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1. INTRODUCTION AND MAIN RESULTS

We consider the problem

{u"+n—lur+g(r)u+h(r)u”=0, 0<r <R,

r
u(0) € (0,00), u(R) =0,
where n > 2, R € (0,00], p € (1,00) and g,h : (0,R) — R are appropriate functions.
Here, u(R) = 0 in the case R = co means u(z) — 0 as |z| = oco. Such a problem has
been studied by many researchers; see [1,3,5,8,9,12-18,20-27,30, 32-36] and others.

In this note, we introduce a result obtained in [28].

(1.1)

Theorem 1. Let 0 < R < oo, n € R withn > 2 and p € (1,00). Let g € C([0,R)) N
C'((0,R)) and h € C*([0, R)) N C3((0, R)) such that h is positive on [0, R). with R’ = 0.
Assume the following.
(i) In the case of R < oo, g € C([0,R]), h € C*([0,R]) and h(R) > O are also
satisfied.
(i) There ezists k € [0, R] such that

G(r) >0 on (0,x) and G(r) <0 on (x,R),

where
7‘2 n_101-9-3 -3 3
G(r) = Y 3)3h(7'):%+3 (4(n -1) [n +2—-(n-— 2)p] [n -4+ (n- 2)p] h(r)

+ [20 = D)@ - Do +3*rh(r)? - 4(p + 31 h(r)he (7)) 9(r)
+ (p+ 3)*r®g,(r)h(r)?

+(n—1)[(2n — 3)p(6 — p) + 6n — 33|rh(r)*h.(r)

+3(n —1)(p — 1)(p + 5)r*h(r)h.(r)? = 2(p + 4)(p + 5)r3h.(r)®
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—3(n = 1)(p - 1)(p + 3)r*A(r)hy(r)
+3(p + 3) (P + 5)r*h(r)he (1) e (1) — (P + 3)2r3h(r)2hm(r)).

(iii) In the case of R =00, G~ £ 0 is satisfied.

Then in the case of R < oo, problem (1.1) has at most one positive solution, and in
the case of R = oo, problem (1.1) has at most one positive solution u which satisfies
J(r;u) = 0 as T — oo, where

a(r) = r2 n;1+3 = h(r)ﬁ,

2gn—-1!!2+1!_1

b =T——piﬁ2n—1hr+rhrr,
(r) (p+3)h(r)%§( (n — 1)A(r) (r))
ngn—p1+)3g2+1)_2

c(r) = 2(n—1)[n+2 = (n - 2)p|h(r)? 5)r?h,.(r)?
(r) <p+3)2h<r>%%‘l(( Jn+2 = (n = 2p]h(r)? + (p+ 5)r*he(r)

= (n=1)(p = S)rh(r)h:(r) - (p+ 3)7‘2h(?‘)hrr(r)),

T(r5) = J0(r)un(r)? + b(rYu (ru(r) + 2e(r)ur)

a(r)h(r)u(r)PL.

1 2
+ 38U + —

Remark 1. In [32, Theorems 2.1 and 2.2], Yanagida obtained a closely related result.
By the theorem above, we can obtain the following; see [13, Theorem 0.1].

Corollary 1 (Kabeya-Tanaka). Let n € N with n > 2. Let p > 1 and g € C2([0, 00))
such that —oo < infre(o,00) 9(7) < SUPep,00) 9(r) < 0, and set

_2(n—=1[(n-2)p+n—4 _2(n—-1)(p—-1)
L= T and ==

Assume that
gr(r)r® + Bg(r)r? — (B - 2)L <0 foreachr>0
in the case of n = 2, and that p < (n+2)/(n — 2) and
SUP (g (r)r? + (3 + B)gn(r)r + 284(r)) <0
in the case of n > 3. Then the problem
(1.2) ue H'(R™),  Au(@)+g(z))u(z)+u(z)?=0 inR"

has a unique positive radial solution.
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Next, we consider the problem

,
u(R)=0, u(R)=0.

(13) { tpe(r) + 22, 4 g(P)ulr) + A(r)u(rf? =0, R <r<R,
The uniqueness of a positive solution of such a problem was studied in [4,6,7,10,11,19,
24,29-31].

The following is also obtained in [28].

