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Abstract

For analytic functions f(z) in the open unit disk E, weakly ®-like of order o with
respect to a function g(z) is introduced. The purpose of the present paper is to drive
univalency for weakly ®-like of order a with respect to g(z).
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1. Introduction

Let A be the class of functions of form

(1.1) flz)= z+2anzn

n=2
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which are analytic in the unit disk £ = {z : 2] < 1}. A function f(z) € A is called starlike
if f(z) satisfies the condition

2§'(2)
For f(z) givenby (1.1) and g(2) = 2+ § bn2", let @(f(2), g(z)) be analyticon (f(E), g(E)) €
n=2

C? with ®(£(0), 9(0)) =0, @(f(2), g(2)) # 0 and f(z) # 0in 0 < |2| < 1, and for arbitrary
w € f(E), ®(w,g(re’)) (0 <7 <1 and 0 < 6 < 27) satisfy

o arg @, g(re) < 2(3-a) (z€ E)

where 1 < a < 2.
A function is said to be weakly ®-like of order a with respect to a functin g(z) which

1
satisfies the above condition of upper order 5(3 — a) if it satisfies

zf'(z) T
(13) &I‘gm < 5& (Z € E)

for 1 < a <2 (cf. [1] and [2]).
2. Main result

Theorem 1. If f(z) is a weakly ®-like of order o with respect to a function g(z) of
upper order (3 — o) for 1 < a < 2, then f(z) is univalent in E.

Proof. We will prove it by reductive absurdity. Let us suppose that there exists a
positive real number r (0 < r < 1) for which f(2) is univalent in |z| < r, but f(2) is not
univalent on |2| = r.

Figure 1
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In view of Figure 1, we know that there are two points z; and 2 (21 # 22) such that
] =zl =7, 21 =1, 7= rei®2, 0< =0, -6,

for which f(21) = f(22). Let us put C = {2 : 2 = re®,6; < 0 < 6} and Cy(,) = {f(2) :
ze€C}.
On the other hand, from the assumption of the theorem, we have

. 2f'(2)
/,21=,. dargd ), 9)

= /Iz!ﬂda:rgz-i-/!z‘:rdargdf(Z)-—/'Zlmdargdz—Al=rdmg¢(f(z),g(z))

=on+ [ dargdf(e)-2n- [ derea(f(2),(2)

|zl=r f2}=

and

ra> /’ _ dugdf(s) - /I _ dargg(f(2),9(2) >~

Now then, it is trivial that
f' , darg ¢(f(2), 9(2)) = 2m.
z|=r

This shows that

47r>7ra+27r>/ dargdf(z) > 27 —ma >0

|zl=r

and therefore it must be

(2.1) / dargdf(z) = 2n.
|z{=r

Now, we have

(2.2) /Cf(,) dargdf(z) = /Cdargf'(z)dz = —7.

Putting L = {z : |z| = r}, then from the assumption of the theorem, we have

RO
mex > /L-cdarg @) "

and so, we have

ra> / _daogdf(z) - /L _ darg®(f(2),9(2)) > ~re.
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It follows that

/ dargdf(z)
L-C

< ma +arg ®(f (1), g(re“® M) — arg &(f(22), g(re®?))
= ma + arg &(f(2), g(re®+IM)) — arg &(f(22), g(re®?))

01 +27 d )
=T7Q -l-/ — arg ®(f(z2), g(re‘o))dﬁ
o dé

61+27 1
<1ra+/ =(3 —a)dd
G2 2

=+ %(3 - a)(2r - 3)

<ta+{(3-—a)r=3r
This show that

(2.3) / dargdf(z) — dargdf(z) < 3.
[2f=r Cs(2)

From (2.1), (2.2) and (2.3), we have contradiction. This completes the proof of theroem.

Remak. When f(z) satisfies the hypothesis of Theorem 1, the real part of the function
z2f'/®(f(2), g(2)) can be negative.

Theorem 2. Let ®(f(z),g(z)) be analytic on (f(E), g(E)) with ®(£(0), g(0)) = 0,
®(f(2),9(2)) # 0 and f(z) # 0in 0 < |z| < 1 and for arbitrary w € f(E), ®(w, g(re®))
satisfies the following condition

ab—arg@('w, g(re*)) > -3 (z€ E)

where 0 < r < 1 and 0 < 6 < 2. Then, if f(z) satisfies the following conditon

2(f'(2))?
RCTFONTE) R
then f(z) is univalent in E.

Proof. Applying the same method as the proof of Theorem 1, let us suppose that
there exists a positive real number r (0 < r < 1) for which f(z) is univalent in |2| < r,
but f(z) is not univalent on |z| = r. Also, in view of Figure 1, we know that there are two
points z; and 2z (21 # 2z2) such that |z1]| = |z3| =7, 21 = rei®, 2z =12, 0 < 6 — 6y, for
which f(21) = f(22). From the assumption of the theorem, we have
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arg 2 AF(2))?
"> ./cd 8507 (2),9(2)

= [ asrgs+ [ durg(£(:)? - [ darg@(s(),9()
C C C
i /C dargz+2 /c darg f'(2) - /C darg 8(f(), 9(2))
=2Ldargz+2Ldargdf(z)—2/Cda.rgdz—/cda,rg¢>(f(z),g(z))
=2 [ dargdf(e) - (arg ®(1(z2), 0(re)) — seg B(f(z), g(re ™))
=2 [ dasgds(z) - (sxg (20, o(re™)) - axg B(J(er), o(re®)
> —T.
It follow that
ZLdargdf(z) | |
> (arg ®(f(21), g(re'®)) — arg @(f(z1), g(re'™))) —

) .
~ [* Fpae@( ), slre®)dp —

deé
1 [%

> - = dfd —«
2 Jo,

> - -7 =27

and therefore, we have

/ dargdf(z) > —m,
c

but from the assumption, we have
/ dargdf(z) = —n.
C

This is a contradiction and it completes the proof.
Applying the proof of Theroem 2, we have following corollary:
2] (o]
Corollary 1. Let f(z) =z + > ap2™ and g(z) = 2+ Y by2" be analytic in E and
n=2 n=2

suppose that ) \
F ey 70 €D
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where 3 > 0 and

2z | 1
oz) > T2g BE

(2.4)

then f(z) is univalent in E.

Remark. If g(z) satisfies the condition (2.4), then g(z) is not necessarily a starlike

function.
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