +1,z3+ 1)
= u(zy + 1, Z2, 23 + 1)v(x1, T2, Z3). (37)

ME5NB,

34 u & v IdAER (36), (37) BH/LT

u,v DEWN (34), (35) ZHER (36). (37) IKRATBE, R (37) & flz1, 20, 23) ICHT
BEFNTHD., K (36) DAFREIARNDI S ICEBEREIND,

—sinh[(Dy + D5)/2][eP2f - f] - {[~BaeP* + G1€P? + ve|f - £}

Z C'C:"'}’ Giﬁﬁﬁﬁf‘%%o ﬁlzl +,3222 =0 T“& ‘9 f Liﬂﬁ%ﬁﬁﬁ (19) @ﬁ?&%@
TZORIZ0THB. LIA>T u & v IZHERRK (36) &L TV B,
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3.5 Baicklund Transformation of the discrete Toda equation of
type 2

Type 2 DEHEBFER
[eDm -1- 52(6Dn—Dm —_ I)Jf . f =0
® Bécklund Transformation (& —f&{k KP FBRD Bicklund Transformation T

Dl = —Drrn 2= 1’
D;=Dn-D,, z=-0,
D;=0, 2z3= -1
LES, Thbb
[0116D"'/2 — e Dm/2 ﬁleDn—Dmﬂ]f ‘9g=0, (38)
[aige™(Pm=Dn)/2 _ o(Dm=Dn)/2 4 g e(Dm+Dw)/2]f . g = (), (39)

TH %,

3.6 MILFHHSEMTNS Discrete Toda equation of Type 2

—RALKP ARBRD/ Ny 7))V FEHBR & D £ E N5 Lax pair Z Discrete Toda equation
of Type 2 M Lax pair ICB XA 5L

Ly =% — gVenom,
Ly = e~ O=0) — g, [,

%%, TCT

m—1 rm

Vo= ﬁifn—"_‘l—‘ (40)
I = % | (41)

TH 5. WAL Ly, Ly] = 0 T RDOEOMRNFHABRNEZERT S
Iy = It = 8V - vort, (42)

VIITS = IV (43)
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4 N\v7Ivy FEERH SERT N SBMIEET AR, |

4.1 BEES Lotka-Volterra 523t

BRZEZ TNy 7V REHK (38),(39) ZH LW ABRROREHER LA LT, COL
ERERBERDE S ICHRET B0 Type 2 DFHABRD 1-soliton i fm LFE UAHERD
Al 1-soliton fi# g™ KD B,

fn=14+ri(m,n), g =1+a;r;(m,n),

2
r; (my n) = ij;nq] (=)

p; = 1+6u,q;
T 1+0ui/q’

CCTa; BIEORERETH S,

Ny 7Ny FEBRRICV Y FVBETRIFRER 0 =1- 61, aa =1- B EZRAL, /%5
7(‘"90)%{4::_&,8121 +5222 = /31 - ﬁ262 = O%ﬁb\ ﬁ2 = 1/(5 %%3&:3{@25&7’3"26
nd,

i ==+l

frgett = (1= 8) frtlgn — 6fm gt =0, (44)
(I=0)frgmtt + 5fm+lgn+1 [ty = (45)

TR/ R2R (44),(45) ZBESAY Lotka-Volterra HERICEET 3, %9 FXDES b~
2T

frgntt = (1= 68) frtlgm + 6fm gL, (46)
".‘:1192" =(1=0)fi gt + 6 gm, . (47)
EEL M gr DIEEEEZRETSE <1 DL E, FROFIREEICETHD, 2D

BERHBERHI Lotka-Volterra ARERDBEESILZARIC LTV 3,
FLUWEBER u, v, 2,y BEATS ¢

,um f +197T—‘;l1 m o __ f7T+lng+1 (48)
"t R T et
gl fatilam
xm 1'1« 'I‘L , ym n (49)
n fmtigme In T fm gmel

N5 DEHIC K > THRREATER (46),(47) I FHRIC

zy =1—6+duy, (50)
Yo =1—08+6u7, (51)
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LB, REBEB v, 2, y™ RN TR A ROBHRADH 5,

m+1

U,Zm = ygn’z-‘-l’ (52)
m+1 m
= 53)
BFRER (52),(53) DATIC (51),(50) ZRALZED
umtl 1—46+ 007
- = . 54
ur 1 -6+ 6 (54)
vl 1 -6+ U,
um T1-0+ 5u,';:‘1’ (55)

