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Perturbative Expansion of the Chern-Simons
Integral

Itaru Mitoma

Department of Mathematics, Saga University

1 Introduction

The necessity of the asymptotic expansion in infinite dimensions arises from
the pioneering work of the Chern-Simons theory by Witten [10] in 1989.

However, the exponential 3rd term of the Chern-Simons theory is less likely
to be handled by techniques known at present, so that we will challenge a new
method called the Fujiwara-Kumano-go method [5, 8] as a possibility.

Let M be a compact oriented smooth 3-manifold, G a simply connected,
connected compact simple Lie group, and P — M a principal G-bundle over
M. Let denote by Q7(M, g), the space of g-valued smooth r-forms on M.

Let A denote the space of connections on P and G the group of gauge
transformations on P. Note that, by fixing a reference connection on P as the
origin, we may identify .A with the (infinite-dimensional) vector space Q!(M, g),
and § with the space C*°(M,G) of smooth maps from M to G, respectively.
-Then the Chern-Simons integral of an integrand F(A) is given by

(1.1) F(A)e¥ ) D(4),
A/G

where the Chern-Simons Lagrangian L is defined by

- ik 2
1.2 - _% A2
(1.2) L(A) = -+ MTr{A/\dA+3A/\A/\A},

D(A) is the Feynman measure and the parameter k is a positive integer called
the level of charges.’

Among various integrands, the most typical example of gauge invariant
observables is the Wilson line defined by

(1.3) F(A) =[] Trr, Pexp / A,

j=1 %

where P denotes the product integral (see [4]), v;, 7 = 1,2,...,s, are closed
oriented loops, and the trace Tr is taken with respect to some irreducible
representation R; of G assigned to each v;.



In Section 2, we give several relevant basic notions, after which we state
our results precisely. In Section 3, we prove theorems stated in Section 2 by
using the Fujiwara-Kumano-go method.

Throughout this paper, /z is understood to denote the branch of the root
of 2 € C where —% <argy/z< %

2 Definitions and Results

From the method of superfields of the perturbative formulation of the
Chern-Simons integral [2, 3], we have the Lorentz gauge fixed form of the
Chern-Simons integral written as

(2.1) / L /a /C D(A)D($)D(E)D(c)F (Ao + A)
< exp [iK((4,9), Qao(A s — 1= [ T3 A/\A/\A+/ Trda, * Dad].

Here Ay is a background connection, Q4, is a tw1sted Dirac operator and
(, )+ is the inner product of the Hilbert space L2(Q4) = L% (QY(M, g) & Q3(M, g))
given by

((A’ d’)’ (Bv‘p))-q- = (As B) + (d” ‘P)’
where the inner product and the norm on Q"(M, g) are defined by

(2'2) (wn /T“U/\*’I, I__“V(’)

By heuristically considering

/ D(@)D() exp / ¢ dAo * DAC]
A Cl
= det *da, * Dy = det Agdetr *da, * Da,

and balancing out det A¢ by a normalizaion of (2.1), we arrive at the perturba-
tive heuristic formulation of the normalized Chern-Simons integral such that

7 | [ Par@ro+ )

2:3)
x detr *da, * D4 exp [zk((A ), Qao (A, 8))4 — —/ Tr= A/\A/\A]

where

(24) z= [ [ D) exp [ik((4, 8), Qao(4,8))-]-
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To provide mathematical meaning to this, we have first of all to regularize
the formal determinant detg *d4, * D4. Briefly we recall Albeverio-Mitomal[l].

Since Q4, is self-adjoint and elliptic, Q4, has pure point spectrum [8]. Let
Aj,ej = (ef,e?),j =1,2,--- be the eigenvalues and vectors of Q4, in L%(Q.,).

Let {v;,&;,7=1,2,---} be the eigensystem of A in L?(Q°),

¢ = Zﬁf?% and ¢ = ijc;.

