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Extension theorems concerned with results
by Ponnusamy and Karunakaran

Mamoru Nunokawa, Kazuo Kuroki, Janusz Sokél and Shigeyoshi Owa

1 Introduction

Let A(n, k) be the class of functions f(z) of the form
(1.1) fR=2"+ Y am™ (n2Lk21)
m=n+k

which are analytic in the open unit disk U= {z € C: |2| < 1}. For two functions f(z) and
9(z) belonging to the class .A(1, 1), Sakaguchi [5] has proved the following result.

Theorem A Let f(z) € A(1,1) and g(z) € A(1,1) be starlike in U. If f(z) and g(z)

satisfy
(1.2) Re (%"-))-) >0 (2€U),
then

(13) Re (ﬁ%) >0 (z€U).

After Theorem A, many mathematicians studying this field have applied this theorem to
get some results. In 1989, Ponnusamy and Karunakaran [4] have improved Theorem A as
following.

Theorem B  Let o be a complex number with Rea > 0 and 3 < 1. Further, let f(2) €
A(n, k) and g(z) € A(n,j) (j 2 1) satisfies

(14) Re (;”;’,E‘Z))) >6 (zeU)
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with0 <0 < EEE If f(2) and g(z) satisfy
f) L)
(1.5) Re {(1 o) ——= G ) 70 )} >3 (z € U),
then
f(z) 28+ ok
(1.6) Re (g(z)) > Tk (z €.

It is the purpose of the present paper is to discuss Theorem B applying the lemma due to
Fukui and Sakaguchi [1]. To discuss our problems, we need the following lemmas.

Lemma 1 Let w(z) = Z anz" (ax # 0,k 2 1) be analytic in U. If the mazimum value

of |lw(z)| on the circle Iz[ = r < 1 is attained at z = zy, then we have
2ow'(20)
1.7 —_— = 2k,
D wl) C
w'(20)

( )

The proof of Lemma 1 can be found in {1] and we see that Lemma 1 is a generalization of
Jack’s lemma given by Jack [2]. Applying Lemma 1, we derive

which shows that 2220 s a positive real number.

Lemma 2 Let p(z) = 1+ i cn2" (ck # 0,k 2 1) be analytic in U with p(z) # 0
n=k

(z € U). If there exists a point 29 € U such that
Rep(2) >0 (|2] < |20l)

and
Rep(z) =
then we have
(1.8) —2p'(20) 2 -s-(l + [p(20) %)
and so
2op'(20) =i
(1.9) »(20) ¢
where
(1.10) k< —12“— (a + 711-) <t (arg p(z) = 12[—)
and
(1.11) k2 —-g- (a+ -i—) 2/ (arg p(z0) = —-;-)

with p(%) = £ia (a > 0).
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Proof.  Let us consider

1—
(1.12) ORE +§8 = _C2£°.zk L.
for p(2). Then, it follows that ¢(0) = ¢'(0) = --- = ¢*~D(0) =0, |g(2)| <1 (2] < |2ol)
and |¢(zp)| = 1. Therefore, applying Lemma 1, we have that
(1.13) 3'0¢”(ZO) — "2201),(20) — —22017’(20) =/ g k.

8z) 1- (p(z)) L+

This implies that zp/(2) is a negative real number and
k
(1.14) ~ 207 (20) 2 5 (1 + Ip(20)[").

Let us use the same method by Nunokawa [3]. If argp(z) = %—, then we write p(2) = ia
(a > 0). This gives us that

I (zop’(zo)> - Im (__izop’(Zo)) >k (a+ 1_)
p(%0) a -2 a
If arg p(z) = —-;L, then we write p(z) = —ia (a > 0). Thus we have that

o (15) - (B8 < o-2).

This completes the proof of Lemma 2. O

2 Main results

With the help of Lemma 2, we derive the following theorem.

Theorem 1 Let o be a complex number with Rea > 0 and 8 < 1. Further, let f(z) €
A(n, k) and g(z) € A(n,j) (j 2 1) satisfies

ag(2)

(2.1) Re (25’(—5) >8 (zeU)
with0 < 6 < RZ"“. If f(2) and g(2) satisfy

i@ @) k5= _ L[, .
0 re{a-agdral e |0G-a] 2s @en)
then
(2.3) Re (%) >4 (ze ),
where g, = 20+

2+ 0k
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Proof.  Defining the function p(z) by
z
(2.4 () = "
’ P 1-6, '

we see that p(0) = 1 and
1) ()

(25) (1_01)9(11)Jr 9(z) 8
o I
_a+a ﬁl)((>+ g,()~p())
ok__|f=) 4
>—2(1*51) g(z) A

for all z € U. Let us suppose that there exists a point zo € U such that
™
{arg P(Zo)l < 7 (2] < 20l)

and .
|arg p(z0)| = -

Then, by means of Lemma 2, we have that

(2.6) ~2z0p'(20) 2 -g-(l + Ip(20) ).

