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Abstract

We prove explicit upper bounds of the function S, (T), defined by the repeated integration of the
argument of the Riemann zeta-function. The explicit upper bound of S(T') and S:(T') have already
been obtained by A. Fujii. Our result is a generalization of Fujii’s results.

1 Introduction

We consider the argument of the Riemann zeta function {(s), where s = ¢ + ti is a complex variable, on

the critical line o = 3.

We shall give some explicit bounds on S, (T") defined below under the Riemann hypothesis.
We introduce the functions S(t) and S;(t). When T # < (v is not the ordinate of any zero of {(s)),
we define

8(T) = %arg( (% +Ti) .

This is obtained by continuous variation along the straight lines connecting 2, 2+ 7T, and %+Tz’, starting
with the value zero. When T = v, we define

S(T) = %{S(T +0)+ S(T - 0)}.

Next, we define S;(T") by
T 1 o
S1(T) = / s@a+0, (C=2 /1 log |¢()|do : constant | .
0 3

It is a classical results of von Mangoldt (cf. chapter 9 of Titchmarsh [7]) that there exists a number

To > 0 such that for T > Ty we have
S(T) =0(ogT), Si1(T)=0(logT).

Further, it is a classical result of Littlewood [8] that under the Riemann Hypothesis we have

_ logT _ logT
ST =0 (10g10gT) » 5)=0 ((loglogT)"’) '

For explicit upper bounds of |S(T)| and |S1(T)|, Karatsuba and Korolev (cf. Theorem 1 and Theorem
2 on [9]) have shown that

|S(T)| < 8logT, |S1(T)| < 1.2logT
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for T > Tp. Also, under the Riemann Hypothesis, it was shown that
logT logT

)| <0. )| <051 cr—ru

|S( )I _OSSIOgIOgT’ ISI( )I <05 (10g10gT)2

And the non-trivial zeros of ((s) we denote by

for T > Ty by Fujii.
Next, we introduce the functions S3(T"), S3(7T), - --

p = +~i. When T # v, we put
T
So(T) = S(T), Sim(T) = / Sp_1(t)dt + Crm
0

for any integer m > 1, where C,,’s are the constants which are defined by, for any integer k > 1

C2k—1 — %(_1)k—1 /;oo /‘00 N /oo log |C(o’)|(d0')2k—1’
3 o o

(2k—1)—times

Cak = (=1)** / / / (do)** = 2]:))";2:

2k times

and

When T = v, we put
1
Sm(T) = §{Sm(T +0) + Sn(T - 0)}.

Concerning Sy, (T) for m > 2, Littlewood [8] have shown under the Riemann Hypothesis that
logT
$n0) =0 egrog o)

Theorem 1.
Under the Riemann Hypothesis for any integer m > 1, if m is odd,

logt 1 1 = oml 1 1
< . S
|Sm(t)l = (loglog t)m+1 27rm! { 1-— Z (m —j)! (e + 2]+162)

1+1) N 1 ' 1
1(1+1) mm+1) 1-1(1+1)

—
[IEYE
—~~

logt
° (aog Tog t)m+2) '

If m is even,
logt 1 1 = om! 1 1
< . - -
|Sm(t)] < (loglogt)m+1  2rm! { 1— % (1 + 1 ; (m — 5)! (e + 2J+le2)
1(1+1 1 logt
+ L 1'16(1 TE)1 E'l 1+ 1) +0<—1 logt)m+2).
m+ -:(1+3) - (1+3) (loglog
This result is a generalization of the known explicit upper bounds for S(T") and S1(T). It is to be
stressed that the argument when the number of integration is odd is different from that when the number

of integration is even.



14

The basic policy of the proof of this result is based on A. Fujii [1]. In the case when m is odd, we can
directly generalize the proof of A. Fujii [1]. In the case when m is even, it is an extension of the method

of A. Fujii [2].
To prove this result, we introduce some more notations. First, we define the function I,,(T") as follows.
When T # v, we put for any integer k > 1

Iog- 1(T)—— -1)k- IR{/ / / log {(c + Ti)(do)?*~ 1}

(2k 1)—times

Ik (T) = %(—1)%{/1& /oo---/wlogc(a-i-Ti)(da)zk}.
3 (-3 c

2k—times

and

When T =+, we put for m > 1
1
I.(T) = E{Im(T +0) + I,(T - 0)}.