[e o} o e]

Define

1
afg,,-j = —-V—,L /M ’I\f'ridADé.i /\*[624’7‘.7‘6.7'1'

Since M is compact, we can choose appropriate real numbers r; > 0,5 =
1,2,... such that

(2.5) > lakl< L.
0]

For an integer p, we define the Hilbert subspace H,(2;) of L?(Q) with new
inner product ( , ), defined by

- (49, (B,9), = (4 (1 +@Q4,)"B) + (8, (I +Q%) %),
where I is the identity operator on L?(Q2,), and the p-norm on H,(f2,) is defined

as usual by |||, = /(- , - )p.Henceforth we denote H,(Q2.) briefly by H, whenever

no confusion may occur. Let h; = (1+ )\?)—p/z e; be the CONS of H,. Choose a
sufficiently large p satisfying the condition

oo
S+ A) PN < oo,

=1
and guaranteeing the regularizations in what follows.
From now on, we use the brief notations such that

Bi=(1+M)"?, and a;= BN,

Then for (4,¢)eH,, we consider instead of detg*d4, * D4, the regularized
determinant defined by

detgeg(A) = li_iréodet%g(/l),
m
where

ofi(4) aff(4) - af(4)

det(, (4) = afi(4) af(4) - afa(4)

)

0By (A) afy(4) - aF,(4)
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aﬁ(A) =1+ Z ﬂl((A, ¢)v hl)Pa'ﬁi,ii
=1

and

(o o]
afi(A) = Zﬂe((A, $), he)pak ;-
=1
The regularized determinant is well defined for sufficiently large p, which
is guaranteed by the increasig rates of eigenvalues of Q4, ( (c) of Lemma 1.6.3
in [6]).
Next we proceed to a regularizing the holonomy. From Mitoma-Nishikawa [9],
for a given closed smooth curve v:[0,1] - M in M, for each t € [0,1] and suffi-
ciently small € > 0 there exists a Poincare dual C5(t) such that

3 t ]
i sup|(4,030) ~ 3 | Araeyiear =o
. Since :
(4, 05(0)) = ((4,8), (1 + Q) 7 (C5(,0) ,
by setting
(2.6) Ce(t) = (I+Q%,) 7 (C51),0),
we define
d ~

27) A50)= 3 ((4,9), G5()° ® Ba) Eay

a=1
where C’fy(t) = ZC‘;(t)" ® Eqy {Eq} is a basis of g, and define
A(t) = A.
7[0.¢]
By Chen’s iterated integral [4], we define the ¢-regularization of the holon-

omy by

[o o]
(2.8) WA =T+ D WET(A),

r=1

where

1 rth tr-1 _ _ - \
Wer (4) = /0 /0 /0 Ao+ 50 Ao + A5)(2) o+ A5) (),
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and the e-regularized Wilson line by
(2.9) Fiy(4) = H T, Wy, (4),

where the trace Tt is taken in the representation,Rj of GG assigned to each loop

Yje
Thus adding regularxzatlons of the determinant and holonomy to (2.3) , we
have

7 |, [ pan@rs,
(2.10) ~
x det(4) exp [ih((4,9), Qo (4, s~ —/ ™2 A/\A/\A]

which is a heuristic version of the normalized Chern-Simons integral.
Let us exploit compensations in the numerator and denominator.(see [1]).
Then setting 5
Fio(4) = det(A)F5, (4),

we have a heuristic form of (2.10) such that

1 - 1
3 /. [ Prp@ (-4

(2.11) . )
xexp [iVE((4,0), Qao(4 )5 - 1= [ TZANANA],

where ' |

ey - Z= [ [ D)p@)es [iVE(4 6, Qu(4,6).]

Based on the heuristié,idea such that the asymptotic expansion up to the
order 2N of (2.11) may be equal to the asymptotic expansion up to the order
2N of- ‘

1 ~ 1
3 | [ oo, - |
(2.13) xexp [iVE((4,9), Quu(4,8)s — 1 [ TZANANA]
xexp [ = (1004, 8),e5)4 )42,
Jj=1

from now on, we discuss the asymptotic expansmn of (2.13).
For z = (A ¢) € Hp,
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o0
T = Z(x’ h;j)phi,
i

(w Qap®)+ = Z%(w hj )p’

J=1
and
e /M Tr §A ANAANA= agzl(x, ha)p(€, hb)p (%, he)pBaBoBeTabe,
where T = — [;, Tr kel Aef! Ael.

