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Gauge Invariance, Gauge Fixing,
and Gauge Independence*

Tzumi OJIMA (RIMS, Kyoto University)

1 Why a fixed law of dyhamics for each system?

One of the implicit but standard preconceptlons in physical sciences seems
to be that
“a physical theory should describe a specific physical system
with a fized law of dynamics”.
Sticking to this belief causes the following difficulties:
‘i) difficulty caused by “singular constrained dynamics” with a de-
generate symplectic form (typically in a gauge theory to be quantized), and
ii) (mathematical) difficulty in treating “explicitly broken symmetris”
(e.g., broken scale invariance and approximate flavour symmetry of hadrons).
If we are free from the above prejudice, we can easily relativize the situ-
ation concerning overlap vs. separation between responses of a physical
system against two sorts of actions-on its 1nternal (= symmetries) and ex-
ternal (= dynamics) degrees of freedom.

A geometric analogy: resolution of singularity
~ Between i) & ii) with no inevitable relations seen at first, some aspect of
mutual duality starts to show up. To understand it, the analogy to geometric
configurations of two diagrams (like an arc and a surface) 'unth or without
intersections will be helpful: '
by shifting the diagrams along the axis orthogonal to the intersections,
we can freely change their contact relations with or without intersections,
- which is a simple-minded picture of the blowing-up method for singularity
resolutions. ~
Or, even if we do not touch on given two separated diagrams, they can
be viewed as intersecting by choosing suitable angles of axis of our sight.
The former is in the active versmn of deformations, while the latter in
the passive one.
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Duality between gauge constraints and explicit breaking

Going back from this analogy to our physical context of symmetry and
dynamics, we can interpret, respectively,
- constrained dynamics with overlap of internal- & space-time symmetry
+— two diagrams with intersection as singularity, and
- explicitly broken symmetry <> blow'mg-up of intersection smgulanty

Then, the two questions must be asked about local gauge invariance:

a) Why is such an awkward detour inevitable that the beautiful gauge
symmetry should be explicitly violated by hand via “gauge fixing condi-
tions” which make the 1st-class constraints into the 2nd-class ones? And,

b) Is the vital essence of local gauge invariance really recovered after
the explicit breaking? What are the mutual relations among different
theories quantized with different gauge fixing conditions?

2 To relativize dynamics of a system

In special or general theory of relativity, standard reference systems are
relativized and pluralized for one and the same physical system,
whose mutual relations are controlled, deformed and compared via Lorentz
or general coordinate transformations, respectively.

Generalizing this excellent idea of relativity, we can naturally and legit-
imately relativize and pluralize dynamics of a physical system whose
mutual relations are controlled, deformed and compared;
the freedom attained by this extension is expected to liberate us from the
stereotyped spell of “a physical system with a fized law of dynamics”. Then,
it will enable us to examine a theoretical framework of theories to describe
“a physical systems with a family of dynamical laws exhibited in an
array, where their mutual relations are systematically examined from the
viewpoints of deformation and evolutionary theories”: in [1], the essence of
this line of thought has been proposed under the name of .“ Theory Bun-
dle”, bundles of theories patched together by the “method of variation
of natural constants”.

2.1 Relevance to/in controls and evolutions

While someone dubious may take this idea as a groundless “fairy tale” or
“science fiction”, its essence may have alreay been embodied (partially) in
the control theory to treat physical systems from the viewpoint of controls;
such a natural way of thinking can be treated as a heterodoxical idea only
within the traditional stance of theoretical and/or mathematical physics (if
it sticks to the precise description of objective nature existing outside of us).
Along the above line of thought, the rational way of ontogenetic descrip-
tions of historical evolution processes of physical nature can be envisaged;



the goal will, perhaps, be attained in parallel with the scientific explanations
of the biological evolutions to be implemented through the bi-directional pas-
sage between the ontogenesis of species with fixed law of repeatable dynamics
and the phylogenesis consisting of evolution of laws governing species-speficic
laws.

3 Framework for multiple laws of dynamics and
applications

Now the required mathematical bases for this purpose can be consolidated by
connecting the essence of multiple laws of dynamics based on the “groupoid
dynamical systems” with the notions of “sectors” and of “sector space”
in the framework of “quadrality scheme” based on “Micro-Macro du-
ality” [2].