Then, I,,(T) can be expressed as a single integral of the following form (cf. Lemma 2 in Fujii [3]): for

any integer m > 1
1 Mmoo ¢!
= -3¢ —
In(T) W\S{m! /%r (a 2) I3 ¢lo+Tido }

From this expression, it is known under the Riemann Hypothesis that Sy, (T) = I;»(T") by Lemma 2 in
Fujii [4].
Therefore, we should estimate I, (T).

2 Some lemmas

Let s = o + ti. We suppose that o > —;- and ¢t > 2. Let X be a positive number satisfying 4 < X < #2.
Also, we put

1 1 Ax( {A(n) for 1<n<X,
o=+ 3 X = !
2 logX A( )'?agg&' for X <n< X?
with
A(n) = logp if n = p* with a prime p and an integer k > 1,
Y=o otherwise.
Lemma 1.

Lett>2, X >0 such that 4 < X <% Foro > 01 =} + -

_ Z Ax(n) (1+X§_d) wXé“’%(E Ax(n))

orti _ 1 Iy, o1+t
n 1-1(1+))w L,

—-C’ ] —
z (o + 1) P
(1 + X 5"’) wXi-e

+
=1+ D

%logt+0 (Xi"’) ,

where Jw| < 1,-1<w < 1.



This has been proved in Fujii [1].
Lemma 2. (cf. 2.12.7 of Titchmarsh][7])

¢ E 1 17T/s 11

where E is the Euler constant and p runs through zeros of {(s).

Lemma 3. (Lemma 1 of Selberg [6])
For X > 1: 5#1: 3#42(1 (q=112;37"')7 siépl

; B Ax(n) X2(1-s8) _ x1-s X—2a-5 _ X —2(2q+s) 1 XP—s — X2(p-s)
E(S)__ > m T 1= e2lgX logXZ (2¢ + 5)? +logX2p: (s—p?2

n<X?2

By Lemma 2, we have

ﬂ?%(al-l—ti) = —%logt-l-z +0(1). (1)

Since for o1 < o

1 | XPme - X20-) L\ vie 01—}
<{l14+X379)X77° ,
log X ; (s—p)? ( ) Z (o1 — %)2 +(t — )2
we have
XP—s X?p s) ; 1 a—l_l
1+X3779) X279 . w 2 ,
logXZ (s—p)? ( ) Z (01_%)24_(15_,7)2

where |w| < 1. Since for ¢ > § and X < 12

X2(l—o') X%—a

Xz(l—-.s) — X1l-s
< < )
t2log X ~ logX

(1-s)2log X

we have for o1 < o

¢’ . Ax(n) Xi-o 1_, 1 g o1 —%
—(oc+1t2) = — =+ 0 +(1+X32 wX?
C (0' ) ngn notti 10gX ( ) ; (al _ _) + (t )

by Lemma 3. Especially,

' -1
s roa( 2 28) vo )+ (1) M e

n<X2 v ‘71_‘) +(t_'7)2

) . 3)

where —1 <’ < 1.
Hence by (1) and (2), we get

1

o=} 1 1. (
E = -=logt+ O
~ (01—'-) +(t — )2 -i1(1+Hw 2

This relation will be used in the following proof of Theorem 1.

A
Y Al

n<X?2
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3 Proof of Theorem 1 in the case when m is odd

If m is odd, we have
1 )m+1 "

In(t) = z:;:%{z{/:o (a - 5) ¢ (o +ti)do + (—m_—_?T . %(01 + ti)

1

_/: (a—-z-) {Ccl(al +tz)——(a+tz)}d }}

im+1
= mg{i(ﬁ + J2 + J3)},

say.
First, we estimate J;. By Lemma 1,

00 ™ 1+ X7 ) wxi-o
Jl:fa ("‘%) {_Etﬁ?‘(:-%(lzz)u %(Zﬁi(ﬁ?)

1 n<X2 n<X?

