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On the Kashaev invariant of twist knots

Yoshiyuki Yokota
Tokyo Metropolitan University

Let K denote the knot represented by the diagram with n + 3 crossings below.
In this talk, we compute its Kashaev invariant, which is a special value of the
colored Jones polynomial, and study its asymptotic behavior.

1. KASHAEV’S INVARIANT
Let N be a positive integer and
N={0,1,...,N —1}.
Then, for i,j,k,l € N, we define 0,?1 by
6 ={ 1 if[z’—y:]—f-[]'—l]—*-[l—k—1]+[k—i]=N—1,
0 otherwise,

where [m] € N denotes the residue of m modulo N. Furthermore, for z € C, we
define (z),, by
(@)m = (1 - 2)(1 —2%) .- (1 - zl™]).

In what follows, we put

2my/—1

g = €xXp N

Then, the Kashaev invariant (K)y of K is obtained by contracting the tensors
associated to the following critical points, where
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Proposition. The Kashaev invariant (K)n of K is given by

n-1
n+1 1 1
N DD el S Kem e

OSiIS"'Sin<N q 1 'i-u+1—iy (Q)N—1—1u+1

Example. Suppose n = 3. Then,

_ Ng 3+l Ngi-e
i = cgzdgb@b—d@n@)w-l-b @ N-1-a(@)d-c(@)c

" = Ng? . Ngite
- (@DN-1-0(@)a (Da-c(@)c(@)N-1-a

X T Ng~* . Ng~#~
 (Q)e(@n-1-¢ (@N-1-e(De-5(Ds )

e=

from the picture below. This is further equal to

Nq—§+b-+-1 Nq--%—c N2qc—b
cg;dgb @0-d@a@N-1-b @N-1-d@d-c(@c (@)@’

where we used the following lemma.

Lemma. (¢)m(@)N-1-m =N and

Z( L =1.

6(N-1) = ([i +1]+[j-i-1]+[-])
+([k]+[l - K]+[m - {}+[n - m]+[-n))
+([a-i-1]+[i-a])
+([n-a-1]+{c-n]+[a-d])
+([d-c-1]+[b+1-d]+[e-b-1]+[j—e]+[c-J])
+({m-d}+[d-m-1])
+([{-b-1}+[b-1])
+([k -e]+{e-k-1])
2 ([i+ U+ -i-1]+([-4)
+([k]+[l - K]+ [m - [+[n—m]+[-n])
+6(N-1) —i=-1,j=k=1l=m=n=0,
0<a<N,
0<c<a<N,
0<ec<d<b+1<e<N,
1<d<N,
0<b< N,
0 1<e<N




2. QUANTUM DILOGARITHMS

Let
o eVN(2z+1)t gy
z) =ex ,
¥ (z) p/_oo 4t sinh(t/+/N) sinh(v/Nt)
and
2k +1
Dk = SN

Then, the sets of poles and zeros of ¥y are given by {px |k > N} and {px | k < 0}
respectively, and

1 _ ¥n(pr) 1 ¢n(1-po)
@ ¥n(m) @r Yn(1-pp)

N 2
wA\[/%O)zexpm(_e" ;N 6N2> VNYw(1 - po).

By using these quantum dilogarithms, we can write

K\n = N+ N ( pk1 YN (1 —po)
el Ky <Z<k Y (po) Un(1—ps,)

H YN (1 —po) YN(Pkyyr—k,) ¥n(1—po) .
s UN(L—pk,)  ¥n(®o)  UN(1—Dr,y)

wN Zy4+1 — 2y +p0)

21)
¢N 1 - Zn) H ¢N 1- zu)@bN(l - zu+1)

__7=ZN(""1 z2 _x2 wz
Un(21,...,2,) = €727 —1(6 2N+6N°

(K Z Z UN(Phys- -+ Pka)

k1=0 kn=

because Y (pk, . -k, ) = 0if ky 11 < k.

3. INTEGRALS
Let Q, = e?"V-1zv gnd

C={z+y/T|(z— 12 +12 = (3)2}.

Then, by the residue theorem,

n dz dz,
<K>N=(_1) N—i_ 1+éN..._/(;'1+Q71¥‘IIN(z1,"',zn).
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Let
A={2€C|lmz>0}, B={2€ C|Imz <0}

Then, we have

dz, N N QZN Q2N
-1 d v _d
cl+QY /O(Q +@Q, " )dz, + QN Bl-l-Q;N 2y
because
dz 0 N QZN
v — 1 _ d ” 14 d ,
fAHQ’J J o=@+ [ e
-N 1 —-2N
/ dZuN - Q dzu =/ ;Ndzy _ _Q',{T]'V'dzu-
B1+@y s1+Q;" o Bl1+Qy
In what follows, for z € C, we put
z, = Re2nz, y, = Im272, w, = —arg(l — e?™V71%),
Lemma.
lim \IIN(Zl,...,Zn) l:j:Nzo.
Yz, —t00
Proposition.
n43 1 1
(K)n ~ (—1)"N+-/ dzl---/ dzn UN(21,. ..y 2n).
0 0
4. ASYMPTOTICS
Define

L(2) = Lip(e*™™%) + B, (272 - 38, — ),
where Li; denotes Euler’s dilogarithm function and

8, — 2n|Rez] ifImz <0,
1o otherwise.

