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The asymptotic behavior of multiple zeta functions at
non-positive integers

TOMOKAZU ONOZUKA

1 Introduction

The Euler-Zagier multiple zeta function Ca(s1,+- -, 84) is defined by

) ) 1
Cd(sla Tt ,Sd) = Z toe Z mfl(ml +m2)sz . (ml + ... +md)5d (11)

my1=1 mg=1

where s; (i =1,--- ,d) are complex variables. Matsumoto [4] proved that the series (1.1)
is absolutely convergent in

{(s1:+ y52) €CT | R(sald —k+ 1)) >k (k=1,---,d)}

where 54(n) = s, +8p41+---+54 (n=1,---,d). Akiyama, Egami and Tanigawa [1] and
Zhao [7] proved the meromorphic continuation to the whole space independently.

The function (4(s1,--- , s4) has singularities on
84 = ].,
84-1+ 84 = 2,1,0, —2,—4,--- ’ (12)

Sd(d—j+1)€ZSj (j=3:4,"‘ ad)v

where Z; is the set of integers less than or equal to Js Z>; is defined similarly. Therefore
(=11, -+ . —1g) € Z%, lies on the set of singularities. Moreover, it is an indeterminacy of
Ca(s1,- -+, 84). For example, Sasaki [6] proved that

e 3

3 3 5h 5 lon o2.80) = = g, (13)
o 1

81115130 slrjin)o 31;—1-130 Cs(s1,82,83) = — 7 (1.4)

Since (0,0,0) is an indeterminacy of (3(s1, 53, 53), (1.3) and (1.4) give different values.
Akiyama, Egami and Tanigawa [1] defined the regular values by

Ca(—=r1,-++,—rg):= lim --- lim Ca(s1, -+, 8a),
S1——71 Sg—+—T4d
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and Akiyama and Tanigawa [2] considered the reverse and central values given by

(f(—rl,--- ,—Td) = lim .-- lim Cd(sl,--- ,Sd),
84—>—T4d 81—-—-T1
(§ (s, =ra) = Hmla(—r &0+, =ra+e),

respectively. Further, Sasaki [6] generalized the regular and reverse values. He defined
multiple zeta values for coordinatewise limits by

i1 id

Co(~r1, - y—rg) = lim --- lim {4(s1,---,8q),
8j—r—Tj 8;——T;
ij:d ij=1

where {i,--- ,44} = {1,--- ,d}. He obtained all multiple zeta values of depth 3 for coor-
dinatewise limits. On the other hand, Komori [3] considered more general multiple zeta
functions, and he obtained multiple zeta values at non-positive integers given by

Ca(=r) = im -~ lm (a2, 2a),
Zy-l@ 7 Twol@)  Fwml@ 7T Twml()
Ca(—7) = Ca(=r1,- -, —ra) = im Gy(—71 + 861, - - -, —1a + 864),
] 0, 04 §—0
where —1 = (—ry,-++,~14) € Z&y, w € 4 and 6 = (fy,--- ,04) € C?. To obtain these

values by Komori’s method, we need to compute generalized multiple Bernoulli numbers.

In the present paper, we calculate the asymptotic behavior of multiple zeta functions
at non-positive integers. By using that result, we can evaluate the limit values of multiple
zeta functions at non-positive integers. For example,

1
. 2 _ =
ll_l)l(l)@(é‘ L€, E) = 3 (1.5)

This limit value is not contained in the above 2 kinds of values, however by the result, we
can compute this value.

2 Main Theorem

In this section, we state the main theorem.

Let B,, be the mth Bernoulli number, and B(z,y) be the beta function. For
(M, ,ma)€ZLg, (p1,- -+ ,Pa)E ZE, and (e1,--- ,€4) € C?, let my(n), pa(n) and ea(n)
be My + Mpy1 + -+ + Mg, Pn + Dny1 + -+ + Pg a0d €, + Epy1 + - -+ + €4 Tespectively. In
addition, the Pochhammer symbol (a), is defined by (a), := I'(a +n)/T'(a).

