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§1. Unstable homotopy theory of motivic spaces review of Part 1
(— 1-1. Nisnevich topology - /ocally originates in M. Nagata —

[Zariski topology < Nisnevich topology < étale topologﬂ

In fact, the “local ring”at z € X is:

Zariski topology case: ordinary local ring OX,T,

Nisnevich topology case: the henselization O’}(,z of Ox,

étale topology case: (the) strict henselization 0%, of Ox
e A local ring (A,m) is called Henselian , if

YP(X) € A[X], monic, s.t. Fag € A, P(ag) € m, P'(ap) ¢ m
Ja€ A, s.t. P(a) =0

e A Henselian local ring (A, m) is called strict Henselian , if
the residue field A/m is separably closed.

e henselization is determined, unique up to unique isomor-
phism.

e strict henselization is determined, unique, but only up to
_non-uniaque isomorohism.
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1-2. Simplicial (Pre)sheaf and model structures

T : site (example : (Sm/S)nis)

Preshv(T) := (Set)T”, the category of presheaves of sets on 7.

Shv(T) : the full subcategory of Preshv(T), consisting of
sheaves of sets.

example: Sm/S fully E;thfu' Shv(Sm/S) Nis
A%PPreshu(T) & (SSet)T” : the category of simplicial objects of
Preshv(T) £ the category of presheaves of simplicial sets on 7.
APShy(T) : the category of simplicial objects of Shu(T)
(Joyal, Jardine)
Both A%Preshv(T) and A°PShy(T) are model categories w/
Weak equivalences: m; equivalence and the stalkwise weak

equivalences of simplicial sets

Cofibrations: monomorphisms
Fibrations: RLP w.r.t. trivial cofibrations
They are Quillen equivalent by the sheafication and the

inclusion.

—————— 1-3, The category of Motivic spaces-1 —
Hs(Sm/S)nis - the homotopy category of A%Shv(Sm/S)yis
w.r.t. the Jardine model structure
But, this is hot what we really want!
To formulate what we really want, define:
Morel, An introduction, Definition 3.1.1

Yy € APShu(Sm/S) N the projection Y x Al — Y induces
a bijection:

HOM (5m/ ) nis (Vs ) = HOMyy (576 i, (Y X AL, 2)

o (f + X —= )Y) € A%®Shy(Sm/S)y;s is called an
Al-weak equivalence ,
if for any Al-local 2, the induced map

HomHS(SWL/S)N.is(y’ Z) — HomHS(Srn/S)NiS(X) Z)

is a bijection. J
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— 1-3, The category of Motivic spaces-2 ———
What we really want is the following:

Morel-Voevodsky, Theorem 2.3.2
A°PShy(Sm/S)N;s IS @ model category with:

Weak equivalences: Al-weak equivalence

Cofibrations: monomorphisms

Fibrations: RLP w.r.t. trivial cofibrations

H(S) : the homotopy category of APShv(Sm/S)n;s W.r.t. the
above model structure

x : the simplicial sheaf (associated to) A%, which is the final

APShue(T) : the pointed analogue of A°PShu(T).
example: A%PShve(Sm/S)nis This is the category of the
“based motivic spaces " for Morel-Voevodsky!

He(S): the pointed analogue of H(S). ]
AN

—— 1-4, K-theory representability - a good news of H¢(S) —

~—~—— Morel, An intoroduction, Example 2.4.8 ———
Let X — K(X) be the Thomason-Trobaugh pointed simpli-
cial presheaf such that

m(K(X)) = K9(X), the Quillen n-th higher K-group.

Then, Yn >0 and VX € Sm/S, the following is a bijection:

KQ(X) i) HomHS,O(Sm/S)Nis ((X+) A Sn,a,Nis(K)>

e The analogue holds in Zariski topology (Brown-Gersten),
e but not in the étale topology —

must invert Bott element, or apply Lk ;) (Thomason).
e If S is regular, K¢ becomes homotopy invariant, and so :
Morel-Voevodsky, Theorem 4.3.13, Morel, Example 3.1.11

If S is also regular , "n 20, YX € Sm/S,

KQ(X) S5 Homy,, (s, (X4) AS™,Z x Gr)




—— 1-5, Homotopy purity - another good news of He(S) —

————  Morel-Voevodsky, Definition 3.2.16
Let X be a smooth scheme over S and £ be a vector bundle
over X. The Thom space of £ is the pointed sheaf

Th(E) =Th(E/X) :=E/(E\ (X))

\where i: X — £ Is the zero section of £.