(1 ¥ X%-ﬂ) wXi-o
1-2 (14w

- (a - %) > 20 4o+ mo),

1 n<X2

m 1 m—j AX (n)
§3Qm PICEHIb Y - B

=0

+ llogt+o(xé~“)}da

say. And we have

1 + X4 )wX%-ﬂ
[m(2)] o - )

-1+ Do

{/“ -3y e)

1 =~ m! 1 1
e z -
ST 1 T (Z g (o 23“62))

Z Ax(n) )
no1 +ti
say, since by partial integration

n<X3?
ZAx(n)
n<X’nol+ti
o n\" 1o\ vi-o " 1
[ 3 i)t gt (St ()

}

1
+0 ((logX)m+1

1
= 772(t) + O (W

Next, applying Lemma 1 to J2, we get
1 1+, 1 1
N E— (1 l)el '.-z-logt+0{——l -
(m +1)(log X) 1-2(1+3)w (log X)
(

Ja =

y Ax)
% no1 +ti
n<

1
=mm+0{mgﬁﬂﬁn




say.
Next, we estimate J;. By Lemma 2, we have

Qi) =~ ] I (ot e ey,

7 (-9 -2 (-1 +@-
1
+0 ()
1 1
S @-pte-ny -K(7>+0((logX)m+1),

say, where « is the imaginary part of p = § + ~i.

Ift=+,
1 1\™*
K@) = “m(m+1) (01 - E) '

If t # v, by putting o — } =v, 01 — 3 logx—-—Aandlt—'yl B, we get

A _ 2 _ m+2 2 2YA™ A 2 2y,;m—1
K(v) =/ o™ (A—v)(B A'U)dv _ A _ (B?+ A%)A +/ (B +Z§ v dv
o v2 + B2 m+1 m 0 (%) +1

Putting £ = u, we have

A™Mt2 (32 +A2)Am ) ) % (UB)m_lB
K(y) = ——g = ————+(B +A)/0 Ll S
m—1 .
1 B2 1 Bm+2 B™ . (—l)j_l A 2j—-1 A
—AM+2) _~ 2 2+ BN\ 1 A 3 A
=A {m+1 mA2 m+('Am+z+Am)Z {J; 57 =1 (B) arcta.n(B) .
Putting Y= %, we get
1
m—+2 _
K(y)=A (g(y) T D) 1)) , (4)

where

m—1
1 1 1 1 1) & (1)1 .
jmtl i _ im+1 — 2j—1
9(y) = { (y_m+2 + ym) arctany p— + 4™ (ym+2 + ym) Z 55— 1 Y .

j=1

When y tends to 0, g(y) is convergent to —m When y tends to infinity, g(y) tends to 0. Hence for
y > 0, we get ¢'(y) <0, so that

1 1 1
“mmaD) S T mm D S T DY) (5)

Therefore by (4) and (5), we obtain

e (n7) K0S g (1)

Hence

- . K< 22" 5 - ©
T (o) o mmE) 2 (o D (- )
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and

-y 1 K()> - (-3 E 1 : (7)
¥ (‘71_%)2'*'“_‘/)2 T (m+1)(m+2) ¥ ‘71—') +(t—7)?

)}
)

By (3), (6) and (7), we have

E Ax(n)

n<X32

-2 ! K( )<(‘71_%)m+1 ! Ligt+0
-1 +-mr O mmtD) \T-I+De 20

! K(7) > (o= )™ 1 Liogt+0
e e 2 T Dm ) | 1- T P 2

Z Ax(n)
na’1+ﬁ

n<X3?

Hence

1 1 1 1 1 Ax(n)
. . - =logt -
mm+1) TogX)™1 1= T+ 2" +O(aogxw+l Z

Z Ax(n) )

+ti
n<X3 n
Therefore, we obtain

1 | e ! 1\ Ax(n)

=0
Ax(n) |
Z noitts + ﬁ : :‘(t)’ (8)
where =(t) satisfies the following inequalities.

n<X3
1 1 - 1
=@ < I+ 2 3108 (logX)m+l (E m— ])t ( 2j+1ez))

e j=0
1
" (log X)™+1
. | gt
mm+1) 1-1(1+1)w ogt (log X)m+1"

mIQ(iJ)| <

1
= 775(t) +0 ((log X)m+1

1
+0 ((log X

In (8), we have

2
Ax(n) A(n) A(n) log £= 1 X
1<) —~+ . < ; )
n§= ot Z; 1 XSnESXZ o logX SlogX
2
Ax(n) A(n) A(n)log XT 1 X
ngn no1+ti(logn)itl| = ;ni (log n)i+1 ngxz ni(logn)ﬁl log X (log X)i+2 (10)

We estimate that the first term and the second term on the right-hand side of (8) is « m)—-w
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Therefore, taking X = logt, we obtain

I logt
0= 2750 +0 (grosies)
1

_ logt 1 1 i ml <l+ )
(loglogt)™*!  27ml! 1—%(1+%)J,=0(m—j)! e 20tle?

n 1 11+ + 1 . 1 + ( logt )
m+1 1-2(1+1) mm+1) 1-1(1+1) (loglogt)™+2 ) *

e

This is the first part of the result.

