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1. Introduction

J. Agler and M. Stankus (& [1], [2] and [3] IC#BWT distribution differential operator
(Dirichlet operator) DEFFEDzHIC m-isometry ZBZE L7z, H % complex Hilbert space
U B(H) 2 H LOEFRRAEREZERAKL T 3. £/, ,,Cr % the binomial coefficient

£5%. FH&ET € B(H) I Z(—l)"’ mCi T FT™=% = 0 %]z 3 & ¥IC m-isometry
k=0
LS. 2T T
Bn(T)=T""T™ — ,C, - T 1T 1 (=)™ T
DEEBZEAT 2. T*By(T)T — Bp(T) = Bpyi(T) BEOIIDDT, &L, T H m-
isometry THAUL (m+ 1)-isometry TH 3 Z 13T ITHHB. K’> T, m-isometry T

HBIEMRIE (m + 1)-isometry Th 3. H & TRIMN, TOME—RITE D LT, £
7z, ROEHEZFEAL 7z,

THEOREM A-S-1 [1]. Let T be an m-isometry. Then B,,_1(T) > 0.

RICT DARY MV o(T) L B2, HETEORMMIALE T={z: || =1} L&
QT kicTnE, ROMEEFEOT LHERLT.



THEOREM A-S-2 [1]. Let T be an m-isometry. Then the following assertions hold.
(1) If z is an approzimate eigenvalue of T, then z € T.
(2) If T is invertible, then o(T) C T.
(3) If T is not invertible, then o(T) = {2z : |z| < 1}.

DT M5, m-isometry DARY MVOEFRIZEAMRE LI UMEELARWODT
ARY MIVIZBAIAE EO—8h, EEEITEMUMAREETHZ LI FBER>T
W5,

A. Athavale (3 [4] T unilateral weighted shift Te, = wne, (n =1,2,3,...) B w, =
n _;m DEE, T & (m+1)-isometry THBM, m-isometry TIEAWI LZRLT.
W-T, TRTOBEKH m IZDWT (m + 1)-isometry TH 2 HS m-isometry THUME
REMNEET 5. £z, w, = /™ & Dirichlet shift 2FHIN TV %. T. Bermudez, A.

Martinon and E. Negrin & [7] I3 T weighted shift m-isometry I DWW THIZEZIT >
TW3. FEEDEIEMOMEESRICEB VW TE 1B, Jung A weighted shift 2-isometry I
DNTH LIRS N BERMATOTFIFTAZEEX 1737, 46-55) .

2. m-isometry
I 8] THELNIHERZIIELT 5.

THEOREM COT-1. For an m-isometry T the following statements hold.
(a) If a is an eigenvalue of T, then @ is an eigenvalue of T*.
(b) Eigenvectors of T corresponding to distinct eigenvalues are orthogonal.
(c) If a is an approzimate eigenvalue of T, then @ is an approzimate eigenvalue of T™.
(d) If a,b are distinct approzimate eigenvalues of T, and {zn},{yn} sequences of unit
vectors such that (T — a)z, — 0 and (T — b)y, — 0, then (z,,y,) — 0.

AIL-HIBIC X > TROEEMESN TV S.

THEOREM UT [10]. Let an operator T satisfy that if a,b are approzimate eigenvalues
of T (a #0b) and {z,},{yn} are sequences of unit vectors such that (I — a)z, — 0 and
(T — b)y, —> 0, then (Tn,yn) — 0. Then T has Bishop’s property (5).

#€> T Theorem COT-1 (d) MHRDEHEZES.

THEOREM COT-2. An m-isometric operator T' has Bishop’s property (8).



EHICRDEHMNRENS.

THEOREM COT-3. Let T be an m-isometry. If T is invertible and paranormal, then
T 1is a unitary operator.

3. 2-isometry

T T TIHIDIC Patel [9) ICK > THR SNz 2-isometry DRHEICDWTHIRET 5. #Eo
TIERET &

T?T? —2T*T+1=0 and T*°T—1>0
ZiwIzLTWa. LUTOEE P-1 ~ 6 Tl& T & 2-isometry &3 3.
THEOREM P-1. Let T be power bounded. then T is an isometry.

THEOREM P-2. IfT is similar to some spectraloid operator, then T is an isometry.

C T T o,(T) & 0,(T) Z T D the approximate point spectrum & the point spectrum
9% DLE, ROEEERLTE.

THEOREM P-3. T has following properties.
(1) 1€o(T*T).
(2) z€0.(T) = z€o,(T).
(3) z€0,(T) = z € 0,(T).

THEOREM P-4. If z is an isolated point of o(T'), then z is an eigen value of T

THEOREM P-5. If m(o(T)) = 0, then T is an isometry, where m is the Lebesgue

planar measure.

THEOREM P-6. Weyl’s theorem holds for T.

RIC 2-isometry DHFEDHA D 8] THIMERZHND. RFIC 2-isometry T &
T"T—-1>0TH3H, TOFRIHZRYT. XITROMMEZRT.



LEMMA COT-4. For a constant a € R and m = 2,3,4, ..., it holds

(-1)F nCr (1 4 (m — k)a) = 1 + ma.
k=1
RIS THB. COMEND, REIIKKF/LENS.

LEMMA COT-5. Let T be a 2-isometry. If T*Tx = (1 + a)z for some constant
a € R and a non-zero vector x € H, then, for every m (m > 2),

T*"T™z = (1 + ma)z.

IhBlcE->T, ROFRZIEBD, TNEALA%ZRT.
THEOREM COT-6. Let T be a 2-isometry. Then T*T — I > 0.

PRrROOF. We assume T*T —1I * 0. Since the operator 7*T —I is hermitian, there exist
a < 0 and a sequence {z,} of unit vectors such that (T*T — I —a)z, — 0 (n — ©0).
By Berberian’s method [6], we can assume that there exists a non-zero vector x such
that (T*T — I — a)z = 0. Hence we have T*T'z = (1 + a)z. Since T is a 2-isometry, by
Lemma 3 it holds
T*"T™x = (1 + ma)z for every m > 2.

Since a < 0 and || T™z||? = (1 + ma)||z||?, it’s a contradiction for some large m € N. O
> T, KD corollary #155.

COROLLARY COT-7 [9]. Let T be a 2-isometry. If T is power bounded, then T is
an isometry.

EHIT, ROERERS.

THEOREM COT-8. Let T be a 2-isometry. If the range of T is dense, then T is a
unitary operator.

> T, RD corollary %215%.

CoroOLLARY COT-9 [1, PROPOSITION 1.23]. IfT is an invertible 2-isometry, then
T is a unitary operator.
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