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N- Fractional Calculu's of the Function

@) =log((z-b)>-¢c) and Identities

Katsuyuki Nishimeto, Shy-Der Lin
and
Pin-Yud Wang
, Abstract
In this article, N- fractional calculus of the lggarithmic function
f@2)=log((z-b)*~-¢c) ,  (z-ByY -c=0,1,

is discussed and some identities derived from them are reported .
That is, it is discussed in the manner below, for example.

(log((z-b)" - ¢)), =((og((z~8)* - O).) _,

==3¢™ (z - )™ Ek———————,r@k 3)T‘
X{T(Bic+2+y)—2(y—1)1_‘(3k+1+7)+(}'—1)@2—2)r(3k+}’)}
(IT(r) 1= =)

where
C

I=—,
(z-b)y

[T]<1, T(--);Gamma Function
and

[ALe =A(A+ D) (A +k=1)=T(A+k)/T(A) with [L], =1-

( Notation of Pochhammer )
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§0. Introduction ( Definition of Fractional Calculus )
(1) Definition. (by K. Nishimoto) ([1]Vol-1)
L?t D={D-’ D*J&; C= {C—: C+}'r
C. be a curve along the cut joining two points z and —w+ihn(;),
C, be a curve along the cut joining two points z and «+iIm(2),
D_be a domain surrounded by C_, D, be a domain surrounded by
c,.
(Here D contains the points over.the curve C .)
Moreover, let f =f(z) be a regular function in D (z €D),

ey o ey XD e ¢7- . (1)
' fv (f)v C‘(fv)v 2.'/7,'[ .fC(; _Z>v+1 {C R (V y Z )7
(om= Jim(H),  (n€Z), (2)
where —msarg(§-z)<x for C_, 0 =arg(f -z) =27 for C,.

t=z, z€C, vER, T ;Camma function, -
then (f), is the fractional differintegration of arbitrary orderv ( derivatives of
order v. for v >0, and integrals of order --v forv <0), ‘with respectto z,
of the function f , if ()] <. |

— ’/D‘—:\ CD';'\* e ilm (2]
C

-+ iim (2)

Fig. 2.

il
Ga

" Notice that (1) is reduced to Goursat's integral for v =n (EZ") and is red-
uced to the famous Cauchy's integral for v =0 . That is, (1) is an extention
‘0f Cauchy's integral and of Goursat's one, conversely Cauchy's and
Goursat's ones are special cases of (1). |
Moxeover, notice that (1) is the representation which unifies the derivat-

1ves and integrations.
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(II) On the fractional calculus operator N” [3]
Theorem A. Let fractional calculus operator ( Nishimato's Operator) N” be

s (F(vmfc( dém) W&Z), [Referto(1)] (3)
(.

27l

with - NT-Im N (meZh), - (4)
and define the binary operation ° gs
. NP oNTF_NPNTF-NP(N"F) (c.BER), (5)
ther the set ‘
{¥}={w]ver)} ' (6)

ts an Abelian product group ( having continuous index v ) which has the nverse
transform operator (N")? =N to the fractional walculus operator N” , for the
function f such thqrfEF {J O;e]f]<oo vER} where f = f(z_) and z€C.
(vis. —0 <y <0 ),
( For our convenience, we call Nﬁ oN* as product of N° apd N°.)

Theorem B. "F.0.G. {N"}" isan " Action product group which has continuous

ndex v " for the set of F.( F.O.G : Fractional calculus operator group ) [ 3 ]
Theorem C. et '

S:=ENIU{0 =N IU{LNIUL{0} (vER). (7)
Then the set S is a commutative ring for the function f €F , when the identity

N+ NP N (N NP N €5) (8)
helds. [ 5] ,

(1) Lemuma. Wehave[1]

- b-a [a-5 ‘

(i1) (Iog‘(z\—c)):q = T (@) (z -¢)" (]I‘(a)[ < °°_)r

(i11) ((z= %), ==€¢ F(la) log(zfc) (II’(a)[<°°)',
where z—c=0 for(i)and z—cx= 0,1 for (i ), (ii1),
S CES) (“"‘“@’)
= ' "By Vi ) JEN A
“ kliD(a+1-k) v =v(z)

(iv) (u-v)
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§ 1. Preliminary
[X]  The theorem D below is reported by K. Nishimoto already ( cf. J. Frac.
Calc.Vol.29, May (2006), p-37 ). [ 12 ]
Theorem D. We have