By the idea of Justlfylng the Feynman integral due to Ité [7] such that the
convergent factors
(2, Z)m
2n

exp [—- with n>0

implemented into the m-dimensional approximation of (2.13) and using the
formula of changing variables , by setting z = \/ny, we have

/ FAO( y )exp[m\/—( ,QAoy’")+]

mn

(2.14) X exp [1: Z \/ﬁya\/ayb\/ﬁycﬂaﬁbﬁcTabc]

abe=1

N

where vy, (dy) is the m-dimensional Lebesgue measure, y™ = Z;":l yjhj, and

Zmn = /};m exp [in\s/E(ym: QAoym)+] exp [_ (y’g)m} (’/\72(_:§/rl )

Setting

frlf(wL,-’BL-h"' N FA0(§ by

L .
xexp [i S Vizav/iicsy/nzeBabsbTu]

abe=1
) L
exp | —(_ Bivnlz;) 2N 12|,
i=1

we give the definition of a perturbative Chern-Simons integral (2.13) by setting
it as equal to



1 . .
lim lim — fE@p,zp_1, -+ ,z1)exp [zn\a/E(xL,QAOmL)+]

L—oon—oo 7, . JpL

ol 2]

Replace the eigenvalues \; of Q4, by )\J(. for large ( satisfying

(215)

Assumption 1. RENORMALIZATION.

oo

Zj2(8N2+12N+4) 1 < ¢ < +oo,
=1 [ A

~ which is guaranteed by Lemma 1.6.3 in [6].
Then we have

Theorem 1. Under the renormalization Assumption 1 and the assumption Tabc <T<
+00, we have (2.15) is equal to

F4,(0)

am{3(s( » ( >

1 \1<51<g2<js<jr<L \'myma, mr21mi+mo+-mp=s

i 1 2m \/_ L
1 | |
(2.16) n oo ((q=1 2Mamgl(1 — an\/_ﬂZ Aj, )™ qu ) Ao( z”)

3

X exp [7: i \/ﬁma\/ﬁxb\/ﬁxcﬂaﬁbﬂcTabC]> (0)>>) }

abe=1
: 1 \N+1
+ 0((%) )
for’ sufficiently large k, where 535 = 0.

3 Proof of Theorem

The non-normalized form of (2.15) is equal to

L . L
(31) ngr(:o nll}rlgo (#) LL» e E;’=1 %(1—21. %naj)E?fL(xL’ Tp 1, ,3;1) H d.’Ej,

where fl(zp, 27 1, - ,21) is a version of ff(zy,zr_1, -+ ,2;) such that

L
exp [ = (D VnBjlz;|) 2N+



in f£(z) is replaced by
exp [—(Zf=1 \/ﬁﬂjwj)m”] , ifz; 20,

exp [—(— Yiey VrBzi)*N “] , ifz; <0.

When we consider the function fE (zN,ZL-1, "+ ,Zj,"* ,Z1) as a function of
j-th coordinate z;, denote it by fL (z5).
Since
22N
f(zs) = fL(O)“’xJameL(O)'*' "+ (2N),a§5VfL(O)

1—
z3"* ] Sl il (QN)I 53§V+1fL(9jxj)d9;’>

so that set

2N

st = # / e~ H0-2n VRN L FL(0) + 2,0, FH(0) + - <328N>""‘”%jv 1o

and

1pr 1 1-2in Ykas)23 L 2N +1 Y1 =60 aNt1iLn s, ,
ij —‘E/ ( 3% J o WazJ f (Q,.’L‘_,)dg] d.Z‘J.