————— Morel-Voevodsky, Theorem 3.2.23

Let i : Z — X be a closed embedding of smooth schemes
over S. Denote by Ny z — Z the normal vector bundle to
i. Then there is a canonical isomorphism in H.(5) of the
form

X/ (X\i(2)) = Th(Nx,z2).

§2 Review of the classical stable homotopy category of spaces

— 2-1, Diagram spectra of Mandell-May-Schwede-Shipley-1 —

D: AEBOLGT IV ADEEELRT L5, BERTE(EE.

DT: BREFRDERBFE D - T(ThED-ZHEMER) Z2XRELT, HO
KEYVEZIDOONRED BAT RS HEMIBZEROBICEIT 5RIEHTERL
THiEEE Lib 0.

o DTICEALTUTOXERLLS ©
— DT IELANIVBICRER, BREmAZ&ICLY, REROORELE
55,
—TecT,XeDTIKWLT, XAT, F(T,X) € DTH, LANIVEBIC
ARy V1B ERA T LICKYEBRBEINS ©

(XAT)(d) =X AT, (F(T,X))(d)=F(T,X(d) (1)
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__ 2-1, Diagram spectra of Mandell-May-Schwede-Shipley-2 —
Ev? DT — T (d € D): FHEiMF LMFEINZEFBIFT, X € DTIKHL,

EvPX = X (d) (2)
FP:T - DT (deD): 7 MEERF EVSEREFT, T TITHL,
(FPT)(e) = D(d,e) AT (e € D) (3)

FHMERAF L T 7 MREMF LIS, EWVICHHREFELT
DT(FPT, X) & T(T, Ev} X) (4)

0" : D = (DT)P: de D IKRHLT, UTFDLSKEESd* € (DT)P &3}
BEEBRF:

d*(e) =D(d,e) e T (e e D) (SL

_— 2-1, Diagram spectra of Mandell-May-Schwede-Shipley-3 —
KEME=DT7A4N—: f e DT(X,Y) DREPE-AT7A4N—=Cf €
DT %, ROBMLELERICE ST (K>THREBRELT) ERT S,
X=XAS,—=XANI=CX (1 e INER) (6)

f

1dx AT
Yy ———Cf
REME=T741\— . f e DT(X,Y) OREME—T7A4I\—Ff € DT
%, ROFIERLERICL ST (&>TERELT) BRI 5.
Ff—PY = F(1,Y) (0 € IWER) €
; |Fiidy)
XY =F(5%Y)
Proposition. DT 1, & BC S DICHLT, UTTHfF: X > YH
I N3 ET7IUVEGERRED !
BWEHE=C-LANIVEHE : Yee C, f(c) : X(c) = Y(c)399RE b ¥—[ffH.
7747 L—=ar=C-LNWITFPLTL—YV . &c € CIlTHL,
f(e): X(e) » Y()Wt—NT 74T L— 3.
A7 747 Lb—3y=C-¢-A7 747 b= | TXRTDOLANLVEE
BT 7 AT L—z /SR LT, AR EFHEREED.

_v C@%%}bﬁ:‘i:ﬁci C-(proiective) LAIVE T IVE }:Fﬁ}’_bzfihé.
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— 2-1, Diagram spectra of Mandell-May-Schwede-Shipley-4 —

e BT, DH Bk v MEDETRE/ A RIVBELETETHE,
— X, Y eDTICHLTHEX AY 28N EH VLXK

(X AY)(d) = colimpyp,q X(e) ANY(f) €))

IKE>TERT B LKW, DTHLE/MHIVE LS.
- ZDELE, E/AMFIVBEDTDE/AFRIE, SvIRE/ARIVEF
R, D - T ZMHENZHDIC—HT 5.
DTr: E/A4 FRICHLT, E/AZIVEDT OERMBENRELT, Th
SOMDAE RMBERE XN ETZMUMEE. €/ 1 4IVEDT OB RIS
B REDD-ANY b S LELHENS.
Dgr: RRIEEDOWRE—H; ObDr = ObD, Htdd,e € ObDp = ObD
KR LTRTEASNAAHEA -

Dr(d,e) = DTg(e* A R,d* A R) = DT (e*,d* A R)

2 (@ A R)(e) L colim . D, 1) A R(g)

— 2-1, Diagram spectra of Mandell-May-Schwede-Shipley-5 —
o F|EHE, DHE/AMZIVEVSIREDTT,
— BRMB=REDD-ARY FS L, Dr-EMIZ, TXTEHEOHS: :

DTi = DT (10)

— E/MFRIEHLT, X,Y e DTEELR, Ny : XAR— X, M, 1 RA
Y 5 YILE>TEASNS, BRI, ERMBEELTSE, XARY €
DT B ROKEUEHEXICK > TERETNS !