(i)  ((z-b)°-0)%), =™ (z-b)*"

x w[_a]kr(ﬁk‘aﬁ"'}’)z-k (lr(ﬁk—aﬁ+ﬁl<oo) (1)

it kIT(Bk-aP) [(Bk~-ap)
and
(i1)  (@-0)’ =0, =(-1'(z=-b)""
xiﬂhl@l;’f—‘fﬂurk' (nez;). (2)
where e .
C
T=EZ—:—5;, | T<1, (3)
and
(AL =ARA +1) - (A +k =1) = T(A - k)/T(A) with [A], =1 . (4)

( Notation of Pochhammer
(IX] The theorem E below for the fractional calculus of a logarithmic function is
reported by K. Nishimoto already ( cf. J. Frac. Calc.Vol.29, May (2006), p.40 ).[12 ]
Theorem E. We have ’

(i)  (log((z =b)’ -c)), = - B(z~b)"

X °°_____I‘(ﬂk+y)T,, .(I—————r(ﬁk+y)|<oo) (5)
4 T(BE +1) T(Bk +1)
and .

(ii)  (log((z - b)Y’ ~c)), =(-1)"*'B(z-b)™

with (3 ), where
(z-b)f —c=0,1. (7)



§ 2. N-Fractional Calculus of The Function in Title

Theoxrem 1. Letbe
(z=bY ~¢c=0,1
we have then

( 1) (log((z “b)s "’C))Y = -e'i""’3(z __ b)-'/

< L@k+7) &
——=T T3k + <)
xk;o: TGED). (7@K +y)| <)
and.

(i) (log((z - b)’ =), =(-1)"*'3(z - b)™"

x Y3k +1,,T* (n€Z)
k=0
{(n-th derivatives)

where
C
-, |IT]<1
1T
Proof. Set g =3 in TheoremE.
Corollary 1. Let be

z-b=0,1
we have then
(i) (log(z = b)’), = —e ™30y Xz ~b) ™ (T 1<)
and
(ii)  (log(z - b)*), = (~1)"3T(nXz~b)” (nez*)

(n-th derivatives)
Proof. Setc =0 inTheorem 1.
Note. We can obtain (6 ) and (7 ) from Lemuna (ii ) directly.

Theorem 2. Letbe
| (z=bY"*£Jc = 0,1,

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)
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we have then .
(i) (log((z -b)’ -c), =—€™™ 3(z-b)"

°°1“(-3-k+y) ' L
ET—'(ZE}TB{ (=53 (Ir@ren)<=)
and

(i1) (log((z =b)’ - <)), =(-1)"”%(2 -b)”

1‘(— , ez*
Er@k 1) | (-5} (n€Z")
(n-th derivatives)
where
Je

e

|S]<1.

Proof of ( i). Wehave

(log((z - b)" - ), = (log((z - b = +&), +(og((z - b)“+f c), -

Now we have

(og((z - )" -V, =~ 3(z-b)"

EP(~k Y)
3+

t T3k +1)
from TheoremE. (1), setting S =3/2 .

Therefore, we obtain (9) from (12 ), applying (13 ).
Proof of (ii). Set y=r in(9).

(IrGrep)i<e)

Note. We canobtam(6)and(?)from(9)and(10 ), setting ¢ =0,

clearly.
Theorem 3. Letbe (1), wehave then

k

(i) (log((z=b) —c)), ==3¢™" 2~ b)-ykEoI“(Bk 3

54

(9)

(10)

(11)

(12)

(13)
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x {TGk+2+y)-2(y =DIGk+1+y)+(y -1Xy -2)I'(3k +¥)}
(10 < =) (14)
and

k

I‘(3k +3) !

(1) (log(z~ by =), =(-1f 3 ~b)’ 2

x {T(3k +2+ n)=2n~1)TGk +1+ )+ (n ~In - 2)T(3k + n)}.
( n-th derivarives) (n€Z") (15)
where T is the one given by (4). |
Proof of (1). We have

(108(z =5 =), = (@og((z ~5)" =), (16)
=3z =) )" (z- b)), | a7
- 32,”—!%@-”—5«@ B =), 1 (e 5P, a8
(by Lemma (iv))
><{e‘i‘”’"-]Eﬁ—"g—z)z—2 -5y} | (19)
(7 =17 -2) Emk”)r"} 1)

D(3+3)
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applying
TheoremD. (i) to ((z-b)’ - 0 .
and Lemma (i) to ((z-b)?), -
We have then (14 ) from (21), clearly.
Proof of (ii). Set y =n in (1).
Theorem 4. Let be (1), wehave then