HYBEEEY Lotka-Volterra AR TH 5, COROHEEERILIIHETH S,

4.2 Miura Z# 1
BEE R FE EAEXOEH

-1 m+1 rm
m __ n+1 fn-— ™ = fn fn-l
Ky
& BESRY Lotka-Volterra FRERDEH

1
m fn+1gm+ ’Um fm+1gn+

Un T Tpmeigme Un T g gmen
fm m+1 f:lrf'_-iilgn
m m
Tn = f"‘“gl?’ n T fmogmt
2 RN T,
m-1 _ Jai1 Gne g m—1 _ Jne19n
tn fmgm-1 Trel T pmelgm
&b
Vo =up Tl (56)
Z2185,
FIRRIC LT
o n gm+1 fm+lg v
Tp 1= —’,’,,Tll";;—, Yn—1 m'il

n~1 In-1 n Gn—
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&D
I3 =23 1Yney (57)

Z18B, ol YT Zum, v TREENTVLADT, BEHER (56),(57) RERMNERAERD
fi 7% BEELY Lotka—Volterra HRERDBETERIRT 3 Miura B8R TH 3,

4.3 Miura transformation 1-a

We shall prove directly that the discrete Toda equation

- It =8V = Vi, (58)
Vs = IV, (59)
is solved by the Miura transformation
V;Lm — um—lvzz—ll’ (60)
I:Ln = mn—ly:zn—l’ (61)
provided that u*, vJ*, z* and y™ solve the discrete Lotka-Volterra equation,
uptt _ (
= -2t 62)
ur oy
vt g
U;;n - x;ln+1 ? (63)
zy =1-06+duy, (64)
Yo =1—=64 vy (65)
Substituting the Miura transformation (60) and (61) into Eq. (58) we have
xT—H m+1 52 n+1,v = ',L,myn 52 7n+1uT_+11 (66)

We shall transform of the [.h.s of Eq.(66). Eliminating the terms, y7*** and §v7,, with the
help of Egs.(64) and (65) and using the relation (62) we find that the LA.s is reduced to

(1= &)z + v, (67)

On the other hand the r,h,s of Eq.(66) is transformed, eliminating the terms, §v™*! and
Zn 1, and using the relation (63),into

Ty — OCuptup = (1 8) [y + Sup ™. (68)

The r.h.s. and the Lh.s. are equal to each other due to the expressions (64) and (65).
Substituting the Miura transformation (60) and (61) into Eq. (59) we find that it is nothing
but an identiy of u,v, z, y.

Accordingly we have proved that the discrete Toda equation is solved by the Miura trans-
formation.
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5 I\v7IbY FEHRINHDSEMT N BREBRIERAZ SR 2

5.1 Coupled Modified KdV 52

ROFFEUY - ZRHEX

adzwa,n - Wa,nWb,n [Wa,n+1 - Wa,n——l] = O)

d
EWb,n - Wa,nWb,n[Wb,n—’rl - Wb,’n—l] = 0.
l& Coupled Modified KAV AR &L FIN T\ 5,

T DHEBRBRITHIROERICEIF B Cusick theorem © “ A product of Hankel determinants
is expressed by a pfaffian” 2 b VERZME > TARATH7-DICBAEINTE 2],

BERUH Coupled modified KAV AREAEZERT 2 72DITRDINY 7))V REHK

frontt = (=07 g + 0 fgnt (69)

mton = (1= &) fragn ™ + o fm gy (70)

Z 2BABT 5. —DR 7 — gr ODEBATH D, &5 —DRIFIDE I, — g7, DER
ATH3,

fnglat = (1= 8) fla gl + 6 101 (71)

.ln.mrj-f-llgir,ln = (1 - 6)f17n+1g?:1 + 6f{?:lg11’?n+1' (72)