A Aidy
XARAY _XAY—XARY (11)
idx AN,

FPR:T o DRT & DTR (d€ ObDg = ObD): TDRPED T b

REBFE, T c TIKNLTRTESETNSEREFLES !
(FPPTY(e) L Dp(d,e) AT € colim pmy,e D(d, £) A R(G) AT
(e € ObDg = ObD)

(10)

(12)
T = FPR; ZZTuec ObDp = ObDIRE/ 1 ZIVEALTT
T EBICRENT EILK.
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— 2-1, Diagram spectra of Mandell-May-Schwede-Shipley-6 —
o ZITHIL, E/AFZIVEDHNRHNET DL,
- ()IKE2TEASNBZ DT DT/ 1 AIVilhiElE, HHNELS.
o TNLE, REMHTMNE/AHAIVEDT OERE/ A FETHE,
— DR DOHWHHE/ 1 ZIVROp %, WRObDg = ObDIKEVTHED
DE/ALIVRD, § f:e*AR—>d*AR, f':e*AR—> d*ARIC
HMLT, fOpf ZUTOANBRERNTERT S :

(eDpe’)* A R—I22 (aOgpd)* AR (13)

1| ||

(ede)* AR (d0dY* AR

* /% e (d* /%
(e* AR) AR (e AR}AR,‘Cd A R) AR (d* AR)

Zh&?, DrIINHHE/ A AIVBLES.
— &oT, DrTHHHNE/ I ZIVELES.
— DT DERNBDETEDTRIE, (11) KUNHHE/ A LIVEELES.

— [RE(10) DTg & DRT (14)
It ST L« A ILBNERL L £ 2 J
p 2-2, Prespectra-1 <

o D=N :=1Zso FREZEHOG, MMEERVTHIFNE/ 1 FIVE.

e R=Sy:N>nw— S"e Tl E/ALIVBELHRIHFNTIZEL.
&oTSNyiE, NTOE/ A FEREBHEHRE/ 1 FTIdAEL.

o NTg, ORFETLARY T LERS.

'Y (10)

NTSN = NSNT
Ngy(mmy 4577 Mnzm (19)
ST Y ifn<m

b5, TLARY bS5 LRBREROEGERS) {ZTh — Thtilnzo
(SIS IIEHEMEND) D SBEBT EHNDLS.
o BAMFEMAZETICHLTIE, FhEDY T MRERRY FSLFNT
LBEARY M54, Ti= VT K RTEA5N5
FSNT(n) () gn=m A7 (16a)
z;’\fosNT(n) =S"AT (16b)




2-2, Prespectra-2

Ve

\
o TLARY b3 LOBRIZERNICTOL Y RT K EELHICHBAICHENT.

o REME—B: TLARTFSLX ={ZTh = Tq1}pzoPHRELE—
BrgX (¢e)d  mgX 1= colimpmyin(Tn) 17)

o m-[AR . TLARY FFLDHFT, IXTORE FE—HOREEFE.

e Q-TLARY FS L BIBEHOHEHT, — QT,, 1 HEERE FE—RIE
EBBTLARI FSL{ETh = Tyy1}zo EW BRAEMAEAZMT
IERLT, Q-TLARYI b5 L fﬁSNT%':

”i?\?SNT(n) =Q(S"AT) := colim, PP (S" A T) (18)
DESIEDBE, ROFLHBSNS :
ngT_anzy@NTivqui‘}SNT%_quT (19)

TTT, BUAREAMECHOREAE N E—8, B2HEEIWITL
ARG FSLORE E—8, BARIEAMIEEHORE FE—HTHS.

e LELBHS, Sy BARTHEVES, 7LARYI FSLOHE
NTg, ZNs, T 1&, Gitse) €/ 1 AIVELRBSE.

e motivic homotopy theory TEH T L ARY bS5 LELHBAICHIA.
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2-3, Symmetric spectra-1

e D=3 %&, NWREAN LEKRICIEEHSHE, LHrLitE
n={1,2,...,n} (n21), 0=0, Tp=idy& LT,
UTDESIEN EKYEESEBETEDS !