2k

(i) (log((z-b)’ -¢c)), =-3e™(z~b)" Z, kIT(3k +6)

x{(1+2D)T Gk +4+y)-(y =2X4+2T) TGk +3+7)
+6(y —2Xy - DT +2+y)—4(y -2y - 3Ny - DI Gk +1+y)

WY 207 -3y —4Xy -STGk )} (T()] <) 22)

and

k=0
x{(1+2DT Gk +4+n)~(n—-2Y4 +2T)T Bk +3+n)
+6(n—2Xn-3)LBk+2+n)—4(n-2)n -3 n- 43k +1+n)
+Hn-2(n-3)n-4Xn-5'(Fk+n)} (n€Z =2) (23)

( n-th derivatives )

where T 1is the one givenby (4).
Proofof (i). We have

(log((z - by’ - ¢)), = ((log((z -b)’ - c))y), -, (24)
=3(((z-b) )" (z-BY)), (25)

==3((z-b) -c)* (2 -b)* +2x @ -b)), , @6)
= -3 2 LOZD z-py =), 2 (2= ) +2c(z - b)), @7)

ma0/M lr(y _1—m)



S (2 N 221, LGk +4+7 ~m)
e enh) ;Zomlr(y—l—m){e (“b),;, K T(3k +6) T
x ((z =) +2c(z D)), (28)
I ey QRLTGk+4+y) 4 )
3¢ (z-b) LEO TS T*{(z~b)" +2¢ (z - b)}
~(r - 2)(,,—17)2 kl;%kg’;")r‘{zx(z—b)%zC}

+30 -2)7 -3)z -0 > [2];5(;’(2; i ;’)” T*{12(z - b)’}

TGk +1+7)
k1 T(3k +6)

37 (V= 27 = 3)(7y ~4Xz b)Y’ E T*{24(z - b)}

o [RLLGk+)

+2];7(?’ =27 - 3Xy —4)Xy - 5Kz -b)" E

7241, (29
& kT (3k+6)

applying .
. TheoremD. (i) to ((z-b)° -¢)®),_,.,,
and
- Lemma (i) to  ((z-b)* +2c(z b)), =((z-b)*), +2c(z - b),
We have then (22) from (29).
Proof of (if). Set y =x in (i).

§ 3. Identities
Theorem 5. Letbe § 2. (2 yand § 2.(9),wehave then the zdentztzes
as follows.

5+ (-5) | (1)

s F(3k+y)
W & Tk | E (3k 1)
_EI“(Bk 5y TEGk27)- 2y ~1)TGk +1+7)

+y =1y = 2)T(3k + )} (T@)l<=) - (2)
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[2],
= Z—Fr—(ﬁr {Q+2T)T Bk +4+y)-(y =24 +2D)Gk+3+7)

+6(y =2y =3)(Fk +2+y)—4y =2y =3y ~ DL Gk +1+7)

+(r =2Xr =3y —4Xr -5 Gk +7)} (Tr)l<=)y (3)

and
| 3 |
r(3k+n) < '3 k+n) ek (4)
(i) 2 TGkeD) | ;2 Gk + 1) 0
- z I‘(Bk 3 T*{L(3k+2 +n) -2n —-1)1"(31‘? +1+n)
+(n—-1n- 2)r(3k +m)} (nEZ") (5)
2 —m T {QU+2T)0@k +4 +n) = (n=2X4+ 2Dk +3+1).
+6(n-2Xn-3)C Gk +2 +n)—4(n - 2)n -3Xn~ HL Gk +1+n)
+(n-2)n-3Xn -4Xn -5)'(3k +n)} (n€Z*=2) (6)
where :
c N
I < n . |SI<1,
T PTeE |T|<1, and S-= T |S]<
respectively.