CNEDAHOERZE>TH LWRBEM F, G, G, ZRATEAT 5, 1V T
7 A n MBEOHTBNICE > TEBRBNRK S,

an;z‘ = fr:nfly?n7 G22n = g‘rTng—l’ Gg,z2n = g'rT—lng’ (73)
Foni1 = 9n'0Tn  Gaonyr = faafins  Ghann = fu flns (74)

Ny ZIv Y FEHR (71),(72) IE& 2Ty $RTD n 70 U TRDFREAERDHKIL L
W3,

By = GonGin, (75)
Gon Ft = Gon Pt = 0(GT o By — Gonl Fl, (76)
Goa it = GEn ™ = 8GRty — GRRn P (77)
T ORI BRREHT LORREB W, W, ZRATHAT 5 L,
Gm m
Wno==2 Wh=22 (78)

a,n Fm ’ bn = Fm
n n



181

RO EDFRBRICERENS,

Wan " = We = STR W Wi Wy = W] =0, (79)
Wit = Wi, = ST W Wy Wi — Winth] =0, (80)
P;n-i-l _ W;?nt;L (81)

Ip  WoAwprt
T DD explicit %4 mapping IFATEETH 545, BEEBULLEE LU,
LA L ZDRD Miura BHZEA T 3 LBEEBEHAEEICZ 5,

5.2 Miura E#12
FUCERER 27, 2,y i, BEAT B,

Ton =90 /In Yon = Gn-1/In (82)
xg?n = ng/fiTln’ yl?,zn = g;ln—l/fffn (83)

2Ny 7)V > REHK (69),(70)(71),(72) IC &K o T 2,z Y, yils W& RDBILIERL S 5
B (BEIERZERY) 2EELTVS,

m-+1 ym+1 £n+1 y{,"“
a,n a,n n n

=1 — § + §——, = = 1—-4+ 62, (84)
xgjn ygfn+1 xg?n yg?n-i—l
Yarm Ton  Ybm Thin
e =1-0+é0m, Sy =1-04025 (85)
a,n a,n—1 yb,n yb,n—l

I DRDEEBERILIZBZ T3,
—7. Bwr W & LR Ty Lo Y, Yo, TZR9 Miura BH#NH 5,

Wa,Zn = x;r:lnygln, Wa,2n+l = (xlg?nygj‘n—{—l)_l, (86)
Waon = TpnYams  Whont1 = (Z5Yomi1) (87)

C D Miura ZEROEHERLIIEETH S,
L7ehi> THREBE! Modified KAV A8 (79),(80),(81) DiBEEE LI E I 2 A A R

& Miura £ HT % LEHICK 3,

6 Lotka-Volterra equation of coupled form

We consider an infinite chain of prey and predators; the n-th species is the predator of
the (n + 1)-th species and the prey of the (n — 1)-th species. The population of the n-th
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species,N (n) is assumed to be determined by the following simple equation

& N(m) = N@m)(N(n+1) - Nn.— 1)), (88)

Equation(88) has a steady state solution, N(2n) = Ny and N(2n + 1) = N; for integer n.
Let the deviations of the population from the steady states be n(n) and n;(n):

N(2n) = No + n(n), (89)
N(@2n +1) = N, +ny(n). (90)

Then equation(88) are transformed into

gilog(No +n(n)) =ni(n+1) —ny(n - 1), (91)
%log(Nl +m(n)) =n(n+1) = n(n - 1), (92)
which is reduced to
g’_— log(a + u(n)) = ui(n+ 1) — uy(n — 1), (93)
2 log(a™ +wi(n) = u(n +1) = u(n - 1) (94)
by the transformations,
n(n) = Noa"tu(n), ni(n) = Niou(n), (95)
t= -]%r = N%a'r’ a? = No/N,. (96)

Equations (93) and (94) exhibit solitons moving in both directions[3].
We call Egs. (93) and (94) “ Lotka-Volterra equation of coupled form”.

We shall discretize Lotka-Volterra equation of coupled form,Eqgs.(93) and (94), and obtain
the ultradiscrete form of them.

6.1 Eztended Backlund Transformation for
the Discrete Toda equation of Type 1

We consider the discrete Toda equation decribed by the bilinear equation

[esz -1- 52(62[’" - 1)]f(m,n) : f(m’n) =0, (97)
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which is the Discrete Toda equation of Type 1,where we have changed the bilinear operators,
D,, and D, as D,, — 2D,, and D,, — 2D,, for notational convenience.