>n ifm=n

Z(m’n)z{@ if m £ n

o TIIEBDIMMNESET /A ZIVBRELTHHTNE/ A FIVBE LGS,

e R=Sy:Y>nw S"ec Tk WHHE/ A ZIVEBFLEBDT,
Sy lE Sy DEELRRY, STOTRE/ 1 FELD.

o TDEE, YT DRREMHANY bS5 LERES.

(10)

(20)

TTss = Yo T
n— i 21)
©) z:n-\t-/\z o snom ifnzm (
Z == -1
S}_‘_(mvn) {@ |fn<m




24

2-3, Symmetric spectra-2

-

o BEfEMEENTICNLTIE, FRASDYT MNEEANRY FSLFYTE
BEANY FIL IE Ti= FSET &, RTE5X5N03 !

Ff,ZT(n) 12) Tt AT, (S”“m A T) (22a)

£F, T(n) =S"AT (22b)

e Sy B TT DABE/AFTELBDT, MHARI FSLOE
TTs 2E s T & MMNE/LIVEELS.

o I, MHARNPILX,Y € TT 2 TIKMLT, (11)(8)B&U
s* = (SHN &Y, (X Agy Y) () RROEXDOREHLHRE LTERS

h3:
Upt14g=n Znt Ar,xs, x5, X(P) A ST AY (q) (23)
Ny Aidy

Hp+q=n Zn-{— /\prZq X(p) A Y(q)

idy AX
o WHRANY b5 LD motivic homotopy theory ki,
Jardine ® Hovey IK&>TEZXSNTWA.

~N

-

2-4, Orthogonal spectra-1

o D=7 %, NRIZBEBRTRARTERY FIVERSF,
HIIRERERRNEGLAENSKE D, UEELTS.

o ZI%, {0} %¥ifiyt, 'Y MVERDEMEE/ 1 ZIVRE LT, WS
E/AZIVBLEHET.

e R=S7:I5V—SY(VO—EIAVNIME)eT
BIHBHE/ M FIVEBFLELEBDT, STk SyDBEEREY
Sy DIJS LIS, ITOTRE/ A FEBESB.

o TNEE, ITg, DRREBERANY b5 LEME.

o BEXTEAMTENY MIVERMOBOASRV C WHhSEAShkEE,
W —VIRE>TWILHIT DV OERHEMERT &,

(10)
ITs, =" I T
© {0(W)+ row-vy WV irvew (24

Isy (VW) =1 ifVZw
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2-4, Orthogonal spectra-2

o ERMEMAEETICHLTE, ZhEDYT MEBRARY FSLFAT E

BEANIPSL F T 1= FAT &, RTEABNS:

12
S1rw) B o)1 o1y (SVVAT)  (259)
ZISZT(W) =SWAT (25b)

o STIEIT DEME/ A FTLIZBDT, BRANY b5 LOBITs, =15, T
&, NHHE/ 1 HAIVBEES.

e BEXANFSLX,)Y € ITg=IgTNLTSH, (23) LRAKRE,
(X Ay Y) (V) ORBEUEN SR E LTORTAES NS,

o EXANY S LORZERIE, BEIRIVT 4 ALELEEHRS,
Hill-Hopkins-Ravene IZ AW TIMHBERICAL SN T 3.

2-5, W-spece-1

e D=W %, WREFEIFEFRRT CW BE L EIELGABZTERL2E,
SHIESEERESAL S, MHEEETS.

o Wik, SO&HBfiiy, BAMEMHALHMORT Y 1lET/ 1 ZIVREL
T, AHHE/ 1 AIVBEHET.

e R=Sy W= T ZERGAFETIIE,
CNREHITNE/ M HAIVEFEEBDZDT, STiESyDHBEEREY
Sy RS DBPELERIC, WTDEBE/ A FEES.

o ZDEE, WTs, DXREW-EREMEL.

o Bt EHIR ON@W&H@&M@%@XY@%ZBHR&*

Ws, (X, V) L wx,v) = F(x,Y)

(26)

o W-ZER A € WTg, =W, T WT 1k, FEOER[FEHRRT
CW?E%&FJFFEELUFEEFB?X YIEHLT, BRALEREROERER
AX)AY = A(X AY) (27)

EEBS. Y = 0. UOBEDS, EERD W-BMEHE bE—MF
(ie. K% I'Eﬁl_(ﬁﬁl’_ﬁ'.lﬂﬁ)%ﬁo)é:f;%.
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2-5, W-spece-2 N

o (26)B, W-ZARY FSLEYEW-TRHEMRENBFHRUTHS.

