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Abstract

In this paper we consider the existence of positive solution for the Cauchy problem
of the second order differential equation u”(t) = f(t, u(t)).

1 Introduction

The following ordinary differential equations arise in maxiy different areas of applied
mathematics and physics; see {2,4]. In [3] KneZevié-Miljanovié considered the Cauchy
problem

u'(t) = P@)t°u(t), t € (0,1], | 1
{ u(0) =0, w/(0) = A, W

where a,0, A € R with 0 < 0 and A > 0, and P is a continuous mapping of [0, 1] such that
fol |P(t)|t>*°dt < co. On the other hand in [1] Erbe and Wang considered the equation

u'(t) = f(t,u(t)), t € (0,1]. - (2)
In this paper we consider the second order Cauchy problem

u"(t) = f(t,u(t)), for almost every t € [0, 1], 3
{ w(0) = 0, w/(0) = A, @

where f is a mapping from [0, 1] x (0, c0) into R satisfying the Carathéodory condition and
A € R with A > 0. ' "
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2 Main results

Theorem 2.1. Suppose that a mapping f from [0,1] x (0, 00) into R satisfies the following.

(a) The mapping f satisfies the Carathéodory condition, that is, the mapping t —
f(t,u) is measurable for any u € (0,00) and the mappmg u > f(t,u) is continuous
for almost every t € [0, 1].

) |f@tw)] > |f(E,u)| for almost every t € [0,1] and for any u;,us € (0,00) with
Ui S Usg. .

| (c) There ezists @ € R with 0 < a < A such that

/1 1£(t, at)]dt < oo.
0

(d)  There exists 3 € R with 8 > 0 such that

‘Z_f(t,u)' < Aitt, )l

for almost every t € [0,1] and for any u € (0, 00).

Then there ezist h € R with 0 < h < 1 such that the Cauchy problem (3) has a unigque
solution in X, where X is a subset ' :

X:{u u € C[0, h},u(0) = 0,/ (0) = X }

and at < u(t) for any t € [0, h]
of C[0, h], which is the class of continuous mappings from [0, h] into R.

Proof. Tt is noted that C [0,h] is & Banach space by the maximum norm
[[ull = max{[u(?)| | € [0, Al}.
Instead of the Cauchy problem (3) we consider the integral equation
¢
u(t) = At +/ (t — 8)f(s,u(s))ds.
0 .

By the condition (c) there exists h € R with 0 < h < 1 such that

" . 16
/0 If(t, at)|dt < mm{/\ - a, B} i

Let A be an operator from X into C|[0, h] defined by

Aut) = X + /0 (t - 8) (s, u(s))ds.
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Since a mapping t — At belongs to X, X # 0. Moreover A(X) C X. Indeed by the
condition (a) Au € C[0, h], Au(0) =0,

(Au)'(0) = [A-i- / £(s,u(s))d ]H):,\

and by the condition (b)
CAu(t) = A+ /t(t —8)f(s,u(s))ds
"
> M-t / £ (s, u(s))lds
0
h
> /\t—t‘/0 |f(s,as)|ds

> at

for any ¢ € [0, h]. We will find a fixed point of A. Let ¢ be an operator from X into C[0, h|
defined by

) ifte(0h
<p[UJ(t)={ N ;ft:E)’ h

and -
olX] = {olu] |ue X)
= {v|veC0,h],v(0) = X and a < v(t) for any t € [0, h]}.

Then ¢[X] is a closed subset of C|[0, h] and hence it is a complete metric space. Let ® be
~ an operator from ¢[X] into ¢[X] defined by

Pp[u] = p[Au].
By the mean value theorem for any u;,u; € X there exists a mapping ¢ such that

f(t,ul(t)) - f(ta UZ(t)) — gf_
wt) —w@) - oué®)

and

A min{u; (t), uz(t)} < £(t) < max{ui(t),uz(t)}
for any t € [0, h]. By the conditions (b) and (d)

of

7t @)~ F @) = |2 () - uz(t))l
| o7t.60)

< —5(5— lu1 () — ua(t)]

< [pled), 0~ w0)
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for almost every t € [0, h]. Therefore

Bfu)(t) — Boual(t)] = |l / (6= 5)(S(s, wa(s)) = S, uals))ds

’sf B (s,as)

< £ / s, a8)ldslol] ~ ol

|ux (8) - Uz(S)Ids

for any ¢t € [0, h]. Therefore

|@pl] - @l < & [ 17(5,09)dsllplun] = plual.

0
. By the Banach fixed point theorem there exists a unique mapping [u] € ¢[X] such that
Pplu] = plu]. Then Au = u. O
Theorem 2.2. Suppose that a mapping f from [0,1] X (0, 00) into R satisfies the following.

(a) The mapping f satisfies the Carathéodory condition, that is, the mapping t —
f(t,u) is measurable for any u € (0, 00) and the mapping u — f(t,u) is continuous
for almost every t € [0, 1].

(e)  |f(t,w)| < |f(t,uz)| for almost every t € [0,1] and for any ui,us € (0,00) with
U1 S Us.