After brief explanation of groupoids and groupoid dynamical systems,
an application of the framework will be discussed in the case of local gauge
invariance: on the basis of the duality in gauge theories between

gauge constraints &2 gauge fixing conditions,
we aim at providing the answer to the afore-mentioned questions in terms
of gauge sectors and of gauge equivalence.

The same method can be applied also to the problems of renormaliza-
tion and of unification of four interactions. In the former, the duality plays
important roles between “cutoffs” (or, regularizations of ultra-violet diver-
gences) to circumvent Haag’s no-go theorem and renormalization conditions
and, in the latter, the evolution of dynamical laws can be discussed in “his-
torical evolution of physical nature”.

3.1 Groupoids and groupoid dynamical systems

First we need to explain the notion of “ groupozd” and the “groupoid dy-
namsical system”.

In a word, “groupoid” is a family of invertible transformations from an
initial point to a final one, which can be thought of as a family of groups
scattered over spacetime. In this sense, it provides not only a generalization
of the notion of groups in close relation with the basic ideas of local gauge
invariance and of general relativity, but also an algebraic and generalized

formulation of “equivalence relations” ubiquitously found at the basis of 7

any kind of mathematical descriptions.

Definition of a groupoid I'

A groupoid T is defined on a set I'®) (called unit space) and two maps
s,t : T — I'® satisfying the followmg three properites R1), R2), R3). When
t(y) =z, s(y) = y, we write z <—e y or v : x < y, where « is called an arrow
from y to z and for which we have:
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Rl) For any = € I'©) | there is an arrow £z fromz tox called a unit
arrow -
R2) when z L yandy & 2 | there exists a composition N2 5 of
arrows 7y; and of vz from z to :c
| R3) when 7 is an arrow & y from y to z, there exists the inverse 4~ le
T from z to y in the sense of vy~ l=1,:z+zandof v ly=1y: y(—y

If we define a relation R on I'® by R(z,y) = (3y € I such that z &Ly,
then R1), R2), R3) are equivalent to laws of symmetry, transitivity, and
reflexivity, respectively. In this way, a groupoid is an algebraic generaliza-
tion of an equivalence relation. While the equivalence relation R(x y) is
symmetric in z, y owing to R3),- we retain the direction of arrows z <- y for
the purpose of unified treatment of such relations with preferred directions
as order relations or arrows of time. The totality of the arrows = is called
a groupoid I' and the set '©® of ,y, etc., connected by the arrows v € T’
in such a way as z & 4y is called the “unit space” of the groupoid I'. The
element y € T'© in z <& y is called the source of v and denoted by s(v) = v,
“and, in this situation, z € ' is called the target of v and denoted by
t(y) =

In thls context, a groupoid I' can be viewed as a special sort of categories,
all of the arrows of which are invertible. Then, the unit space I'® is nothing
but the set of objects of the category I', where

' R1) means the assignment of the identity arrow 1, corresponding to an
object = € o,

- R2) explains the relation among the source, target and the composition
of arrows in the category I,

R3) means the invertibility of all the arrows in I'.

It can be easily understood that a groupoid is a generalization of the
concept of a group and that a group is a special case of a groupoid: for this
purpose, we equip a group G with a (virtual) object * which is regarded as
connected by any group element g € G to itself: * & . In this way, a group
G can be viewed as a groupoid G whose unit space is given by {*}.

The important difference between a general groupoid and a group can be
found in that any pair (g1, g2) € G X G of group elements can be composable:
(91,92) — 9192 € G,

whereas the product v;72 of a pair ('yl, v2) € T' X I can be defined only
when the condition s(y1) = t(y2) is satisfied: y17y2 = [t(y1) « s(m) =
t(y2) ¢ s(72)] = [t(n) & s(32)]-

The set of all the composable pairs (y1,72) is denoted by I'®, which
can be identified with the fiber product : ') := {('yl, v2) €T x T;s(n1) =

r &or x T
. . r
t(y2)} = l";(f) )I‘ character;zed by a commutative diagram: s| ¢ | pr,

r® « T
t .
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For z,y € 1"(0) we denote Iy ={yelt(y) ==s(7) =y} =T(z < y).
" Since T'Z ¢ T?, any pair of elements in the subgroupoid I'Z are composable,
and hence it is a group I'Z C T', among many such contained in T.