o BEMEMAEMTICHLTE, NS5OV T MEEANRY FSLFMT
EBEANY FSL TR T = FO'T I§, RTEX5N5:

Ve

Fvr(y) B P(X,Y)AT (28a)
5%, T(Y) =Y AT (28b)
o SYRWT DERE/ A FTLBBOT,
W-ZROBWTs, =Ws, T 2 WT &, HENE/ 1 LIVBEBS.
(26)

e W-ZRJA, B € WTs,,=Ws,, T = WTIKH LTI,
(4 As,, B) (X) DAHBEH VA E BV RFHESNS.

26)(8)

(A s, B) (X) ( colimyqz_x A(Y) A B(Z) (29)

o W-ZER3 motivic homotopy theory ki,
Dundas-Rondigs-Ostvarlc &> TEZX SN T 5.

p 2-6, REETIVliE-1
“ARY b S L DB DTg = DgT = Ng, T, X5:T,Ls, T, Ws,, T = WT
IKHLT, =HBF U: DgT — NSNTt%BﬁN C Dg ZAWVT,
BODDEBREEZS .
o (D-)r-ER : fe MorDT5T,
TLARI FSLDOHFUSf B r.-FRELEZEHD.
e D-Q-ARY +S5L ¢ E€ ObDTgT,
TLARY FSLUEBRQ-FLARY bS5 LELO.
o (W-)RERNE @ feDgT(X,Y)T,
FTARTDD — Q-ARYZ FSLEIRHLTRERE

AN E]DS—N—level = [X, Elpg_N—level
EFMITHED. T [, _]’DS—N—IeveI &, DTg = DgTD
N=LRIVEFIVIBEICBET 3HRE FE—BTORESERT.

e (N-)g-774 7L~z | (N-)RERNEDND, DTg = DT DN -
LAIVETIVBEICET B (N -)g-T7 717 L—a e LT, &/5
LIFHEBEEROLD.

J/
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2-6, REEFILilE-2

N
Theorem. “XNX g b 5 L o B = B

DsT = Ng, T, Lg.T, Is, T, Ws, T = WT BIXRT, UFT
O3 E7 VEERS .

o S§[fE= (N —)ZE M

e A77A4T7b—ary=WN=)g-aA7 747 L—>z"

o Iy AT —ary=(N=-)g-T7147L—z:
CDETIVEER, BREETIVIBE LMiEh3,

Theorem. FUICKH L TZDLERMYPENMHNED VLK TEZ LS ¢
NSNT%ZSZT%ISIT%WSWT =WT (30)
T T T
o U:Ws, T =WT = Ig,T, U: Ig, T = 5. T &7 Y7 AXHR
TIAZVEFTLY BTN, P g T = I, T, P: I T —
Wy, T = WT IEHHFRE /A ZVETFL 5> TS,
e (30) 1k, BLDLETTINVHEEDOM®D, 74 L VEE (DER THA.

BENGHFBENDEAT Y V2 BERD.

2-6, REETIVIEE-3

o ZOEED Quillen[FE (NDERK) I SEX ZFRHELKRE FE—EL,
EHRDEERE FE—BTHS.

¢ 7743V D-Q-ANY S L, BIEDST = Wg,, T = WT
DFEE, HWEBEFE (i.e. homotopy cocartesian square % ho-
motopy cartesian square |c89) L5774 T75 FEGBH,
EEZXHEL.

o “ANIJ FSL"” DEfE DT = NSNT, 25T, Is, T, Ws, T =
WT IEBEWT,

N - IANIVEHE == (D-)m-FR =— RERE (31)

oTg T HHA D RAXYFSL OHEESB
DsT = Ns, T, £s5.T, Is,T, Ws,, T = WT KBWLTI,

(D-)m-ER = BREFME (32)
o BAThFEBLI; TIKBWTE,

feEMorZg TRRERNE <<= Pfe MorZg T (T-)m.-FE
(33)
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- 2-7, Schwede-Shipley pushout-product and monoidal axioms<

—RICETIVELIHHE/ 1 ZIVBTEH D LEE, ThSDHEDRLGIBZE
BET3EL LT, XOBAGEZHABRCHSNTNS
- E/AZIVETIVE
BMCATE/AAIVETIVEIEIR, ROFEDBELENDEEEES

e BCIZETIVAE,

o ECIKEAXME/ 1 FIVE,

e B CIERD pushout-product axiom E#d :

— A - B,K — L bcofibration’z5, X% cofibration :

ANLUpgpg BANK — BAL

- BiZ, HEOHDS5—DOTLHRELS, REOHLHERIELES. |

LHLEHAS, Schwede-Shipleyld, ELDE/ A FIVHEED T T IVERER
BEREOE=®ICIE, BSHERes LTIEE S5 —D, monoidal axiom, %Z{3h0
TAHRIEDBETHAZEEEHLT-...