We write Eq.(97) as
[sinh?(D,,) — 62 sinh®(D,,)]f(m, n) - f(m,n) =0, (98)

An extended Bécklund Transformation for Eq.(98) has been discussed in a paper[4].
We have an extended Bécklund Transformation of the following form,

sinh(D,,)f - g — da; sinh(D,) f1 - g1 = 0, (99)
sinh(Dp) f1 - g1 — 8agsinh(D,)f-g =0, (100)
[cosh(D,,) + B1sinh(D,)]f1 - g1 = Ai[cosh(Dy,) + v sinh(Dy,)]f - g, (101)
[cosh(D,) + Bzsinh(D,)]f - g = Az[cosh(D,,) + Y2 sinh(Dy,)] f1 - g1- (102)
where a;,8;,A; and v; for j = 1,2 are parameters with the relation ayas = AjA2. The

extended Backlund transformation gives a bilinear form of the discrete Lotka-Volterra
equation of coupled form when By =B =y =Y = A1 = A2 =1,

sinh(D,,)f - g — dasinh(D,) fi - g1 =0, (103)
sinh(D,,)f1 - g1 — 6o~ sinh(D,)f - g =0, (104)
e’ fi g =€lmf g, (105)
e’ f-g=e""f1- g (106)

Solving Eqgs (105) and (106) we find that f;(m,n) and g;(m,n) are expressed by f(m,n)
and g(m,n) as
fl(mvn)__'g(m_l,n—l) and gl(man)zf(m+l,n+1)s (107)
or
film,n)=f(m+1,n—-1) and g¢g(m,n)=g(m—-1,n+1). (108)

We choose the former expression for f;(m,n) and g;(m,n).Then Equations (103) and (104)
are expressed by

[sinh(D,,) + dasinh(D,, )ePmPn]f . g =0, (109)
[sinh(Dp,)ePm+P7] 4 6o~ sinh(D,,)]f - g = 0. (110)

6.2 Lax-Pair for the Discrete Toda Equation of Type 1

We show that Egs. (109) and (110) are transformed into a Lax-pair for the Discrete Toda
equation of type 1.
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We write Egs. (109) and (110) as

(1 = 6a)ePm — e7Pm 4 §aePmt2Pr|f . g =0, (111)
[(1 =60 t)ePr 4 daleDPn — 2PmtDn]f. g = 0. (112)

Let
g(m,n) = f(m,n)y'(m,n). (113)

Then Eqgs. (111) and (112) become
(1-da)f(m+1,n)f(m—1,n)¢/(m —1,n) — f(m —1,n)f(m + 1,n)¢'(m + 1,n)

+daf(m+1,n+2)f(m—1,n—-20¢(m—-1,n-2) =0, (114)
(1 =da Y f(m,n+1)f(mn— 1) (m,n —1) + 6ot f(m,n - 1)f(m,n+ 1)¢'(m,n + 1)
—f(m+2,n+1)f(m—2,n—1)¢/(m—-2,n—1)=0. (115)
which are expressed by
[(1 - ba)e~®m — €2 + by (m,n)e~ %y (m,n) = 0, (116)
[(1 = daY)e™ O + o teP — uy(m, n)e= 203y (m,n) = 0. (117)
where
ui(m,n) = f(m -E-'n%z _Z ;_3;5 : 1’2)— 2 , (118)
ua(m, ) = LT ;(’nz Zi i;ﬁ"mz n2_7;) D (119)
Egs. (116) and (117) are transformed into a Lax-form,
Lnp(m,n) = (1 = ba)yp(m, n), (120)
Loy(m,n) = (1 — da~H(m,n), (121)
where
Y(m,n) =¢'(m - 1,n), (122)
Ly = €*m — §au; (m + 1,n)e™ 0, (123)
Ly = —6a~'e® +uy(m,n+1)e™ %=, (124)

The commutator,[L,, Ly] = 0 gives the equation of u;(m,n) and us(m,n),
ug(m +2,n + 1) — ug(m,n + 1) — 8*[uy(m + 1,n) — us(m + 1,n +2)] = 0, (125)
ui(m + 1,n)ug(m,n — 1) — u3(m — 1,n)us(m,n+ 1) = 0. (126)

Equations (125) and (126) are Discrete Toda equation of type 1 and are solved by Egs.(97),(118)
and (119).



