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ON THE ORDER OF STRONGLY CLOSE-TO-CONVEXITY OF
STRONGLY CONVEX FUNCTIONS

JANUSZ SOKOL AND MAMORU NUNOKAWA

ABSTRACT. In this work the order of strongly close-to-convexity of strongly convex func-
tions is discussed. The sufficient conditions for function to be Bazilevié function are also
considered.

1. INTRODUCTION

Let ‘H denote the class of analytic functions in the unit disc U = {z: |z| < 1} on the
complex plane C. For a € C and n € N we denote by

Hla,n|={feH: f(z)=a+a,z"+ -}
and
'A’ﬂ:{f€H5f(z)=Z+an+1zn+l+---},

so A = A;. Let S be the subclass of A whose members are univalent in U.
The class S of starlike functions of order & < 1 may bc¢ defined as

ng{fE.A; me%égz>a, zEU}.

The class S} and the class X, of convex functions of order a < 1

"
)Ca:z{fe.A: S)f{e(1+z—f;(—zl> > «a, zeU}
f'(2)
={feA: z2f €8}
introduced Robertson in [13]. If a' € [0;1), then a function in either of these sets is
univalent, if o < 0 it may fail to be univalent. In particular we denote & = 8*, Ky = K,
the classes of starlike and convex functions, respectively.
Let §5*(0) denote the class of strongly starlike functions of order 8, 0 < 4 < 1,

f'2)| _ B
§§* s:{ EAEIArZ <-—, z€Uyp,
B8)=1f 8 | < 2 |
which was introduced in [14] and [1]. Furthermore, SK(8) = {f € A: zf € 8§*(8)}
denote the class of strongly convex functions of order 4. The class §*[A, B]

z2f'(z) 1+ Az
S*[A, B] := A= < —— U
)= {reas i < 1 se )
was investigated in [2] for —1 < B < A < 1. Recall, that we write f < g and say that the
f € 'H is subordinate to g € H in the unit disc U, if and only if there exists an analytic
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function w € H such that |w(z)| < || and f(z) = g[w(z)] for z € U. Therefore, f < g in

U implies f(U) C g(U). In particular if g is univalent in U, then

f<g9 & [f(0)=9(0) and f(U)cC ¢(U)].

2. PRELIMINARIES

To prove the main results, we need the following Nunokawa’s Lemma.

Lemma 2.1. [8], [9] Let p be analytic function in |z| < 1 with p(0) = 1, p(z) # 0. If
there exists a point z, |20| < 1, such that

T
Jargp(z)| < 5 for [s] < [z

and
o
|arg p(20)| = 5

for some a > 0, then we have

/
2P Vo) (20) = ika,
p(20)

where

1 1

k> 3 (a + a) when argp(z) = %

and

1 1

k< —5 (a+ a) when argp(zp) = -%Of,

where

{P(Zo)}l/a =%, and a>0.
We need also the following four authors lemma [10].

Lemma 2.2. [10] Let p(z) = 143" | cp2™ be analytic function in |z| < 1. If there exists
a point zy, |zo| < 1, such that

Rep(z) > ¢ for |z} < |z)
and

Mep(z0) = ¢, plao) #

for some 0 < ¢ < 1, then we have

/ __—C 1
me {Zop (z[))} S 7(0) — { 2(1—6) when ce ((137 i] )
2

p(20) <l when ce (3,1).
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3. MAIN REsuULT

Theorem 3.1. Let f(z) = z+ Y ov,an2™ be analytic in {z| < 1 and suppose that in
lz| < 1

zf"(2) 1 B
3. 1 L~ U
(8.1) arg( + 7o) < tan T
where 0 < a < 1 and 0 < B < 1. Then we have
/
(3.2) arg ‘g—,%‘ < % in |2| <1,

for some g € ICi_q.
Proof. Let us put ¢'(z) = (f'(2))®. By (3.1) Re {1+ f"(2)/f'(2)} >0 s0

ne{1+ 573}
_ %e{l—a—i—a(l—k z}c,l;g))} >1-a>0,
hen,
(;3‘;3 g€ Kiq-

Next, let us put
p(z) = f'(z), p(0)=1.

OB (©)

F) 7 p)

If there exists a point 2, |29 < 1, such that

Then it follows that

|acgp(a)l <2 for |2] <Jao

and
|argp(zo)] = 22,
then by Nunokawa’s Lemma 2.1, we have
zoP{%0) .
pa)
where
k>1 when argp(z)= 32_3_
and
k< -1 when argp(z) = —1;—6.