1

- 2-7, Schwede-Shipley pushout-product and monoidal axioms<2

- monoidal axiom
/A LIVETIVEIC B monoidal axiomZ#&Tz T &k, RHORILT B85 :
({acyc. cofibrations} A C)-cofreg
= {fAZ| fe{acyc. cofibrations}, Z € C} -cofreg
€ {weak equvalences}

.

r Schwede-Shipley Theorem
C: cofibrantlyEm%x, E/ A Z2IVABERBLTE/AZIVETIVET,
BEATRIER«HDEFELT, EEOERIEH) > «EBFEV X - CTER
OBRIBFH B < MTx LT colimV |5 — V(B) BRRGMAEZ Shik
51, colimyHom:(C,V) — Hom¢(C,colim,V) REBICARLTS.
e RECDE/AFETBE, ERMBOEL cofibrantly £ T 7/VE.
o RECDEME/A FETBE, RIBODOMEE cofibrantly £/, €
/AN RBERETE/AZIVETIVA.
o RECOTIRE/A FET5L, REKBOEL cofibrantly £ERKE 7 /VE.
& LE/ 1 VRO BT I H cofibrant i 5(E, sourceh cofibrant
= RIS cofibrationid, RMNEDSE LTH cofibration &7 5.
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(

2-7, Schwede-Shipley pushout-product and monoidal axioms<3

e Schwede-Shipley Theorem|cIih3, /4 FROERMBDEF
IVE, FIRE/A FRORKEODETIVE, IZTART, Zh5D weak
equivalence & fibration (&, £ EDETFIVECADSHIBEF %5
LIERICZS B >TWAZ EICE>THEE SIS N3,

o X7, Is, T, Wg,, T =WT BIRTERLADREETIVIEBEICEALT,
Schwede-Shipley Theorem HEXNETEE.

o IZL, TNSDEDFHEE/ 1 FOLETEICH LTETIVIBEEREAT S
IZi, Schwede-Shipley Theorem (3 BGHRGE VDO TIEIBE. ..
MﬂbNWT@§<N\m}bNWE&%§&Lk,Eﬂif?»ﬁﬁmh

2-8, W-space Bif-1

“Theorem. W-SHDE Wg, T = WT &, LUFCHEOUIBNEEFR |

BiEs D .
o F5[AfE= (W—)me— 8 :
o 177 AT L= ary=W=)g-2T77A4TL—Yx:
¢ I AT L—var=W=)g-77A4 T L=z (W=)me— AEH
D, WTg,, & Ws,, T = WT DW— LNVEFIUSEICHT %
W=)qg-a7 7 AT L—a LT, HFb LFREEFO L O.
COEFIVIEEIR, BNREETIVIEE LEN3S, )

o MWEEETIVIBEICEWVTIX, 7714757 b0V S AREEEEDY S
AlT—HT 3.

o MW REETIVIBEIZN LTH, Schwede-Shipley DEBEHERATHE.

o MNIRE T TIVIEED simplicial LD, M. Lydakis &> TEEY
hTwna.

Theorem. W-2HOE W, T = WT OESHF, )
FDLEET VRS LN © T NREEDMD Quillen G FHET 5.

J
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2-8, W-space Bif-2

@L#ﬁ%ﬁsﬂ?“%ifcw-space ESElEsimpliciallcER3EE, T, W,N,WT
KNS BDIE, BL2ROBEATHS :
o S: BEA{TEHEESNEY, ERAfdEsimplicial category.
o Sfin: RE(IEHEBEAESHET, Ea(IEsimplicial category.
n—m H >
o Sph: H&IE (S} nez0s ﬁmwmymyqz{g ;::ZZ
e SF: Simplicial functor (= BREEDOBGNREFE Sfin ;)
DIz T HE.
A DBE L BB DIE, Simplicial functor & KREFE—BFLIE
RBSEWL EWSTETHSB. £ T, associated homotopy functor

R:SF — SF (34)

£, SINOELAIVEIC, SEAPHRRERLRICNREGRAWTERL
(b0, ELTEBELTAVEZDTSHS.

