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Strongly starlikeness criteria
for certain analytic functions

Yutaka Shimoda, and Shigeyoshi Owa.

Abstract

Let U3()) be the subcless of analytic functions f(z) in the open unit disk U which
was introduced by S. Ponnusamy (Appl. Math. Lett. 24(2011), 381 - 385). For
f(2) € Uz()), some condition for the domain of |2] such that f(z) is strongly starlike
of order « in U.

1 Introduction

Let A denote the class of functions f(2) of the form

(1.1) flz)= z+Zanz"
n=2
that are analytic in the open unit disk U= {2z € C : |z] < 1}, and let S be the subclass of
A consisting of f(z) which are univalent in U.
Obradovi¢ and Ponnusamy [2] define the class U()) of f(z) € A satisfying the condition

2
z
1.2 — ] fl(z2) =1l <X 2€lU
(12) l(f(z))m (€ D)
for some real A > 0.
The condition (1.2) is equivalent to

(1 _1Y

z (f(z) z) <A (z e ).

Ponnusamy [3] introduces the class U3()\) of function f(z) € U(\) for which a3 — a2 = 0.

For some real v € (0,1}, a function f(z) € A is called strongly starlike of order ~ if

(1.3) argifj:(lii)) < -7-21 (z € U).

We deote by SS(7) the set of all strongly starlike functions of order 7 in U.
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Ponnusamy (3] has shown the following theorem.

Theorem 1.1 Let f(z) € Us(A), v € (0,1], and

—2(1 + 2cosZ})|az| + 2sinTF f+ dcos3 — 4[a2|

Then f(z) € SS(7) for 0 < X < A (7, laz))-

The aim of this paper is to derive a condition for the domain of f(2) € Us(A) to be in the
class 88(7).

2 Main Result

Suppose that f € Us()). Then a simple calculation shows that

o) (7)) - () 0

=1+ A322+ - =1+ du(z), w(z) € Bs,

where Bs denotes the set of all analytic functions w(z) in U such that w(0) = w(0)' =
w(0)” = 0,w"(0) 76 0 and |w(2)| < 1 for 2 € U. From (2.1), we easily have the following

representation for — :
f (2)

(2.2) 7 (Z) —1=—asz— A / "’(tz)

Since w(z) € Bs, from the Schwarz lemma
(2.3) lw(2)| < |2°

holds true. Thus, we have that

(2.4)

A 2
7.(._)_1'<121 (la2|+-2—|z|), zeU.

We have the following result.

Theorem 2.1
If f(2) € Us(}), then f(z) € 8S(7) for |z| < min{l,7,}, where 1y = /Ry for the positive
root Ry of the equation

(2.5) A2 (i+cos )X3+/\|a2}(1+2c052)X2+|a2|2X+cos—§1-— =0.
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Proof

Suppose that f(z) € Us()). Then we can see from (2.1) and (2.3) that

(2.6) '(f( )) fi(z) -1 =

Therefore, it follows from (2.4) and (2.6) that
2D o < fore ((f( )) a ’)
< arcsin(\|z]*) + arcsin ([zl (Iagl + %IzP))
2
= arcsin (A|z]3\/1 — 2|2 (!azl + %lzlz) + V1 — X2|z|8)z| (]agl + -’-Q\-Izlz)) .

Now, we have to find the range of |z| for f(2) € S8() such that

(2.8) arcsin (/\lzla\/l — |2]? (Iagl + g—]zlz)z + /1 — A2|z|8|z] (]agl + %Izlz)) < 121,

Mw(2)| < Az

f(z )I

arg

which is equivalent to

2
(2.9) Alzla\/l — Jef? (lazl + -;‘-|z|2) + VI NP (Iazl + gw’) <sin)

Putting

(2.10) F(X) = )2 (;5; + cosi,}) X3 + Aaa| (1 n 2005%1) X2 4 |agf2X — smﬁiﬁzl
and

3 Ty

2(2 -1 3 _ 2 2 - ~L

(211)  G(X) =) (4 cosz)X +A|a2|(1 20032)X + ool X — sin?Z],

(2.9) can be written as F(X)G(X) > 0 with X = |z|2. Since F(0) < 0 and G(0) < 0,
F(X)G(X) > 0 is equivalent to F(X) < 0 and G(X) < 0. Comparing the coefficients of
F(X) and G(X), we easily find the inequality G(X) < F(X).

In order to find the condition of |z| such that f(z) € Us()\) to be in SS(7), we consider the
condition for F(X) < 0.

Since

F'(X) = 3)2 (i + cos! ) X2+ 2)|as| (1 + 2cos—-—-) X +lag2>0

and limy_,o, F'(X) =
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F(X) is an increasing function for X. Thus F(X) has a positive root Ry > 0. Therefore, for
|2| < min{1, Ry}, inequality (2.9) holds.

Remark
Substituting X = 1 and solving the equation (2.5) as the equation of A, we have A (7, |aa|)
of Theoreml.1 .

3 Example

We give an example which shows the existance of ro satisfying Theorem 2.1 . Since F(X)
has a unique solution for 0 < X < 1 if F(1) > 0, we consider a condition of |as| for F(1) > 0.
From

5 Y Yy . 9Ty
F(1)=\ (4+cos2)+,\la2[(1+2cos2)+|a2| sin" 2 >0,

we have

2
A (1 + 2cosZ
(Iazl + —"'"——""( +2COS 2 )) > Siﬂ2%1(1 - /\2),

This gives us that

A (1 + 2cosZ
(3.1) laz| > sinZLVT =3 - --(-—+53°1L)- 0<A<1).

If |a,] satisfies the condition (3.1), F/(X) has a positive root for 0 < X < 1.

1
Let us take )\ = % and v = % Then |az| > i from (3.1). Thus, we may take |ag| = 1 and
(3.2) F(X)=71X3+16X%+16X —12.

Since F(0) = —12 < 0, and F(1) = 27 > 0, F(X) has a real positive root 0 < X < 1.
Actually, the root g of (3.2) satisfies 0.47605 < 79 < 0.47615.
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