Setting for any well differentiable function g (zp,xp—1," " ,T2,71),

DYg" = g (0),

!
\/1—2inVka,;

Drgt = 712__ / e~ 0-2in VRt ymam oL (0)dp;, 1< m < 2N,
™
we get ‘
QY- QIQIfE
2N 2N 2N
= ppy(>_ DTy (> DTFh).

m=0 m=0 m=0

(3.2)

Before proceeding to the estimate of the leading terms, we remark

Lemma 1. For any integer 0 < m < 2N,

m

1 1
1\/1 - 2inYkaj| |1/1 - 2in¥/ka;

ym gL
‘D;nf ‘ < a;T;fL(xL9"' axj+1’05 Tj—-1,""" axl) .

16
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Now we estimate the leading terms . The absolute value of the above (3.2)
is dominated by

- (33)

< | ‘ 2N :
’(H )fL(O,O,... ,0)|+ Z (Z {Dng_l...D;rln...DngfL‘)
Jj=1 \/1——227 . 1<iisL \m=1 -
. 2N ’ :

1<H1<i2<L \my,ma=1
T 44
2N
r L
+ Z Z |D%D%—1"'D;:L"'D;':2"'D;nl - DIDYFL|
1<i1<j2<da - <jr <L \m1,ma, - ,my=1

+ ...... + P + cee .

By Lemma 1,
(3.4)
'D%D%_l---D;':'~-~D;7;2---D;’l” . DD? fL'

My
< 1 1 1 1
V1= 2inVkar| |\ /1 - 2in Fay_, 1-2inVkaj,| |1/1 - 2in¥ka;,
Ir J
Mr—1 )
1 1 1

X .

V1 -2inVkasa]  1y/1-2inkay,_,| | /1 - 2n¥ka;

my

« 1 1 1 1

l\/l—zin%a‘.’ir—l—l{ l\/1—2zn\/—aﬁl \/I—Zm\/_a]1 [V1 = 2inVka,|

o -8 ££)(0,0,-- ,0,0, - oo),

Here we state the key lemma will be omitted the proof because of the
restriction of the pages.

Lemma 2. For any non-negative integer N and L, there exists some constants A2N >0,

Bon 21 and a(=2) > 1 such that for any non-negative integers 1 < j; < jo < -+ < jr <
L and mj < 2N,

- 1 ' 1 m
K.sl.—_:[( /1 _ 2in%ajs) ) <j=1.-~,L,l;£,j2,"' ,jr( A/1— 2in\3//;aj) )

e Li-1 327, oML ... ir
L

sup Tjr

2N+1<a;, SAN+4,2,,1<s<r
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- T LI s s W amlfL(O %5, 0,0, x5, 0, ,0)|

Zjg Ti1

< AZN({(2N+ VDY mj+(2N+1)Za,-,}!)°‘

=1.-- yLy#jlyjﬁn"' )jr s=1
oo 1
()
=1 2V
1 )
(O Bv———m)
J=1 Lt dar i V2VENL

Then Lemma 2 implies

gmr .. 3m1fL)(0,0,...”0’(),... ,0,0)I

1 Mg
‘(];[(\/_1——7_1‘7;—?%—) )( 2 Oy

< A;n({2N + 1)(2 ms)}')“( H(B2N \/——)m’)’
s=1 2\/—l)\]a|

which, together with (3.4), yields

!DOLD%_I---D;’:'---D;';ZMD'M ---DSD‘l’fL’
(3.5) L 1 U
< Aan({(2N +1)(p_ma)})*( | | (Ban ———==)"").
(J <1]y/1 - 2inVka I) " Z (I=Il 2N\/2{’/EI)\J-,| )

Combining (3.3) and (3.5), we get that the absolute value of (3.2) is domi-
nated by '

(3. 6) '
2N 1 ™\
Ay + A Bon({(2N + 1)mi})* | ===
! H /———1 — 2m\/_a3 ‘{ 2N 2N 15%251, (n?l_,:l an ({( my 2\3/];|)\j1| )

1

V 2€/EP‘J'1|

1

\V 2{’/E|’\.7'2‘

‘ 2N
+ AN Y (Z By ™ ({(2N + 1)(my +ma)})*

1<j1<je <L \my,ma=1

)