Transformation groupoid:

In contrast to a group G as a groupoid with a trivial unit space ro =
{*}, a typical example of a groupoid with non-trivial unit space I'® can be
found in a “transformation groupoid” associated with an action of a group
G- as follows:

An action of a group G on a space M is specified by amapa:GXM —
M satisfying the following two properties:

ale, ) =z,
(g1, a(g2, 7)) = (9192, 7).
If we write a(g, ) = ay(z) = g -z, this means
Qe = idpf, 0igy © Qgy = Oigy gy,

or,
e'r=1x,91 (92 ) = (9192) - =.

Namely, G > g — a4 € Aut(M) gives a representation a on M, where
Aut(M) denotes the totality of automorphisms transforming the space M
onto itself with leaving the structure of M unchanged.

~In this situation, a groupoid I' := G x M consisting of the unit space

' = M which is acted on by arrows v = (z,9) := (g -z + z) (or vy =

(z,9) = (z += g~ - 2)) is called a transformation groupoid. ‘

In a word, a transformation groupoid I"' := G X M consists of the pairs
(9, ) of group elements g € G and points z € M which specify the motion
(9 -z + z) of a point x € M under the action of g € G. Or, it can also be
viewed as a trivial G-principal bundle over a base space M with a fiber G,
specified by an exact sequence G =G xM -» M =TO =T/G. It
can also be viewed as the graph {(z,9) = ((¢9- = + z));z € M,g € G} of
G-action on M.

Sector decomposition by central measure ‘
To classify symmetry breaking patterns in a universal way, we need
Tomita decomposition theorem on sector decompositions:

Theorem 1 (Tomita decomposition theorem) For a state w of a C*-
algebra X, a unique measure u,, called a central measure, (pseudo- )supported
by factor states € Fx, exists with its barycenter b(u,,) : = [, Ex pduy,(p) = w
such that

- (0) (fA P,d,uw(P)) o (fEX\A p d,uw(p)) for Borel set A C Ex,
(1) Junique projection P = [3.,(X)] on GNS space $H, s.t. P, =
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O, Py (X)P C {Pr,(X)P} with center 3x,(X) = my(X)" Nmy(X);

(2) 3r.,(X) = {m.(X) U P};

(3) pw(v(A1)1- - Y(An)) = (Qu, Tw(A1)P - Py (An));

(4) 3x,(X) is *-isomorphic to the range of map L*°(Ex, pw) 3 f — kw(f) €
7w (X)) defined by |

(o s )l A)0) / £ (o) /() (0)dt ()

and for A,Be€ X
K (V(A))Tw(B)w = mu(B) P, (A)
where ¥(A) := (Ex 3 p > p(A)) € L®(Ex, phw)-

Kw as *-algebraic embedding defines a projection-valued measure K,
(B(supp pw) 3 A = ku,(A) := kuw(xa) € Proj(34(X))) on Borel subsets
A € B(supp p,) of Ex, satisfying

(o, K (D)) = pw(A).

Hilbert C*-module associated with sector structure -
For a C*-dynamical system GmX with a G-action 7 on X, a Hilbert

“C*-bimodule X := C(Ex) ® X can be deﬁned with left C(Ey) action and
right X’ action together with C(Ey)-valued left inner product and X'-valued
right inner product for Fy, By € X as follows:

|Ey) (Bl := A(F1 - B3) € C(Ex);
(F1|By)y = o (FY - By) € &,

where A: X 3 F +—> (E,y > p — p(F(p))) € C(Ex) and i, o X>F—
e (F) € X are conditional expectations.

X=C(Ex)®X

K
<
C(Ex) .
A

T ¥
x

Hw, Kw Ky X Ty TTw

G-equivariance relation between w and pu, _
Using A and representation kX7, of f®A € X, we rewrite the equatlon

O Ko (P D)) = [, F(O)PYA)](P)dp(p), for defining r, as follows:

(Quy (K X 7)) (f ® A) ) = (Quy ko () T (A)$20)
— o(f - 7(4)) = po(A(f @ 4)) = (A" (ua))(f © 4).



Central measure y, € M!(Fy): uniquely determined by w € Ey => From
w o Ty = b(Uw) © Tg = bfiwor,) we have

Banry () = Aup o 75") 08 phuor, () = malF 073), (0)
for f€C(Ex),g € G,p € Ey, where |
(f © T;)(P) = f(potg) = ((19)«f)(p)

Then, G-action on £ € X given by [#,(F)](p) = 74(F(p o 75)) implies the
G-equivariance relation between w and p,,: -

(O | (5 X ) ) 0) = (ary | (5 ) (P, ()

Operational meaning of G-equivariance relation

Combining Egs. (a) and (b), we see the microscopic G-action £' — o (F)
can be transformed into the state change w — w o 74, which can further be
transformed into the change in macroscopic observable f — f o 7;

In this way, G-equivariance relation (b) between w and u,, plays such an
important role as making microscopic effects of G visible at the macroscopic
level.

