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On functional inequalities derived from operator
inequalities of Furuta type
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Results.

Theorem 1. Let 0 <p, 1 < gand 0 <r withp+r < (1+7)gq.
If 0 < z, then

14r—BET

z T (xp—l)(acz%—l)gE(xp”—l)(a:——l).
q
Remark. degrees :
1+7r— & 147+ 2L
left —t bpp 2T L +p
q

right :p+7r+1

fl+r< p_—_l—_f_) then the reverse inequality holds for sufficiently

large real number .

Corollary. Let 1 <pand 0 <r. If 0 < z, then

p+7)(@” - 1)@ = 1) < p(L+ )= = 1)(z —1).
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Corollary. Let 0 <ps <p;, 0< @< q, p+p2=q+q
and p; < q;. If 0 < «, then
Pl —1 P2 -1 20 -1 z2 -1
. < . _

D1 P2 qi q2

Definition. p;,--- ,p, : real numbers,
P[] =+ > Pl - decreasing rearrangement.

(pla"' 7pn) =< (Ql;"' 7qn)
def
<~
Py < 9

P+ P <49+ 9

put -t Pp-y Sqt o T -y

ppt - FDp-1 TP =4t -1 T G

Theorem 2. If positive real numbers satisfy (py,--- ,pn) <
(q17 T 7qn); then

fl Pi _ 1 < ﬁ xqiq._l (1)

for arbitrary 1 < .
If n is even, then (1) holds for 0 < z < 1.
If n is odd, then the reverse inequality of (1) holds for 0 < z < 1.



Method 1.

This method is to prove Theorem 1 at first, whose proof is making
use of the Furuta inequality and an improvement of Tanahashi’s
argument on the best possibility of it. An ordinary argument of

majorization leads to Theorem 2.

Theorem (Furuta ’87). Let 0 < p,1 < g and 0 < r with
p+r<(l+r)q If0< B < A, then

B L

r

(AQ’BP A?) <A

ptr
q

Theorem (Tanahashi ’96). Let 0 < p, ¢, . If (1+7)q < p+r
or 0 < g < 1, then there exist 2x2 matrices A, Bwith0 < B < A
that do not satisfy the inequality

Q=

(A5 BP AE) < A%

Outline of Tanahashi’s argument.

\/s(a—b—é))

A= (\/5(a—b—5) bte+6b

-(30)

O<b<l<a, O<eg gl-b)<dla—1+¢)

and

where
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1-b

a..__

and 6 = €. Then 0 < B < A.

Assume that the Furuta inequality holds for the combination of

the parameters. Then we would have
T T L ptr
(U AbuUBPUU ARV )" < UAT,
where U is a unitary matrix which diagonalizes A.

(1) Put 0 < det(R — L) in order as much as possible, where
R (resp. L) is the right (resp. left) hand side of the above

inequality.
(2) Estimate the first order of each term with respect to € — +0.

(3) If (14+7)g <p+r, then let b — +0.
If 0 < q <1, then let a — oc.

This yields a contradiction.

Some improvements. We use

A___( a (a—l)y)
(a—1y b+y

o-(3 )

l<a<b 0<y.

and

where

The benefit of this modification of matrix A is that it considerably

simplifies arguments.



Tanahashi’s proof has finished with obtaining a contradiction in
a refutation. It is naturally concentrated on the purpose which
shows the best possibility of the Furuta inequality. In contrast, we
obtain a functional inequality in Theorem 1 by applying 'Hopital’s

rule.

Method 2.

Once we can formulate Theorem 2, it is easily deduced from a

classical theorem on majorization and convex functions.

Theorem (Schur, Hardy-Littlewood-Pdlya, Karamata).

Let p1,-+ ,Pn, @1, ,qn be sequences of real numbers from an
interval (O‘)/B)' If (ph e 7pn) = (qla e 7QH)7 then

Zf(l?i) < Zf(%‘)

for every real valued convex function f on (a, 3).

Proposition. Let 1 < z be a fixed real number. Then

£(t) = log (””t;' )

is convex on the interval (0, 00).
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