Theorem 1. Suppose that €; # 0, €4(j) # 0 (j = 1,---,d), lea] + -+ + lea] < 3
and lgk/ed(j)l <1 as (Ela"' 7Ed) - (01 )0) (.7 = 1} 1d’ k= ]a ,d) Then fO’I"
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m; €L (j=1,---,d), we have

B ..-B
Cal=ma + €1, , —mg + £4) =(~1)™my! >, X
prte-tpag=d+M L
P, ,pd >0

—mg(j)—d+i+pa(5)<2 OT
—mg(j—1)—d+j+pa(5)>2 (2<Vj<d)

d
&‘d J) —~mg(§)—d+ji+pa(5)—-1
+ O(eg;)
H [€d 1)]—md(.7 D—=d+j+pa(5)—1 ; ’

as (€1, -+ ,€4) = (0,---,0), where

M:=m1+---+md,

o= { s 20

In the theorem, ¢; (j = 1,---,d) should satisfy |ex/eq(j)| < 1 (j = 1,--- ,d, k =
Jy+++ ,d). Let us consider this condition. If |ex/e4(4)| — oo, then £4(j) tends to 0 rapidly.
By (1.2), s; +--- + 84 = —M is a singular locus. Therefore, when |e}/e4(j)| — oo, the
point (—my+e€y,- -+ , —mg+e4) approximates asymptotmally to the singular locus. Hence
lex/€a(4)] < 1 means geometrically that (—m; +eq, - - , —Mmg+£4) does not approximate
asymptotically to the singular locus.

3 Examples

By the main theorem, we can compute various multiple zeta values at non-positive inte-
gers. Let us see some examples.
In the case d = 2, we have

2

1 1 )
(o€, €2) = rRATE o tey "‘ZO(EJ')a

Jj=1

G(—1+4e1,6) = +ZO €

7=1

1 2
Gler, 1469 = P + ; O(g;),

11
Gl=1+en~1+e) = go+ 555 — +€2 ;0(83)
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In the case d = 3, we have

1 1 €3 1 52 + 2¢e3 E :
= — = O
43(61’ €2, 63) 4 24 e9+¢€3 24 €1 +¢& + €3 j=1 (8J

3

17 1 83 1 —&9 + 3€3
-1 —_— .
G(-1+enenes) =~ ~ 17 o he, T 720 61+62+63+;OEJ
19 1 €
Co(er, —1 +€2,68) = —oom + o - ————— + ZO(@),

360 360 e1+4+e9+¢€3

j=1

3 1 462 + 3e3
-1 =———— o
Ga(e1, €2, —1 + €3) 0 720 e textes ; )

Note that the example (1.5) comes from the first example of the above, taking €, = g2
and €y = €3 = €.
In the case d = 4, we have
_ 1 1 E4 1 €3+ 2e4
C4(61’62’63,E4) 5 + 36 e3+¢eq4 + 48 eo+ €3+ €4
1  19eq + 33e3 + 52¢4 1 84(62 +e3+ €4)

'_72—0 €1+€Ex+ €3+ €4 m.(83+84)(€1+62+63+€4)

SN UCH!

j=1

4 Proof of the Main Theorem

In this section, we prove the main theorem. If d = 1, {;(s;) is the Riemann zeta function.
Hence, the main theorem is clear. So we prove the theorem in the case d > 1.

First, we prove the meromorphic continuation of {4(s1,- - ,54). ¢4(s1,--- ,84) has an
integral representation as the following,

T(s1)---T(sa)Ca(s1, -+, 84)

///H

sa(9)—d+j= 21_[ — ;)% 1“11_[621 — f’ dz,---dzg. (4.1)

Jj=2 Jj=1
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Dividing the integral into two parts and integrating by parts, (4.1) can be written

Bpl o de 1
F(Sl) F(Sd Z Z p1! d' Sd(l) d+k

k=0 p1+--+pa=k

Ca(s1,--+ ,82) =

X HB(sd(j) —d+j+pa(s) — 1,85-1)
J=2
1 b sl
- sa(l)—a+m p e d
+ F(sl)---F(sd) / z w(xaln’?a and) Z

xsd(l) —d
+

1
P(Sl)"'P(Sd)/l F’lﬁ(m Ng,--- and)dx’ (4.2)

where ny,- -+ ,ng € Zxo. (4.2) can be continued meromorphically to

flo sy cct| B> a=izm =10,

R(sj-1)>-n;—1(GF=2,---,

We use (4.2) with s; = —m; +¢; (j = 1,---,d) and ny = --- = ng = M +d. By
estimating the second term and the third terms of (4.2), we obtain