4 Proof of Theorem 1 in the case when m is even

If m is even, we get similarly
l)m-l—l )

In(t) = ;Ln:i‘s‘{{/;1 (a—%) %( +,ti)da+%-%(ol+ti)

_/: (a_ %)m{%’(al +ti) — %(a+ti)}da}}

= m%{(-]l‘l‘«]z'i'.]a)},

say. By Lemma 1 and (9), we have

J1=~/:° (a——%)m b '/:;(_'(_Z)da+/am (o—%)mo(){%—”)da

1 n<X?2 1

oo m 1+ X177 wXi— 1+ X39) wX3—"
+/ _! —( ) R Z AX(n? +( I )1 -llogt do
; 2 1-1(1+)w noitts 1-1(1+)w 2
m

1 n<X2
i ! ™ Ax(n) 1 Ax(n) ,
= - ey —— v t
27 (=+3) 2z, otiognye + O\ oyt | 2, e || )
X ,
< +771(t)7
(log X)m+2
say, and

n<X
(3

_ 1 Ax(n) _(+3) 3w Ax(n)
Ja = (m+ 1)(logX)m+1{ Zz noitt 1 T+ w/m Z noitti

1 1
.z -1
+ 210gt+O(X

1 (1 + l) 1y 1 1 Ax(n)
= . € € . _1 t+0 )
(77Z+ 1)(10gX)m+1 1- % (1 + %) o 2 0og (10g X)m+1 n§2 no1tti
X
)+ —
< TIS( ) + (IOgX)m-’-")’

say. As well as 7 (¢), we have

, 1 11 1 = ml 1 1
< - . . - - .
Im @) < 1— % (1+ %) 2 ogt (log X)m+1 J=20 (m—3j)! (e + 2J+162)
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Finally, we estimate J;. By Stirling’s formula, we get

I (o +ti i ti o1 +ti+1\1 4 1 1 1
- = g2 ¢ (T2 T Y22 i<z .
F( 3 +1>’ 210g2+< ) 7 2-{-O t)‘_Zlogt+O(t) (11)

Also ’%— (% + 1)| is estimated similarly.
Hence by (11) and Lemma 2, we have

, ) -N{@=-9 = (e1-)*
'g{%(alﬂi) B %(”ti)}. = ; {(@ _(f) 1){ 7} - %)2+(i—7)2} o (%) '

Therefore,

/ﬂl( 1)"‘2 t-n{e-9"- (-1} i
oc—= o
i V2 S +e-mf{e-H -7
i 1\™ 1
+/% (a—§) 0(;) do.
If t = ~, the first term of the right-hand side of above inequality is 0. If ¢ # -, since ¢ < o1, we have
2 2
Wl gy ¢ -1 {0~ - (02~ 1)}
[ 7= 2 Z 1\2 112 do
3 {(01—5) +(t—'7)2}{(0—§) +(t—7)2}
m+2 m+1
* It -1l ( 1) 01— 3
< / do < —=|0o1— .
Z (o2~ 3) +(t My (o -2 2 2 ;(al-%)%(t—v)’
Applying (3) and (9), and taking X = logt lastly, the right-hand side of above inequality is

T 1 m+1 1 1 Ax(n)
<l - - .z XA
_2(0'1 2) {1—%(1%—%)(.0’ 2logt+0( Z o

n<Xx?

T 1 logt logt
4 1-1(1+1) (loglogt)™*! +0 ((bglogt)"‘”) ' (12)

/: (0_ %)m-o(%) do=0 (W) as)

Also,

By (12) and (13),

9(Js)| <

1 logt + ( 1 log ¢
1- 1(1432) (loglogt)mt t(loglogt)m+1 (loglogt)™+2 ) °

Ma

Therefore, we obtain
1 logt 1 i m! 1 1
< . 3 4
|Sm(®)] < 27m! (loglogt)™+1 { 1-1(1+1) & (m-j) (e + 2J+1ez)

SRS I S Py )

m+1 1-1(1+%) 2 1-1(1+2 (loglog t)m+2
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