‘ Once a sector structure emerges, thlS equivariance relation (b) always
holds irrespective of whether group G is written in terms of a unitary rep-
resentation or not. For the purpose of distinguishing kinematical and dy-
namical symmetries, we consider next the problem as to whether a symmetry
is unitarily implemented or not. ‘

Transformation groupoid associated with G-quasi-invariant w

A state w € Ey is called G-quasi-invariant if its corresponding central
measure u, € M!(Ey) is a G-quasi-invariant measure on-Ex in the sense
that u, and p, o (74), = Pwor, are equivalent measures, namely, both are
absolutely continuous w.r.t. the other: u, < Puwory a0 flyory K fhy.

On the basis of this G-quasi-invariance, unitary representation U, of G
can be given in L3(Ex; uw) ® H., by

d(/“wo‘rg)

dite £(po 7"y)

\ [Uu(9)€](p) =

for g € G,p € Ex,& € L*(Ex; tw) ® Ho.

Kinematics vs. dynamics ;

Under the assumption of transitivity, this action can be identified with
transformation groupoid I' = G x I'® with the G-transitive unit space
' := supp p,, embedded in Spec(3,(X)) C Fy.

‘ Because of the unitary representation U, the G-quasi-invariant action
on classifying unit space I'® can be viewed as kinematical and a G-action
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violating quasi-invariance of w is to be viewed as dynamical since it does
not leave the unit space I'®) invariant. '

Some remarks on transitivity | 4

I'® = G/H : transitivity + symmetric space C ergodicity = measure-
‘theoretical transitivity

r'® =11(G/H;) : orbit decomposition, ergodic decomposition

Symmetry breaking patterns classified by unit space ro©
Then, in terms of the unit space r'©® ¢ Fy, breaking patterns of the

symmetry described by G ~ X can be classified into unbroken, sponta-
neously broken, ea:plicitl; broken ones as follows:
(i) unbroken: I‘S:l)br oken, = OE-point set (or, disjoint union of such sets)
(ii) spontanesously broken: I‘g); g = sector bundle G I>1<T H of a theory

with a fized dynamics, whose base space G/H consists of degenerate vacua
and whose fibers consist of sectors A of unbroken symmetry H

(iii) explicitly broken: I‘S()plicit by, = double-layer bundle of sectors,
whose base space consists of physical constants to parametrize different

dynamics, upon each point of which we have a sector bundle I‘gg g of SSB
corresponding to a fixed dynamics

4 Local Gauge Invariance

In the case of local gauge invariance, a “gauge sector” is specified by a gauge-
fixing condition, the totality of which defines the unit space Ir'® = G/Ggrs
“of the transformation groupoid GxI'®© of local gauge transformations G
(where G grs is the BRS cohomology representing unbroken gauge symme-
try in each gauge sector).

Each point of I'® is a “gauge sector” parametrized by a “name” (f, o) of
the gauge-fixing condition f(A)+aB = 0 specified in terms of the Nakanishi-
Lautrup B-field, each of which is transferred to another gauge sector by the
action of broken gauge transformations in G (* transitivity of r® =
G/GBRs).

Geometry of gauge configuration space What is most important here is
the role played by the Nakanishi-Lautrup B-field as the Lie derivative £ on
the configuration space of gauge field : ‘

£:[Lie(G) 3 X — —ifx
= —i(dp o ix +ix 0dp) = —i{dp, ix}]
= —idprs(c) = B.

Namely, the differential operator £ + if(A)/a determined by the quantum
field B acts as a covariant derivative on configuration space of gauge field,



whose connection coefficient is provided by the Lie-algebra-valued function
IO 3 (f,a) — if(A)/o € Lie(G) on 'O, | A

Gauge fixing= parallel transport & BRS cochains Then, the gauge-fixing
condition f(A)+aB = 0 to determine a gauge sector (f,a) € I'® plays the
role of parallel transport on configuration space of gauge field :

(£+if(A)/a)p =0

for state vectors ¢ € gauge sector (f, a),
which specifies the geometric meaning of a gauge sector (f, a).