1 ' sa(1)—d+n wwsd(l) d
T(s1) - -T(sq) (/0 z Fw(x)d:c+/1 — ) ZO(&,)

Consider the first term of (4.2) by writing it as the following,

M+d M+4d-1

Y=+ >, 43

k=M+d

and estimating the first term of (4.3), we obtain

M+d-1 d
Y. =) 0.
k=0 j=1

Next, we consider the second term of (4.3). First, we estimate the factors containing
gamma funcions and beta functions as the following,

d
e TTB(640) ~ 3+ ) = 1,5,2)

ﬁ T(sa(j) ~ d+j +pa(s) — 1)
I(sg) 1T Sd(J - 1) d+j+pa(j) — 1)
d
5d )md(a) d+j+pa(j)~1 (
= 4.4)
(5d)—md 5d H 1))md(1 1)—d+j+pa(4)— 1

.7
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Since we have
1

(€a)-maT'(€a(1))

((=1ymma + 0(ea)) (24 - ey
(—l)m“md!sd(l) + O(é‘d(l)2) + O(Ed(l)Ed)

and

d
H Ed(J))mdo) —d+j+pa(j)—1

.7 1))md(3 1)—d+j+pa(5)—1

J=

d
=H< (—ma(j) —d +3j +pa(d) — 1, —ma(j — 1) —d + j + pa(j) — 1)

1=

[ea(4)]-mats)~d+s+pati)-1 +
[Ed( 1)]—ma(] 1)—d+j+pa(s)—1

{O Ed?; ) ) +0(eq(j — 1)) + 0(611(3'))}’

we find (4.4) is

d
m 11 B(saG) = d+ 5 +pali) = 1,55-1)

= (—1)™mgleg(1) %

XH( 4 )~ 1, —mali — 1) 4+ pali) 1)

j=2

[€a(5)]-ma5) - d+i+pati)—1
[Ed (.7 - 1)] —mg(j—1)—d+j+pa(5)—-1

d
+Y_O(eea1)), (4.5)
j=1
where h(m,n) is defined by
[0 (m>1>n),
h(m, n) := { 1 (otherwise).

Using (4.5), we can estimate the second term of (4.3) as the following,

B. --.B
(=1)™my! E B
p1!- - pd!

p1+--+pg=d+M

X Hh(—md(j) —d+j+pa(j) —1,-me(j — 1) —d+ 37 +pa(j) — 1)x

[Ed(j)]"md(j)_d+j+13d(j)_l :
: + ) O(g;). (4.6
[ea(i = D]-mat-1)-dtstpati 1 ; ) (49



Finally, to remove the function h from (4.6), we restrict the summation. Then we
obtain the main theorem.

References

(1] S. Akiyama, S. Egami and Y. Tanigawa, Analytic continuation of multiple zeta-
functions and their values at non-positive integers, Acta Arith, 98 (2001), 107-116.

[2] S. Akiyama, Y. Tanigawa, Multiple zeta values at non-positive integers, Ramanujan J.
5 (2001), 327-351.

(3] Y. Komori, An integral representation of multiple Hurwitz-Lerch zeta functions and
generalized multiple bernoulli numbers, Quart. J. Math. (Oxford) (2009), 1-60.

[4] K. Matsumoto, On analytic continuation of various multiple zeta-functions, Number
Theory for the Millenium (Urbana, 2000), Vol. II, M. A. Bennett et. al. (eds.), A. K.
Peters, Natick, MA, 2002, pp. 417-440.

[5] K. Matsumoto, The analytic continuation and the asymptotic behaviour of certain
multiple zeta-functions I, J. Number Theory 101 (2003), 223-243.

(6] Y. Sasaki, Multiple zeta values for coordinatewise limits at non-positive integers, Acta
Arith. 136 (2009), 299-317.

[7] J. Zhao, Analytic continuation of multiple zeta functions, Proc. Amer. Math. Soc. 128
(2000), 1275-1283.

Graduate School of Mathematics
Nagoya University

Chikusa-ku, Nagoya 464-8602, Japan
E-mail: m11022v@math.nagoya-u.ac.jp

189