~

)

2-8, W-space Hi5-3

Lydakis®, HE&HEFOMICHITEIREETIVIE
Theorem. Simplicial functor D7z JESF I,
R TR IO N2 ET7IVEELFEFD @

o YEIE= (Sf"—)m . R—[FAH :

e 377 AT L—Yarv=(Sfn_Yyg-aTrATL—> >V ThiZ,
SFDSfin_ LNVEFIVEEICHETRE 0.

o 77 AT L—yav=(8fin)g-TrATL—vzv (ST, — AR
mD, SFDSSin_ L)VEFIVKSEICHT 3 (Sfin—)g-aT 74T L—
avicHLT, AFL EFHEERFFOLD.

TDETFIVAEsER, (Lydakis) REETTIVHEEE LEEN5,

N——.

o (Lydakis) ZEETIVIEICHEWNTIX, 771757 DU SR,
Sfin_ LRJLEIC fibrant 5D (simplicial) B F (i.e. BAGEH
PREVEESDY) K1 - Ko - K3 T K1 — KoBBETK> —» K3h
cofiber £52380%, Bl fiberFIBITED) DI S5 AIC—RT 3.

J




2-9, Symmetric-spectra Bih-1

AHEZEDBZED Symmetric-spectra OF X 7g. S ¥ 5. T

% simplicial IcT 51C1E, BRI EMEZEROB T2ERJEHERSOES
ICBERAT, ZSg, 55,987 5. ZhH, Hovey-Shipley-Smithic
Lo TEZASNT.

LHLGEHS, MHBZEMOBENRETTIVIBEDSSEIE

TARTDE — Q-ARY FSLEINLTHEHE

oy, E]ZSZ—N~IeveI = [X, E]ZSZ—Nwlevel
%2FETHHLD. T [—, U]ZSZ—N—EVC' &, Z’rg): = ZSZTUJ
N—LRNIVETFIVEEICET 5K E FE—BTOHRESEKRT.
DERICHS,
S ZSgy 3 X — g MapszZ(X, E) € Sets H
N—LANIVREERRICET
L<‘:U’)$¥ht, simplicial BIFSICIEHIIL &L, ZIZT-

P 2-9, Symmetric-spectra Hi-2

Kan#&&0HEL & L TDinjective spectrum
symmetric spectrum E € ¥Sg_ H injective spectrum &id,
EEQBHFHIION-LANIVEMERS f - X — YIEHLT, ROADOHIRRERE
DEICRITDEEEES ! X —F (35)

Y
simplicial GZIF&D (V-) REBNE
feEZSg (X, Y)B, (N-)RERE &£I&, EEDinjectivels ™ — Q-2
RIFSLEIRLT, RD3DODEHE(L>TEND—D) DREDKILY
BREND

o f*:mg Mapzss):(Y, E) - 7o MapZSSZ(X, E) I$EEL

o f*: Mapzssz(Y, E) — AIapZSSZ(X, E) &, BTEHEESDT
[BHE.

e f*:Homg (Y, E) —» Homg (X, E) &, symmetric spectrum
D level [E){E.
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2-9, Symmetric-spectra B&5-3

simplicial %z symmetric spectrumDZEE 7 IVilhE
Theorem. simplicial’s symmetric spectrum DM ESg. = > g S I,
LT TR OO N ETIVEERT .

o = (N =) ZEllilfi

e A77ATL—Yary=(N=-)g-A77A4T7L—>z:

e I AT L—arv=WN-)g-77A4TL—z:
COETIVIEGIER, BREETIVIEE LTEIN5,
——— symmetric spectra OEDORKD Quillen FHiE
LARNIVEBOSAFNRIFEF | — | L INIVEBEORRBAUESMBFESingld, X
D Quillen EfEEHET S : -
TS5y Ty (36)

Sing

e simplicial Iz symmetric spectrum OREE T IVEEICHL TS,
Schwede-Shipley DEEHEIGATEE.
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§3, Stable motivic homotopy theory

3-1 Motivic spectra - a quick view

EXLAEE, UTOMGICRL, SETRETRARERE FE—ROBELE

[~

172




T, S

w, sfin

Sl

= M := A%Preshv(Sm/S)n;s, €nriched over itself
felZL, NOETIVIEEE LTIX, Morel-Voevodsky D
simplicial sheaf DFEOEED HA% simplicial presheaf T,
Jardine ® Motivic symmetric spectra®DiRX THWS M
(Goerss-)Jardinelc X2 ETFIVIEE My &, Voevodsky
KL B1EET, HoveyDETIVE ETHsymmetric spectra®
—REBICET AR TAHAWSNIZETIVEE Mo D,
2DODEE>TEHEVWIC QuillenFEEEHDEEZ 5.