2N
+ Aoy Z ( Z Bg}:\x]+mz +-tmy

151 <j2<g3-<jr <L \'my,m2, ,mr=1

1 ™ 1 ™ 1 "
{@N +1)(my+ma + -+ + my) N ot )
| SRR W rwi I e B W e
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Since
({(2N + 1)(my +mg + - + my) })°
< ({r@N + 1)2N})* < {((pw)P¥ ) riPn )
= ((pN)PN*)TrIPNe
where

pn = (2N +1)2N,

we have the above equation is dominated by

1

\/2VEIN |

)

L . 2N
hui —1——1A2N{ 148 Y [ 3 (e
j=14/1— 2in\3//;aj 1<i1<L \my=1

. 2N
1
+ B Y ( > (wpreyamne

1<j1<j2 <L \my,ma=1

: my mo
jowe 1 BN 1
1 .
[V 2VED| V2V, |
Foenn T
2N . 1
+ (B3N > ( D (N e e o
1<51<j2<g3--<jr<L \mi,mg,- ,mp=1
my ma my
ija 1 PN 1 L APNO | ____1 )
V 2\3/E|)‘.7'1’ V 2\3/E|)\J'2| V 2€/EIAjr|

1

\V 2\3/E|)‘J'1|

)

Lo { | 2N
< = a 1+ B2N ypney
|Jl;[ V1- 2in\‘°/Eaj> * o 15%:5L (mgl((plv
2N
+ (BN Y ( > (ewyvey?

1<j1<je <L \'my,ma=1

m1 ma
ija 1 DN 1
V 2‘3/];')‘j1| \‘/ 2\s/E|’\.7'2|
e SR

. 2N ‘ 1 ™
+ (B > ( Yo ((ow)PreyieNe

iy . 3
1<51<j2<gs<jr<L \'my,ma,- mp=1 V2 VE
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my - |mer
2Vk| A, V2VEN |
+ ...... + ......

)

A { 1+ [BI (on)PNe e
\H\/1—2m\/—aj} 2N{ +[ (pN) ]153'215L (mlz_l
my 2
1 L 1
—_ B PNO‘ pNo |
gl o) (Z_Z (:LJ N ))

L 2N m\\ T
1 N P 1
+ =B @neT [ S D | ——
r j1=1 \m=1 \/2\3/’;|/\j1|

y 2\/' kI |

By the Assumption 1 such that

PN <c < 400,

\/ 2V

J=1

we have

L L 2N-1
1 1
< ZjPNa —_— 1+ZjPNa T
(j:l 2Vk|\| ) ( j=1 \/2VE| Al

Hence we get that the absolute value of (3.2) is dominated by



L
e .
+ Q[Bgzj\\/r(pN)pNaP(c(l +c)2NhH2 Foennnn
(3.7 9 - .
+ E[BzN(PN)pNar(c(l +e)Nhr g R }

'HW Ao exp [ (B3 (w1 + €2

and we also have

(3.8) -\
. L [N "
r-—ZZN-i-ZAzN Ban o (g (n; " \/2\/_ I\l ))
< ( L o 1 )2N+2A2N(1+C)(2N-1)(2N+1) exp [[Bgﬁ(pN)pNa](l_i_c)zN]_
j=1 \/2%')\“

Further for ény natural number 2 < r < 2N + 1, we get

(3.9)

Z ( § : ' Aon B tmattme
1<51<j2<d3<jr<L 1<my Mg, ,mr32N+17E:=1 me>2N+2

mi msa my

1

1
VaVEALL| |29
< 2 | >

1Sj1<j2<j3~'.<jrSL 1<mi,mz,-- xmrS2N+1,Z;=1 me>2N+2

1

| v/ 2VE |

({(2N + 1)(mq +.m2 + - m) )