6.3 Discrete Lotka-Volterra equation of coupled form
We show that the bilinear form of the discrete Lotka-Volterra equation,

[sinh(D,,) + dasinh(D,, )’ Pn|f . g =0,
[sinh(D,,)eP™*P"] 4 §a ! sinh(D,)]f - g = 0.

is transformed into the discrete Lotka-Volterra equation of coupled form,
vim+1,n) 1-6all —vi(m,n+1)]
vim—1,n)  1-dafl —vi(m,n—1)]

viim+1,n) 1=éda'[1 —v(m,n+1)
vifm—1,n)  1-=6a-![l1—-v(m,n—1)

]
] )
through the dependent variable transformation,
_ f(m,n—1)g(m,n+1)
™) = o, n  Dglm, n—1)

fim+1,n+2)g(m—1,n—2)
fm+1,n)glm—-1,n—-1)

v(m,n) =

We have the bilinear equations (111) and (112), which are arranged as

fim=1,n)g(m+1,n) = (1 -6a)f(m+1,n)g(m —1,n)
+éaf(m+1,n+2)g(m —1,n —2),

fm+2,n+1)gm—2,n-1) = (1 —da" ) f(m,n+1)g(m,n — 1)
+6a~ f(m,n — 1)g(m,n +1).

Let us introduce new variables, z(m,n) and z;(m,n) by

f(m+2,n+ l)g(m_ 2,7’L - 1)
f(m,n+1)g(m,n—1)
f(m - 17n)g(m+ 11”)
210 = Fn 1, m)gm = 1,n)

z(m,n) =

Y

Then the above bilinear forms are expressed simply by

z1(m,n) =1 — da + dav,(m, n),
z(m,n) =1-6a~' + da~v(m,n).

185

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)
(136)
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On the other hand we find the following relations among v(m,n),v;(m,n),z(m,n) and
xl(man)

v(m+1,n) _ z1(m,n +1)
vim—1,n)  zi(m,n—1)’ (137)
vi(m+1,n)  xz(m,n+1) 59

nim-1,n) z(mmn-1)
which give the descrete Lotka-Volterra equation of coupled form,
vim+1,n) _1—0afl —wv(m,n+1)
vim-1,n) 1-éa[l —vi(mn-1)]

vlm+1,n) 1-da"'[1 —v(m,n+1)
vim—1,n) 1-=éa-![1-v(m,n-1)]’

(139)

(140)

which can easily be ultradiscretized for a < 1 and da~! < 1.

6.4 Miura Transformation 3

We shall find the Miura transformation which expresses the dependent variables of the
discrete Toda equation of type 1, u;(m,n) and uy(m,n) with the dependent variables of
the discrete Lotka-Volterra equation of coupled form, v(m,n) and v, (m,n).

We have

fim+1,n+2)f(m—-1,n-2)

wlm ) = T fm=T,n) (141)
_ f(m+27n+l)f(m—27n—1)

wlm,n) = e ) fmin = 1) (142)

and

_ f(m7n - l)g(m7n+ 1)

Y = Fm,n + Dg(m,n — 1)
_ flm4+1,n42)g(m—1,n—2)

M) = e L mgm = L)
_flm+2,n+1)g(m—2,n—1)

2mn) = S Dglmn—1)

o(min) = f(m —1,n)g(m +1,n)

f(m+1,n)g(m —1,n)’
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which give

- f(m_ lan_ 2)g(m— l,n)

fim=1,n)g(m-1,n-2)
f(m=2,n-1g(m,n-1)
f(m,n—1)g(m -2,n-1)

vim—-1,n-1)

zim—-1,n-1)=

Accordingly we find the following relations

ui(m,n) = v(m — 1,n — 1)vy(m,n), (143)
ug(m,n) = z(m,n)z;(m —1,n —1). (144)

We have z(m, n) and z;(m, n) expressed by v(m, n) and v;(m,n). Accordingly Eq.(143),(144)
is a Miura transformation expressing u; (m, n), uz(m, n) by v(m,n),vi(m,n)
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