For the ease arg p(zp) = 70/2, we have

el gy e i)

> a,rg{l + __zﬁ_} = tan~}

l—«
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This contradicts hypothesis of the Theorem 3.1 and for the case argp(z0) = —nf/2,
applying the same method as the above, we have

2f" (20) 1 B
arg{l—l— F(z0) }<——tan ll—a'

This is also the contradiction and therefore, it completes the proof. O

Recall that f € A is said to be in the class Co(8), [3], of close-to-convex functions of

order 3,0 < 8 < 1, if and only if there exist g € K, ¢ € R, such that

o' (2)

iwpd \°)
(3.4) Re {e 7 } >0, zeU.
Reade [12] introduced the class of strongly close-to-convex functions of order g <1
defined by |arg {e*f'(2)/g'(2)}| < 7(3/2 instead of (3.4). Therefore, the conditions (3.2)
and (3.3) mean that f is strongly close-to-convex functions of order 3 with respect convex
functions of order 1 — a. Functions defined by (3.4) with ¢ = 0 where considered earlier
by Ozaki [11], see alse Umezawa, [16, 17]. Moreover, Lewandowski [4, 5] defined the class
of functions f € A for whieh the complement of f(U) with respect to the complex plane
is a linearly accessible domain-in the large sense. The Lewandowski’s class is identical
with the Kaplan’s class Cy(0), see [3]. If we put ¢/(2) = (f'(2))® in Theorem 3.1 and if we
denote A = 3/(1 — a), A € (0,0e), then we obtain the following corollary.

CoreHary 3.2. Let f(z) =2+ o, an2™ be analytic in |z| < 1 and suppose that

arg (1+z—1{%§—)>} <tan"'A in |z] <1,

where 0 < X < 00. Then we have
T .
arg (£} <5 in Jel <1,

Remark 3.3. For the case 0 < 8 < 1, it is trivial that there exists a, 0 < a <1, which

satisfies ‘
(579)
. Be(Bsin (@)
= — + tan 5
C pB) + Be() ces {052

where

p(B)y= (1 -+ GO and o) = (1~ 5)F~172
and

(1+8)/2
I A ),
1 —e 2 (1-p)cos(nB/2)
The right hand sides of the above estimate are Nunokawa’s and Mocanu’s estimate of the
order of strongly starlikeness in the class of strongly convex functions SK(B), for details

see [9] and [7] or [6, p. 266].
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Theorem 3.4. Assume that1/2<a <1,8>1and0<c<1. Let f(z) = 24> ;75 an2"
be analytic in |z| < 1 and suppose that

(3.5) Re (1 + ZJ{(S) ) >a for |z <L
Furthermore, let g(z) = z + 3 ooy ba2™ be analytic in |z| < 1 such that
3.6 R Zg'(z)}
30 e{ 9(2)
1@ +(E=D)
— ﬁ )
where y(c) is given in Lemma 2.2, and where
(AR o atl,
o -{ 257 T ]
Then we have
f'(z)
me;Tz)z—(_)>c for |z| < 1.
Proof. Let us put
2f'(2)
p(z) = FW) p(0) =1
Then it folows that
o) L) @) | i) | paa)

fiiz)  pl2) f(2)

If there exists a point 2y, |2| < 1, such that

9(z)

Rep(z) > ¢ for |z| < |z

and
Rep(z0) =¢, Plze) # ¢

then by Lemma 2.2, we have

(3.8) Re {z"p’gz;})} < ¥(e)

B ~5g when c¢€ (0}1/21’
T 1 -5t when ce(1/2,d).

Furthermore, by (3.5) f € Ko thus f € Sj,), see.(18]. Beeause § > 1, then in |2| <1

(39) {(1 - m"‘}‘('(? } < (1= B(a).
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Substituting (3.6), (3.8) and (3.9) in (3.7) we get

20 " (20)
1+ %e—f,(zo)
— 200 (20) o z2of'(20) 209 (70)
- me{ () -2 f(z0) th 9(z0) }
< 90+ (1= P(e) +p2 LI =)

This contradicts hypothesis of the Theorem 3.5 and therefore, it completes the proof. O

Remark 3.5. For the case 1 < 3, if o, 8 and f satisfy the conditions of Theorem 3.4,
then f is a Bazilevic function of order ¢, 0 < ¢ < 1, see [15, p. 353].

Applying the same method as in the proof of Theorem 3.4, we have the following
theorem. :

Theorem 3.6. Assume that1/2 < a<1,8>1and0 <c<1. Let f(2) = 24320, ap2™
be analytic in |z| < 1 and suppose that
2f"(2)
f'(z)
Furthermore, let g € S*[A, B] and let
1-A < a—y(c)+ (8 —1)i(a)
1-B~ Jé]
where y(c) is given in Lemma 2.2, and where
() = { P 7
2

1 _
2log 2 for a=

9‘{2(1—}— >>a for |z| < 1.

for |z| <1,

Then we have
)
f1=(2)9°(2)
Remark 3.7. If f satisfies the conditions of Theorem 3.6, then f is a Bazilevié function.

R >c for |z] < 1.

For 8 =1 Theorem 3.6 gives the following corollary.

Corollary 3.8. Assume that 1/2 < a < 1. Let f(2) = 2+ 3 o0, an2" be analytic in
|z| < 1 and suppose that
21"(2) )

>a for |z] < 1.
e o

Furthermore, let g(z) = 2+ 3 oo, by2™ be analytic in |z| < 1 such that
zg’(z)}
9%{ <a—-v(c) for |z| <1,
- © for I
where ¢ € (0,1) is such that o — v(c) > 1. Then we have
i)
9(2)

Re <1+

>c for |z| <1
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