)

mi mo me
1 1 1
Aan [BSJ’\‘{(pN)pN“]"J{’"“ Tl . PN
V 2\3/’;])‘3’1' \/ 2W|>‘J’2|‘ \/ 2%!)\;’,_]
< Aon[B3N (py )PPV +1 3 ( )
1<51<f2<ga<jrSL  1<my,ma, ;meS2N+1,570_1 me>2N+2
L r
( jone 1 )Emms
j=1 2VkIN|
(o o]
. 1 2N+2
< (Z]Ma ) Aon[BEN (pn)PVOPNHL QN 4 1)2NHL(1 4 o) ON+D?,
i=1 2Vk| |

21
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Since

L .
opragr-t -9 exp | = (D VnBjlzi)*#*?| (0) =0

Zjr
j=1
if mi + -+ +my_1 + m, < 2N + 1, we have, together with (3.6), (3.8) and (3.9),
Q% QQYfF

is rewritten as

(3.10)
L

(11;11 /1 - 2inVka;

N

8
1 2
+3 1 > > T 2T o

s=1 \r=1 \1<ji<j2<ga--<jr<L \mi,ma, mr21,mi+ma+--+mr=s

1 2my | 1

9;; 2™ f£(0,0,---,0
2mamy (1 — 2inVkaj, )™ 2 2"“~rm,«'(1—2m\/_aJ yme Oz, 7 ( )>>)

A ™)

Hence letting L - oo in (3.10), we have (2.16).

Now we estimate the remaining terms again by the method similar to that
in the leading terms. In this turn, we also begin with the proof of -

Lemma 3. There exists a positive constant Cy such that

Q44 € —mee— O ()"
311) [/1-2in¥kaj| " |\/1— 2in¥ka;|

z2 .
e 7|0 fL(wj)’.

sup
2N+1$|a,-|§4N+4,:cj

Proof. Apply the Fubini theorem and use the integration by parts formula, we have

le'fL = /1 dg; a-8)7 9,27 L e~ 3(1-2inVkay)s} 2N+1

(2N)!  Vor
0211 FL(0,,)de
=/1 dej (l_ej)2N 1 -—33;]. ( __1.(1 2m\/Ea])zJ)x
@N)! V2r J 1-2inka;
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O+ fL(0;;)da;

(1 - 0])2N / (1 —2in ¥ka;)z? 2N-1
do; J J2Na:
/o d @en) a- 2m\/_aj)\/27r

o+ 1 (6;25)da;
/ 6, (1-6;)% 1 /
N (1 - 2inVka;)V2r
0,050+ X (0;2;)da;.

1 2177.\/13@,)1‘2 2N

Repeating this process until x; vanishes, we have

1.0 _ ! ,(1“9')2N 1 —
Qift = /0 db; (2NJ)! i faJ)NH T5=2NCN 2N —4) -2

27 . .
(12)  « 91'33’-\' *2fE(00;)da; |

d0 (1-9; 1 ¢~ 3(1-2inVka;)a?
(2N (1 — 2inV/ka;)2N+1y/2

og”ﬂagj”? FE(9jx;)d;.

Setting

1 +(1- Zm\/—aj)a:

we have

Mje™ - 21n\/EaJ):tJ —e -1~ 2m\/l€a1)xz

Noticing M} denotes the adjoint operator of M; in L%(dz;), we get for G(a:) of being well
dlfferentlable function and of satisfying

lim e 3 J|G’(m)| 0,

|-"-'1'“”°°

. ‘ 2G(z) ' zj05,G(z)
M:G(z) = 2
i¢@) (14 (1 - 2inVkay)z2)? 14 (1 —2inVka;)z?’
3% 5 375

so that we have
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(3.13)
1—-2in\3/E )2
|(M;)2G(=)| S{'H(l ffffa )2 7| +8lo (x)||(1+<1—2i"‘7%]"f>;?)4|'

x; 8z,G(x) T 9z,G(z)
Py R o oo e wrRE e
1+(1- 2in\3/15aj)x§ 1+(1- 2in\3/Eaj)x?)2 1+(1- 2m\/75aj):c§ 1+(1 - 2zn\/Eaj)mj
5la G’(:I:)” T ll (1—2in\3/1€aj):c12- ‘
“ 1+ (1 - 2inVka;)z? 1 (1 + (1 — 2inVka;)z2)?

z? 82 G(z)
* \1 + (1 - 2inVkaj)z? H 1+ (1 - 2m\/_]ka_7)x H

Therefore for any positive integer ¢, we have

Ll in3 y ) TS * £
|e™2(4=2nVRa)a (1299 L) (625)|
1
1+ (1 - 2inVkaj)z?|

“m’a"”"fL(onJ)!)