If follows from the above that

Re {(1”_a)f(zo)+ f'(z0) ;5’}

9(z) g'(20)

=5 -0+ (1- 51)R3{ (20) + o.g(( 0)) 27 ( )}

= 51-8) - (1= e { 220 ()}

< (8- 8) - (1~ B)F (1 + bl)l)

ok
“201-8) |9

which contradicts (2.5). This completes the proof of the theorem. |

J (20)
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Remark 1 If f(2) and g(2) satisfy f(20) = 519(2) in Theorem 1, then Theorem 1 becomes
Theorem B given by Ponnusamy and Karunakaran [4]. We also have

Theorem 2 Let o be a complez number with Rea > 0 and § < 1. Further, let f(z) €
A(n, k) and g(2) € A(n,j) (j 2 1) satisfies the condition (2.1) with0 < d < E:T?-. If f(2)
and g(z) satisfy

i ad@ @ N LT g dip(2)
01 fue{a-ofF el -sl| < F o 2 (s mel)
for |z =r < 1, then
(28) e (82-4)| <3 Gev
(2.9) Re (;;_g%) > 5 (z €el),
203+ ok
where 5 = EFYy and p )
z
g() e
p2) = =T

Proof. Note that the function p(z) is analytic in U and p(O) = 1. It follows that
"(z
[ B

{9100+ 20

ORNIC) 2g'(2)
m -1 dk|p(2)|
<7 +Ten 9 2r Im a| 1
(1 —=t n + )

for |z| =r < 1. If there exists a point 25 € U such that
7r
|arg p(z0)| < 5 (2l <zl

and .
larg P(Zo)l = ?,



then, by Lemma 2, we have that

ap'(z) _ .,
p(2) ’
where .
o} (a + --) -y (arg p(z) = —2-)
and

5 (erg)ze (mwae--3)

with p(2) = +ia (a > 0). If arg p(n) = -g—, then it follows that

0 o )

51— 3 ’ ag(2) zp/(20)
= arg p() ( pl(zO) +1-5) (1 + z0g'(20) P(20) )}

=-27[-+arg{- (E%i)z'*'(l-ﬂl) (1+ ez:;}(é)o)))}

where
(2.9) I(zo) = — (El'a:é) i+(1-5) (1 + 029200 “9,(("":0)))
Note that
_B=h N ag(zo)

(2.10) ImI(z) = — (1-31)¢ Rezog,(zo)

> (1= 3)68+ ‘3;51

2 if;,’f(l - B1) (a + -};) TR ;'31

= ﬂf(l —B)a >0

2

and

(211) Rel(z) = (1 - 4) (1 ~¢Im ( 2g(z0) )) <(1-5) (1 +4 lxm (

209’ (20)

ag(20)

209’ (20)

)
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Letting
(2.12) q(z) = % +1- %

we know that g(2) is analytic in U with ¢(0) = 1. This gives us that

(2R 2 < 2
(2.13) [Imgq(z)| = lIm (zg,(z) +1 n) ST
for |z| = r < 1. Thus we have that
ag(z) \| < _2r {Tm |
. < = 1).
(2.14) ‘Im (Zog'(zo))l ST + - (2l=7r<1)
Using (2.11) and (2.14), we obtain that
arg I(2) = Tan™! Im [(zo) 2 Tan™! Oka ,
ReI(2) 9 ( 2r {Im a| )
+ +1
1—1r2 n
which contradicts our condition (2.7).
If arg p(z) = -—-g—, using the same way, we also have that
arg{(l—a)f(zO) +afl(z0) _l/?} § _ 1+Tan—-1 Jka ’
9(2)  ¢'(2) 2 2r  |Ima]
2 s+ +1
1—-r n
which contradicts (2.7). O

Remark 2 If f(2) satisfies the conditions in Theorem B, then f(z) satisfies the conditions
of Theorem 2. In this case, we see that Theorem 2 becomes Theorem B.
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