Then, we have
U (2) ~ 67—7{£(2)+0(N 2)}

Furthermore, we put
V(z) = Alz,) + AMwz) — Az, +w2),

where A denotes Lobachevsky’s function. Then, we have

Im ['(z) = y:(B: — w) + V(Z)> (z) = f; — w,.

0y,
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Define H(z1,...,2,) by

(n—-1r? X
‘C(zl) - L:(Zn) + T— + Z {£(2u+1 - 2,,) - E(l - ZU) - £(Zy+1)} .
v=1
For simplicity, we put f(z1,...,2,) = Im H(z1,..., z,).
Proposition.

-1
IPN(‘ZI,"')ZTL) ~ e#ﬁ{H(Zl,.-.,Zn)%‘O(N )}.

Example. Suppose n = 3. Then, f(z1, 23, z3) is equal to
V(Zl v 22, 23) + yz; (—wzl - wl—zl - 622—21 + w22—21)
+ y22 (ﬁz2—21 - w22—21 + T — ng - 623—22 + w23—22)
+ y23 (ﬁz;;—Zz - w23—22 + m— xz:;)’

where V(21,..., z,) is defined by

n—1

V(z1) — V(zn) + Z {V(zU-H -2z,) - V(l ~2,) - V(zu-!—l)} .

v=1
How does f(z1, 22, 23) behave when g2 + y2, + y2, — 00? Since
y}gnw(ﬂz —w;) =0, yzl_{lgoo(ﬁz —Ww;) =T, — T,
we check its behavior along the following 3 lines;
Yzomzs T Y2520 =0, Yoy =Yzq-2, =0, Yoy = Yzp-2, =0
with z,,,2,,,,, fixed. For simplicity, we put
Aly) = 3@y — o)
Then, f(z1, 22, 23) is approximated by
AWer @2y ~ Tay — Ty +7) + A=Yz, ) (T2 + T2y + T, — 37)
when y,, 5, = Yz—2, =0, by
AMY2) (=% — Ty + ) + M—Y2y ) (T2p + T2 — 27)
when y,, = y,,-,, =0, and by
MYzs)(=22,) + M=z, ) (@25 — )
when y,, = y,,-,, = 0. Therefore, we can observe

2lim2 f(z1,29,23) = 00
Y Tui, Tyl —oo

if z,,,2,,,,, satisfy the following conditions.
T< —Ty +Zy +Ty Ty, + T, + T, <37,
T< Ly F Ty < Ty + Ty <27, T,y <7

'This region will play an important role in the following argument.



Let A be the set of (21,...,2,) € [0,1]" satisfying
In—-v)<z,1+3f 12 <Y,z < 3(n-v+1)
for ]l < v <nand
In-2)<—z1+ X fop 2k < Yooy 2 < 37
The main purpose of this note is to show
Proposition. Let ((1,...,(n) be the solution to

o0H

=0 mod 2rv-1.
0z,

satisfying (Re(y,...,Re(n) € A. Then,

/ Un(21y..0y2n)d21 Av-- Ndzy ~ N'%ehg-fH(C“”"C").
A

Note that f(C1,...,¢n) is equal to the complex volume of K.
Proof. Define p: C* — R" by

p(21,...,2n) = (Rezy,...,Rezy).
Let ¥ be the set of (z1,...,2,) € p~1(A) satisfying

1
sin 3 (0T — 25, + Ty + 0 +22,)
. 1 ’
sing(nw + Tz + 25, + -+ T2,)
sin(le +$23 + A +xzn)

Yz, = log

= log — +

Yza sin(z,, + 25 +--- + Zz,) Yoo
1 sinz, _,

= log —™——— ,

Yan =98 "0z, Yzn-
which is the unique solution to
0
/ =0.
0Yz,

Then, f|s takes its unique maximum at ({y,...,¢n) € X. Let
E:i: = fﬁl((_oo’f(gla .. -sC’n) :i:E]) mp—l(A)

and I the set of (21(t),...,2,(t)) € E4 — E_ satisfying

BT gim (@), za(t) = (Gore e o)

E - 55;’ t——o00
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Then, Re H(z1,...,2,) is constant on I because

dReH) < 0H dz, OH dz,
dt _ZRe{az,,' @ "5z, dt}

& [OReH+VTIf) da
ZRG{ 0z, dt }

v=1

v=1

=2Re{z\/?1.ﬁ. 8_f}=o.
! 0z, 0z,

Since £+ ~ E_UI ~ %, by the saddle point method, we have

/QN=/QNN/QNNN_%BE;%H(CI""’(VL),
A bH I

where Qn = ¥n(21,...,2n)d21 A+ Adz,. O
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