= N

= 3

= fM, the full M-subcategory of M,
consisting of finitely presented objects

= S 7:=al/@l\{0}),P!

33

Motivic K spectrum (K = S1,T,P)
Sp(May, K) = NKNMGJ, Sp(Mimo, K) 1= NKNMmo.

Motivic K symmetric spectrum (K = S1,T,P)
SDZ(MGLK) =Y g May, Sp*(Mmo, K) := > gy Mo,

Motivic functor &id M-functor fM - MDZ &%, Motivic func-
torD%GIE%E MF KT

NS EKIFEYE Quillen EFIVIBENFEL, RDK 5% Quillen EEHL S i
SERDNEFHET 2 (R—IVBOEIRICEY ThSOETIVIEEEEHEMICELC T &
[FHREVLDOT, #EMlE, Dundasf-BDRXEHRNIC, Hovey, Jardine DR
XHLRT, BELTUVEERVL ):
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Sp(Mgy, S1)—SpE(Mgy, S1)

SP(Mimo, S1) —Sp*(Mmo, S1)

Sp(Mgy, T)—Sp™ (Mg s, T)  SP(Mmo, T)—SpE(Mimo, T)

SD(MGJ»P)_—’SDZ(MGJ, P) Sp(Mmo,P)—’SDZ(Mm(),P)

SD(MG’J’T)-’SDE(MGJ’T)

SP(Mmo, T) —SpE (Mo, T) — MF

~— 3-2 Examples of Pl-spectra - Morel, Example 5.1.2 - 1 —

- Pl-suspension spectrum )

YX € APShve(Sm/S)nis @ “based space”,

T8(X) = {x A (PLYA™, (an S(X A YN APL E, xA (pHMH

example: S0 := 253(50), the sphere spectrum
N\ J
~— algebraic K-theory Pl-spectrum - Morel, Example 5.1.7 —
algebraic K-theory Pl-spectrum K is given by

K:= {Z x Gr, (on = Bottmap : (Z x Gr) AP! - Z x Gr)}
The Bott map induces the Bott periodicity in SH(k):

KAP ~K
which is (2,1)-periodic. Thus, for X € Sm/k and (n,i) € (Z)?,

K™ (X) &2 K (X)

2i—-n
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~—— 3-2 Examples of Pl-spectra - Morel, Example 5.1.2 - 2 —
For X € Sm(k), the motivic Eilenberg-MacLane “space” L[X]
is the sheaf of abelian groups

Uw—c(U,X)

where c¢(U, X) denotes the group of finite correspondences
from U to X, i.e. the free abelian group generated by closed
irreducible subsets of U x X which are finite over U and sur-
jective over a connected component of U.

examples: For any morphism f: U — X in Sm/k, its graph I"'(f)
is an element of ¢(U, X).
= (X):X — L[X]

Researchers of the classical homotopy theorists might find
it useful to regard this as an analogueq of the Dold-Thom
infinite symmetric product construction: T — Sp™>T .

~— 3-2 Examples of Pl-spectra - Morel, Example 5.1.2 - 3 —

The motivic cohomology spectrum, motivic Eilenberg spectrum

HZ is a T-spectrum (thus a Pl-spectrum), given by

where o, is given by

on : LIA™] /LIA™\ {0} AT = (L[A"] /L[A™\ {0}]) A (A1/(a\ {O]))

1IAM(T /

DD, (Liam) /LA™ {0}]) A (LIAY]/L{AT\ {0}])

— L[(A™/(A™\ {O1) A (A1/(AT\ {0}))] — L[A" 1] /L[ {0}]
Here the quotients /, where L shows up, are taken in the
category of sheaves of abelian groups A((Sm/ k) ni)-

motivic cohomology - Morel, Example 5.1.7

For X € Sm/k, (n,i)(Z)2,

H™(X) & H™ (X, Z(i)),

the Suslin-Voevodsky motivic cohomology group .

=/ {LIA™) /L[A™ \ {O}]; (on : L[A™]/LIA™\ {0} AT — L[A"F1] /L[aA"+1\ {0}])}