(f)  There ezists a € R with 0 < a < X such that
1
[ 1. r - aypjar < oo
0 ,

(d)  There exists € R with 3 >0 such that

o1, )} ﬂlf u)|

for almost every t € [0,1] and for any u € (0, oo).

Then there exist h € R with 0 < h < 1 such that the Cauchy problem (3) has a unique
solution in X, where X is a subset
x| “E C[0,h},u(0) = 0,4/(0) = A
N and ot < u(t) < (2A — @)t for any t € [0, h]

of C[0,h).
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Proof. By the condition (f) there exists h € R with 0 < h <1 such that

h
/ If(t, 2\ — @)t)|dt < min {)\ ~a, 9}
0 Y
and let A be an operator from X into C[0, h] defined by
. ) t
Au(t) = At + / (t — 8)f(s,u(s))ds.
0

Since a mapping t — At belongs to X, X # 0. Moreover A(X) C X. Indeed by the
condition (a) Au € C|0, h], Au(0) =0,

(Au)'(0) = [A+ /0 " fs, u(s))ds] Y

t=0

and by the condition (e)

Au(t) = )\t—!—/ (t — s)f(s,u(s))ds

v

°
At—t/o |f(s,u(s))|ds

v

M-t /0 1£(s, 2\ — a)s)|ds

at

v

and

Au(t)

At + /t(t — 8)f(s,u(s))ds

IA

‘At +t‘/(; |f(s,u(s))|ds

IA

M+t / " 175, (2 — )s)|ds
< 2 -t

for any t € [0, h]. We will find a fixed point of A. Let ¢ be an operator from X into C|0, h]
defined by

u(t)
)= { 0 1EQH

and

oAX] = (ol |ueX)
= {v]|veC0,h],v(0) =X and a < v(t) < (2X — a) for any t € [0, A]}.
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Then ¢[X] is a closed subset of C[0, h] and hence it is a complete metric space. Let ® be
an operator from ¢[X| into ¢[X] defined by

Soolu] = p[Au].

Then we can show just like Theorem 2.1 that by the Banach fixed point theorem there
exists a unique mapping [u] € ¢[X] such that ®yp[u] = ¢[u] and hence Au = w. O

3 Examples

In this section we give some examples to illustrrate the results above.

Ezémple 3.1. In [3] the Cauchy problem (1) is considered. Since f(t,u) = P(t)t“h", a,0,\ €
R with ¢ < 0 and A > 0 and P is a continuous mapping such that fol |P(t)|t*rdt < oo,
the conditions (a), (b), (c) and (d) are satisfied. Indeed (a), (b) and (c) are clear and since

= |P()t"ou|
o114 (2, )

)
u

l'%g(t, u)

(d) holds. By Theorem 2.1 the Cauchy problem (1) has a unique solution in

X — {u u € C[0, k), u(0) = 0,4/(0) = A }

and at < u(t) for any t € [0, h|
Example 3.2. We consider the Cauchy problem

u’(t) = a(t) +u(t)?, t €[0,1],
{ w(0) = 0, w/(0) = A (4)

- where a is positive and integrable, ¢ € R with ¢ > 0 and A € R with A > 0. Since
f(t,u) = a(t) + u°, the conditions (a), (e), (f) and (d) are satisfied. Indeed (a), (e) and (f)
are clear and since

max{o,1}(a(t) + u°)  max{o, 1}|f(t,u)|

=ou’" < ;
u wu

of
%(t’ U’)

{d) holds. By Theorem 2.2 the Cauchy problem (4) has a unique solution in

x={u

Ezample 3.3. We consider the Cauchy problem

u"(t) = a(t)u(t)?, t €[0,1], '
{ u(0) =0, «/(0) = A, ©)

u € C[0,h],u(0) = 0,u'(0) = A
and at < u(t) < (2\ — )t for any ¢ € [0, h)
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where fol la(t)[t°dt < co and o, € R with A > 0. Since f(t,u) = a(t)u’, the conditions
(a), (b), (c) and (d) are satisfied if ¢ < 0 and the conditions (a), (), (f) and (d) are satisfied
if 0 > 0. Indeed (a) is clear, (b) and (c) are clear if 0 < 0, (e) and (f) are clear if ¢ > 0,
and since ’

of [ la@®)ou"Y, ifo#0,
’5;“’“)‘ = { 0, if o =0,

|o]|f (2, w)]

u )
(d) holds. By Theorem 2.1 if ¢ < 0 and by Theorem 2.2 if ¢ > 0 the Cauchy problem (5)
has a unique solution in -

x={u
x={u

Acknowledgement. The authors would like to thank Professor Naoki Shioji for their
valuable suggestions and comments.

u € C[0,h],u(0) = 0,u'(0) = A
and ot < u(t) for any t € [0, h]

and

u € C[0, h},u(0) = 0,u'(0) = A
and ot < u(t) < (2A\—a)t for any t € [0,h] [’

respectively.
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