1
§20( sup ( )
loj1<2,25,1651<1 |4 /1 — 2in Vka|

Notcing that

/

1
dx
1+ (1 - 2inVka;)z?

1 / 1
< dy
Iy/1 - 2in¥ka;|/ VI+Y

and taking

i | _lp2. 0 2
lem¥i0g; 7 (6525)|

1 [
sup ( )
2N+2<]ey|<AN+4,25, 16511 V| /1 — 2in Vkay)

1 &
< sup ( )
IN+2<0y|SAN+4,25, 10511 1| /1 — 2in k|
1 X | _ly2.a; 2
< swp )" |e¥50% 4(e)|
2N+2<|05|SAN+4,25 |y /1 — 2in¥kaj|”

e 437165 fL (050)|

and for example,

2N+1f’-‘L(O)}

2N+1

(I—Zzn\/—a])N“\/—{

e~ 2 182N+1fL(.’L‘)

1
sup

\/I—Qm\/_a] \ﬁ—-2m\/_a] j

into account, we have the desired inequality from (3.12). a
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Now we return to the estimate the remaining terms such that

k k2 k1 ¢L
Z LL,_, 22Q11f

(3.14) kr, - k2,k1=0,1 1(kLy"‘ ak21k1)7é(070v"' ,0)

SEEDY

-r=11<51<j2<<jr <L

Q%"'le'r"'le'z""Qal‘l"'Q?fL-

First we discuss the case of r > 2.

QOL"'QJI'T"'QJI'Q"‘Q}l“'Q(l)fL

2N . 2N
=) Dp)---- QL@ (Y D

m=0 m=0
S.D% ...... ! §2"-Q}1"'D?fL|
(3.15) g
* )

1< <lo< - <p Ly 2y Sl G 520 5Jr
2N

! mll vmlg-l"' lerzlymizoyi#{llylz"" :l"‘}

| 'DTLnL"‘le‘r"‘le'z“'le'l"'Di’mel"'”"*‘

Next we estimate
(3.16) |Dp= - DR QLD @, Q)+ DI £,
By the manner similar to that in (3.4), we arrive at (3.16) is dominated by
L

(M=)( 1T ———="")

i=1 |\/1=2iVknaj|” " jtiniaee de |1 — 26Vknaj]

1 @j
(3.17) x Oy sup (H ( )7)
2N+1<]0, |<4N+4,35,,1<s<r | — % \/— |
X e_E:=1 5”]2'3 gm...g%n . L9592, ‘ . QPtr =1 gQir gMjr+1 | gmy,
z1 Zi1 Tz Zjr=1 “Ejr YTjp+1 zL

fL((O"" 70,3;]})"' s Zjay 3 Tjyy " 70) .
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Suppose that

]-Sll<l2<"'<ltSL)l1a12)"'alt#jl,j%'“’j'r

and

mlj 2> 1)j=1a2a"'s)mi =0)i#{llal27"' ,lt}-

Setting

PN = (2N + 1)(4N + 4),

we have , by Lemma 2,

(I ——")

i#ivgardr /1 = 2inVkay]

r

1 Qjs

su v
2N+1<|a;,|<4N+4,25,,1<8<r o I\/l - % \:’/Enajl

S lg2 aj,.
><|e La=1 2%, (L ... BT
2 51 my rL . . )
v+ Op2 e Ogt O f (0, ,0,2j,, -+ yTjpy+++ yTjy, -+ ,0)

r t
< Aon sup {@N+1)) aj,+(2N+1)) my}H)*
2N+1<|a, | <AN+4 { ; ’ ; 7

(3.18) ;

. 1 1
T (Ben———=)) ([[(Ban —me)™
(3=1 C W 2VED )(j=1 1/2Vk| )| )
< AN (8 4 r)1)PNe
1
1PNabNa ... (t + r)PNa

X (Eija(BZN\/—;T\/I——kIA_jl)%)

t

(]E[l lfNa(BzN\/_—z_;_kT—j—l)mu ) .