Theorem 2. Let 0 < R < R< o0, n € R, p € (1,00), g € C([R,R)) N C}((R', R)),
h € C*([R,R)) N C3((R', R)) such that h is positive on [R',R). Leta, b, c, G and J be
the functions given in Theorem 1. Assume the following.
(i) In the case of R < oo, g € C([R',R]), h € C*([R',R]) and h(R) > 0 are also
satisfied.
(i) There exists k € [R', R] such that

G(r) >0 on (R,k) and G(r) <0 on (k,R).

Then in the case of R < oo, problem (1.3) has at most one positive solution, and in
the case of R = oo, problem (1.3) has at most one positive solution u which satisfies
J(r;u) = 0 as r —= oo.

Remark 2. For the case h(r) = 1, a similar result is obtained by Felmer-Martinez-Tanaka;
see [10, Theorem 1.1].

2. APPLICATIONS

In this section, we give examples of Theorem 1. First, we give a comment on the scalar

field equation
Au(z) —u(z) +u(z)’ =0 iInR*,  u(x) >0 as|z]— oo

The unique existence of its positive solution was established by Kwong [18]. Since the
uniqueness of its positive solution can be derived from Corollary 1, of course, it can be
also done by Theorem 1.

Next, we consider the following Brezis-Nirenberg problem.

Agnu+ Au+uP =0 in D,
(2.1)
u=0 ondD.

Here, n is a natural number with n > 3, S™ is the unit sphere in R**', Agn is the
Laplace-Beltrami operator on S*, D = {X € S" : X,41 > cos6,} with 6; € (0,7),
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1<p<(n+2)/(n—2) and X < A, where \; is the first eigenvalue of —Agn on D with
the Dirichlet boundary condition.
Let P:S™\ {(0,...,0,—1)} — R" be the stereographic projection defined by

P(X1,..., Xny Xpi1) = ————(Xy,..., Xa) for X € S\ {(0,...,0,—1)}.
' Xn+1 +1
Then we can see P(D) = Bpg, where Bg = {z € R": |z| < R} with
__ sinf
" 14cosb;

Let u be a positive solution of (2.1) and define v : Bg — R by u(P~'z) = (1+|z|?)*T°v(z)
for z € Bg. Then we see that v is a positive solution of

n(n — 2) + 4)\ 2 (n=2)p—(n+2) .
Av+—m—-v+4(l+|x| ) 2 ’Up=0 m BR,
v=0 on 0Bg.
We set
n(n - 2) + 4A 2 n—2)p—{n+4+2
g(r) = SFT) and h(r) = 4(1 + )" F"2 forr > 0.

We can see that G in Theorem 1 is given by

n+2

2555 (n — 1) 2a-n@e) (n-2)p
I3 — 2(n—1 1 —(n-2
- PR(n—l) secnesn 5 31— r2)(Art + Br? + A),

Gr) (p+3)3

(1+7%)

where

n+2 n—4
A=0-2(35 -5) (r+ 355
=(p+3)[3n® — 6n — (n? — 4n + 4)p] — 8(n — 1)?,

B = (p+3)[-6n®+ 12n + (2n% + 4\ — 4)p + 2)p* — 6) — 12] + 16(n — 1)2.
Then we can infer the following. For the details, see [28].

Theorem 3. Letn € Nwithn >3,1<p< (n+2)/(n—2) and 6; € (0, 7). Assume
that one of the following conditions:
(i) 61 € (0,7/2]) and X < Ay,
(ii) 6, € (n/2,7) and
6+ (6—4n)p
—_— T A< )\
e+3)p-1 =" "
Then (2.1) has at most one positive radial solution. Moreover, if X > —n(n—2)/4 is also

satisfied, then (2.1) has at most one positive solution.
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Remark 3. It holds that
6+ (6 —4n)p < _n(n-2)

(p+3)(p-1) ™ 4
and if p = (n + 2)/(n — 2) then the constants in the both sides in the inequality above

coincide.

Remark 4. In the case of n = 3, Bandle-Benguria obtained a sharper result. For the
details, see [2].

Remark 5. In the case of R > 1, we cannot apply Yanagida’s uniqueness theorem (32,

Theorem 2.1]. Indeed, by his notation, we have

24 +n(n—2)r" 1 (1-1r?)
B (r2 +1)° '

So one of his assumptions G(r;n—2) < 0 on (0, R) is not satisfied even if A > —n(n—2)/4.

G(r;n—2)
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