Inside of each gauge sector (f, ), we can find

FP ghost c € ALie(G)* : Maurer-Cartan form on Lie(G),

anti-FP ghost ¢ = (Lie(G) 3 X — ix : interior product) € ALie(G),
B-field B = (Lie(G) 3 X — —ifx) € VLie(9) ‘

BRS cohomology which determine the BRS cohomology,
6BrRsAy = Dyuc, SprsDuc =0,
1
dBRrsc = —59¢ Ac,
dprs¢ =1B, 0prsB =0,

acting on the gauge sector (f, o) as the unbroken remaining symmetry.
The equation of FP ghost ¢ in the gauge sector (f, a):
0f(A) , _ 8f(A)

—JA_M.D“C = JA” 53351‘1# = 5BRS(f(A))

= 6Brs(f(A)+aB) =0

guarantees the consistency between the gauge-fixing condition f(A)+aB =~
0 and the action of the BRS coboundary dgrs in the sense that the action
of BRS coboundary § BRS' is restricted to the inside of each sector without
leakage to other sectors (: unbroken symmetry!).

4.1 Answers to questions a) & b)

In this Way, the basic structures found in the quantum gauge theory can be
consistently understood as the sector structure associated with the explicitly
broken symmetry under the group of local gauge transformations which
answers the above first question:

a) Why is such an awkward detour inevitable that the beautiful gauge
symmetry should be explicitly violated by hand via “gauge fixing con-
ditions” which make the 1st-class constraints into the 2nd-class ones?

The role of the explicit breaking via gauge-fixing is just to disentangle or
“blow up” the overlaps between the dynamical and the internal-symmetry
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transformations (as local gauge transformations) taking the form of a first
class constraint. The essence of local gauge invariance is unfolded by
this procedure into the coexistence of many gauge sectors (f,a), the to-
tality of which constitute the unit space (9 of the transformation groupoid
' = GxI'©® with the group G of local gauge transformations as a broken
symmetry.

As parallel transports, each of gauge fixing conditions represents a
specific direction in the configuration space of gauge field, the totality
of which are mutually transformed by the local gauge transformations .
Therefore, the gauge invariance of the theory containing all the gauge sectors
can naturally be understood by its construction. This is the answer to the
question:

b) Is the vital essence of local gauge invariance really recovered after
the explicit breaking? What are the mutual relations among different
theories quantized with different gauge fixing conditions?

What remains at the end is such a natural question as to whether it
should be possible to judge in a simpler way the meaning of gauge invari-
ance without checking all the gauge sectors. While I have not encountered
the detailed discussions on the meaning of gauge egquivalence, it can be
interpreted here that “the contents of BRS-invariant sector are all the
same over all gauge sectors”.

4.2 Gauge equivalence

If the positivity is guaranteed of the inner products in the BRS-invariant
sectors contained in each of gauge sectors, the action of local gauge transfor-
mations as a broken symmetry connecting different sectors can consistently
be restricted to BRS-invariant sectors. Since the transitive action of G over
all gauge sectors I'©) connects different gauge sectors by conjugacy transfor—
mations g(—)g~! the required conclusion is easily seen to hold by gL~ =1,
in such a form as the triviality I ndGBRS (¢) = idg/Ggps ® ¢ Of the induced
representation from the trivial representation of BRS transformation. In
the relativistic context, therefore, this picture is just the expected natural
realization of the gauge equivalence. '

Gauge-dependent classical observables

In the low energy regimes, however, we cannot deny the possible emer-
gence of macroscopic classical fields like the Coulomb tails or Cooper pairs,
as gauge- dependent physical modes due to the condensation effects of
soft photons.!

In this case, we have to be prepared for such a possibility that different
gauge sectors are not equivalent and that the different choices of gauges may

IThis is in sharp contrast to the wrong naive claim of “group invariance” of measurable
quantities, as is seen, e.g., in S. Tanimura, arXiv 1112.5701.



- result in different ways of realization of physical phenomenta.

The possible “emergence of physical but gauge-dependent classical
modes” can be interpreted as the result of spontaneous symmetry break-
ing (SSB) of BRS invariance in each gauge sector arising from the
explicit breaking by gauge fixing condition. These aspects seem to pro-
vide useful viewpoints for the systematic analysis of phase transitions and
infrared photon-like modes (in progress). '
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