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Whittaker new vectors for discrete series

*

representations of real Lie group U(2,1)

Yoshi-hiro Ishikawa
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Introduction

By definition, zeta integrals ”interpolates” automorphic L-functions to deduce their
some analytic properties, say meromorphic continuation. But to proceed into deeper
arithmetic investigation, like as study of special values, we can not avoid the ramified
factors of integrals. In this past decade, several nice works have been sprung out. However,
the satisfactorily developed theories are essentially limited to the cases of GL(2) and
GSp(4).

In this note we treat the Gelbart Piatetski-Shapiro integral for generic cusp forms on
U(3), which are recalled in §1. In §2, we report on Whittaker new vector for archimedean
component of the integral. That is there exists a unique (up to constant) K-finite vector
in Whittaker model of discrete series representation whose integral gives the Langlands
L-factor.

1 Zeta integral and its p-adic factors

Note that we can obtain the same result without any loss of generality, cven if we
formulate the problem over an arbitrary totally real algebraic number field. So we take
Q for our ground field and denote its adele ring by A.

<Group structure>
Let F be an imaginary quadratic extension of Q and denote the non-trivial element of its
Galois group by = . Put

G = {geGLB3,E)|'g 1 g= 1 }.
1 1

This defines a quasi-split unitary group of three variables over Q. Let

G = BK, with B = NAM

*In the workshop, a part of talk was devoted to review the H-period investigation as an motivating
introduction. But the main result is archimedean stuff, and we just report on it with this title, different
from the one of talk.
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be the Iwasawa decomposition of G. Then each subgroups are expressed as

1 b =z
N = { 1 b | €G|bzeE, 2+7=—|bl%},
1
(87
M = B €G|laeE*,Be EV}

and

K = GNMy(Og),

where Op is the ring of integers in F.
We need a subgroup

* *
H = Img(uU(l,l)B(* *)r—) 1 GG)
* x
* *
as the Euler subgroup for a Rankin-Selberg integral. The Iwasawa decomposition of H is
H = BHKH, with BH = ZNA, KH = KﬂH,

where

ZN:{ 1 EG’ZGR}:

A= { 1 €GlaecQ}

<The standard L-function>
For a cuspidal automorphic representation 7 = ®,m, of G(A) = U(3), and a Hecke
character £ of F, the ¢-twisted L-function is defined by a local way as an Euler product

Lisn®€) = [[Luls;m®6).

When &, is unramified and 7, is the unramified component of unramified principal series

Indg;’(x), the unramified factor is given by
Lp(s; Tp X gp) = LE,p(S; gp) Lp(zs; ng) [/p(‘?‘s; ép/X)'
Here x is a representation of the Borel subgroup B, = N, M, given by

x : n.diag(e, B,a7") = xg(a) € C¥,
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and g is a character of E) with conductor OF .

<Zeta integral>
For a generic cusp form ¢ belonging to generic 7, Gelbart and Piatetski-Shapiro introduced
the following zeta integral

Z(510,6) = / ol (R) B¥ (s; . €) dh.

H(F)\H(A)H
Here E* is an Eisenstein series on H(A)
Bf(s;h€) == Y. fEh).
YEBH(Q\H(Q)
where fé(s) is a section in the principal series Indg}(;&)(l Ny ®E®e**), which is factorizable
as {(s) = ®,./ (Sv) By the Langlands theory of Eisenstein series the integral is continued
to the whole s-plane.
<Unfolding and local integrals>
Assumec the generic cusp form is localizable; ¢ = ®,¢,. By using the multiplicity onc

result on Whittaker models and an unfolding procedure, the Rankin-Selberg integral
decomposes into a product of local integrals:

Z(5;0,6) = [[ 25 W, £),

with

Zu(s;W, £ = / Wo | . (ho) £ (h) .

Zn v \Hy
Here Zy ., is the center of the maximal nilpotent subgroup N, of G,, W, is a Whittaker
vector
We,(90) = Ly(mo(g0)-00)

corresponding to ¢, € m,, where ¢, € Hova(WU,IndIG\IZ'K,[)NU) is a non-trivial functional.
And fﬁ(s) is a special section of the principal series Indgl”m (&| - |°) of H, induced up from
its Borel subgroup 1(( R )) Note that this integral vanishes unless ¢ is generic.

Over the places where everything is unramified, Gelbart and Piatetski-Shapiro showed
the coincidence of local factors of L-function and zeta integral by using the Casselman-
Shalika formula.

Proposition 1.1 ([Ge-PS] §4) For the unramified (i.e. K,-spherical )m,’s,
Z,(s; W, fg(S)) = Lp(s;mp ® ).
O

Next step of investigation is to analyze ramified factors. The p-adic case was treated by
Baruch in his thesis [Ba], upon which Miyauchi succeeded to find ” Whittaker new vector”
by using his compact subgroup sequence. The detail would be reported in his article of
this proceedings.