Summing up, (3.16),(3.17) and (3.18),and setting cy = max{1, CNﬁfVN“Bgﬁ""‘(l.p
¢)?N+3}, we have for sufficiently large k,
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mr, mL1 mJ+1 mh“l 1.,...01...pm L
|DEEDTE - DR Q) DR @y QY DT

L
< ([ ot (11w )

i=1|1/1 = 2iVkna;| j=1
2N+1
- 1
% Cr Na'r‘ JgNaB4N+4(1 +C)2N+3 —
(3.19) (H J2VRA )
my

L t

1 Pyt pra 1
<1, 1—2z'€/ﬁnaj|)A2NW (L1 o s )

2N+1
X CN(HJPNO‘ ————W

g=1 )
Therefore by (3.19) and (3.15), we have

Q%'..Q.}r”.Q;Z.HQ.}I'..Qg-)fL

5 2N+1
1
< joNa Aon{ 1+
<.7I-—_—Ill 1-421'\3’/Enaj|) (H \/2\/—1)‘J,| ) 2N{
" 2N mh
. 5 1
+ ﬁpNa L T —
(3.20) S ( 135151,,112;;3'1,]'2,... dr ) (m,1=1m¥='0,i;éll ) ' ) A/ 2\3/E|)\lll
+ e _|_ e
2N

t
+ 7R 2 )( >
: 1Sl1 <l2 <'"<ltSL1l1 7121"' vll¢j1 7j2)"' ij’" mll vmlz )t )mlt=1ymi=0:i5£{l1)12)"' 1lt}

my .
lJ

)4t

t

(T1ee

j=1

1 .
V29I |

Since m;; < 2N, setting

. m t
00 1 ‘. t 0o
M=A ~{ 2N pNno PN ,
2N§“(6N ) (?::1 (rnX—:lj ,/2\/'|,\| ))

by the manner similar to that in estimating the leading terms, (3.20) is domi-
nated by

CN
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2N+1
L

(3.21) ( I1 ! ) ( H e

i=1|1/1 — 2iVknaj| s=1

\/2\/—l>\1,|

Therefore by (3.14) and (3.21), we arrive at for sufficiently large &,

3 Q- QY -

kL k2 kr=0,1, (kg ka2, k1 )#(0,0,++ ,0), Sk kj>2

< (fl ){2 MCN(ZJW

2\/_,/\” )(2N+1)r}

i=1]4/1— 22\/_na]| r=2 =1
< (ﬁ )M(i]pna )(ZN"'Z)C%chN explenc?N+]
—_ 8

j=1| 1—2zfna]| j=1 \/2\/—|)\3,|

< (15— e(@")}

Next we discuss the case of r = 1. Since
82N+ L (0) = 0,

so that the discussion after (3.12) implies there exists a constant C such that
for sufficiently large k,

DY --.... le DYrfL
L 1 5 1 (2N+2)
S C jPNOt - .
(]-1;11\ 1—2i€/Enaj;)(1 V2VE [ | )

Further, since

'Q%"'le'l"' ?fN—D;O,'-'Q,l-I'”D?fL(

(ke iy (£ (Smei="))

By 1 2N+1
N

X CN]I —_——
V 2\3/‘1;"\]”

and




< (ijﬁNa——L—)(l + C)2N—-1 ’,

=1 2V

we have for sufficiently large k,

L

le:IIQL % QlfL'< <.7 =1 1—-21z\/_na1[){0<(—‘%;)1v+1>}’

which completes the proof.
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