Apparently the big lacking is Archimedean study of the integral Z..(s; W, fés)).
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2 Archimedean results

We consider the Archimedean component of Gelbart-PS integral. By the genericity of
cuapidal representation 7, the Archimedean component 7., must be large. Here we treat
the case of discrete series exclusively. That is 7., = w4 with Harish-Chandra parameter
A = (A1, Ay, A3) € Z3 satisfying

Al > A; > A,

We parameterize the infinite component of Hecke character

£o 1 CX D0 ]6)%(%)’” €cx,

(t,m) € C x Z as usual. Then the Langlands factor defined by the L-parameter is of the

3
m
rmnton) = [ o+ 20,
By the Cayley transform C, our group is the unitary group for the Hermitian form
diag(1,1,—1). So the maximal compact subgroup Ko is isomorphic to U(2) x U(1) and

all the K.-type 7 C w5 can be parametrized by triple

form:

= [u, pos ps] € {A+m[l,—1;0] +n[1,0,—1] | m,n € N},

where (u1, o) is the highest weight of U(2)-representation and pj is the parameter of
U(1)-character.

For a K .-finite vector w of 75 belonging to 7,, we denote the corresponding Whittaker
function by

W) (g) == Ly (ma(g)w).

Definition 2.1 We say that K.-finite Whittaker function W "% is @ Whittaker new vector
for the Gelbart Piatetski-Shapiro integral if the equality

Zo(s; W, féﬁ%) = ¢ X Loo(8;ma,&(t;m))

can be attained by W®®) glone. Here ¢ is a non-zero constant and fg(’sq), 1s the section

fg(s%(h) = /(CX <I>(h_1.[z, z]) £(2)|2)* d*z € IH(s;¢)

constructed from a Schwartz class ® € S(C?), called as Jacquet section. m

Theorem 2.2 If the Harish-Chandra parameter satisfies the condition A; + Az < 0, then
the large discrete series wp admits a Whittaker new vector in its Whittaker model

WESE D e Yhy (),

which is unique up to constant multiple. The Ky -finite Schwartz function ® is also
uniquely determined. a
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Sketch of Pf.) Our task is to specify "the good” Ku-type 7,e00a of y, where ”the good”
K -finite vector we°d can be found. We can carry out it by the following steps.
Step 1. Obtain an explicit formula for the minimal K.-type ! Whittaker function

WA for each
A, Ay

L >®1A3 € Ta,

w-|
where {| A Ao )| A1 > k > A;} is the Gel'fand-Zetlin basis for the U(2)-representation
with highest weight A; > A, and 14, the base of U(1)-character (u — u®?).

y 1 A, A
W(( o )) = > VQ'yAl_AQ"QWo,k—m—Az+A3(2\/@y)X(’ lk 2 >®1A3)'

A1 >k>A2

Here by is a constant controlling the normalization of additive character ¢, and 4;’s are
normalizing constant depending on A and .

Step 2. Write down the recursive relations among K-finite Whittaker vectors coming
from the rank one differential operators.

Step 3. Normalize the additive character 1 of N4 to get two ¢ from the Mellin
transform of W®%). That is by, = 2. This step depends on the Cayley transform C that
is on the Hermitian form.

Step 4. Normalize the Schwartz function as

2
q)mhm;mz,ng(zla ZZ) = H szizm X exp ( - 7TI21|2),
i=1
where (my,ny;ma,ny) € Z24’ to get one I'c from the integral definition of fﬁ(fq),(h).

Step 5. Regarding the zeta integral Z,,(s; W, fg(sq),) as a Kpyo-coupling between Whit-
taker vector and the Jacquet section for ®.,; 5,.m, n,, W€ Obtain the constraint among the
parameters;

nl—mlzmg-i-/\;;, Mg — My = —-A3.
By using the relation in Step 2, we specify "the good” K-type satisfying the above
constraint;

pEd = [mg — Al [A| + Ag; —mg + |A] = Xs]

where [A] := A; + A + As.
Step 6. Finally, we find "the good” K-finite vector in TEOOd as

ugood ugood
ngOd = 1 ’ 2 ® 1 ood ,
I/\1+/\2—2Tn§ ”gd
again by appealing to the recursive relations in Step 2. [ |

!Because 7, is large, the Blattner parameter coincides with the Harish-Chandra parameter A in this
case.
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Here are some comments. It was Oda and Koseki who first tried to investigate the
Archimedean component of Gelbart Piatetski-Shapiro integral. In [K-O] they treated
GCD of whole A,-radial part of Z..(s; W, fésq))) as an application of their explicit formula
of Whittaker function on SU(2,1). But Z.(s; W, ff(sq))) is integration on Ay, and on Ky .
So the quite many members in Koseki-Oda’s family should be abandoned in the view
point of GCD definition for local L-factor.

Even after considering K g .-integral, thc GCD of archimedean zeta integrals 2 (s; W, fgs))
for ALL the K -finite W and normalized section fg(s) has an odd form compared with
the Langlands factor. We reported this phenomenon in the RIMS workshop 2006 [Is].

After all, the above proof shows that by taking GCD of Z,(s;W, fé(s)) we can NOT

gain the genuine Langlands factor.
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