Proof I. Itis clear from Theorem1,2,3 and 4.
Proof II. We have
2k +y)

RHSof (1) = lz_l:é%kﬁ-—]) 25%* (7)
_z___m"*” - LHS of (1). (8)
& TEk+1)

Proof Ill. We have



RHSofu)-_EM )EF(3k+1+y) :

& TGk+3) I'(Gk +3)
N >Er§<3fk+y3)) )
STeen @ g
=17 -2 (3; ; 2)1(3k oy o
2%}% - LH of (1) . | ()

§ 4. Semi Derivatives and Integrals
Sety =1/2 and -1/2 in (i) of Theoreml ~ 4, we have then the semi-
derivatives and semi-integrals as follows.
(I) Semi - derivatives ;

| 2 T3k +4 ¢

. (08 ((z=0)" = ey, = 316 -5)™" dl“((Bk:;))((z -be) )
k | @ r(§k+l)

2. 1 -b) - i3, e 1020 27
(log((z =)' ~c))y, = i3 (z-b) Z,r(gm)

k

(o A S

b)3/2

B ogeb )= i3 b)Y o 3)((2 )

k=0

{T(3k+2)+T(3k+3) +2TGk+ 3} . (3)



60

-1 2k y k
4 (log((z-b) ~C))y, =i3(z-b) /ZZklr[(3]k+6)((zc )3)

k=0

x{(1+20)T Gk +£)+3(4+ 2T)T 3k +7) + 6( )3k +3)

+4<~3'—2;-)r<3k+;21)+<%7—ﬁ)r<3k+%)} (T=(z—'b)3) - (4)
(I) Semi - integrals;
; o ”F(Bk—%)( c \
1. (log((z - ) “C))-1/2="3‘(Z_b)/2§ T(3k +1) (z—b)3} ’ (5)
(3% -
2. (log((Z‘b)s“‘C))—l/z=_i%(z_b)mi 32

HT(Zk+1)

o V(e |
x{((—z'_b)slz) +((Z—b)3/2) }' (6)

k

3. (log((z - b)Y ~¢))y,, = =i3(z — )llqzr(3k+3)((z Cb) )

x{T(@k+32)+3T(3k +5) + lfr(3(c -5y, (D)

4. (log((z - b) -0)) 1/2=“3(2 b)llzzkvr(3}c+6)(\(z Cb) )

k=0

x{(1+ 200Gk + D)+ 3 (4 + 2T)0 3k +3) + 6(%'-2;7-)1‘(% +3)

+4(EH0Gk + 3 + (L ree -4y (7= - _Cb)s) - (8)

§ 5. Example

1. Examples for Theorem 1. (ii) and Theorem 2. (ii).



(I) When n =1, we obtain the below from Theorem 1. (i) ;

(og((z-b)’ -¢)), =3(z—b)'1§0 T (1)
b)—lz [l]k T = (z _Cb):") | ( 2 )
=3@z-b'a-1)" (3)
=3(sz)2((z -by’ -c). (4)

This result coincides with the obtained one by classical calculus

;i-;i1og((z )’ -c) -

() When n =2 , we obtain the below from Theorem 2. (ii);

), .
_ 3— ____. _ 2 k _ k 5
(og((z =)’ ~c)), == 5 (& ~b) S’ F(i/c e (3)
By SERGED o sl (e
307 XS Y (=)
- Now we have
»2%{5"+(—5)"}=(1~5)'1 +(1+8)7 | (7).
“1_52=2@~bf«z—bf-crl o (8)
and | '
2136 bi ok
DTt E‘&’l{y*”) } (%)

_=§§Q‘l"—{s"*‘»+(—5>"”}- - (10)
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{SA-8)t+(-SX1+ 9%} (11)

N W

=6c(z-b)’((z-b)’ -¢)2. (12)

Therefore, we obtain |
(6)= —% (z-b)2[2(z -b)Y (z-b) —c) ' +6c(z-b)’((z-b) -c)?] (13)
=-3(z-b)(z- b)’ ~c)*((z - b)’ +2) (14)

using (8)and (12).

This result coincides with the obtained one by the Classical calculus
2

d )
E;log((z -b)’-c) |

2. Examples for the identities.

(I) When n=2 wehave

co

¢ D2 i
k_EO(3k+1)T _Zok! T'eean, (=) - (15)

from §3. (6).
Indeed we have

LHS of (15) =3 Y kT* + Y, T*=3z%ﬁzf+2 %T" (16)
k=0 t: k=0 :

k=0 k =0
=370-T)*+Q-T)" (17)
~ (A -T)2@2T +1). | (18)
And ,
RHS of (15) = (1 +2T) 2%-T"=(1+2T)(1—¥T)'2 . (19)

That is, the identity (15 ) holds true.
(IT) When n=3 wehave

2(3k+2)(3k +) T =2% TH{(1+2TX3k+6)-(4+2T)},  (20)



from §3. (6).

Indeed we have

LHS of (20) —921—1*—"—T 9EU&—T +2E k'

=9U-T)Y (T +T)+9TA-T)*+2(1-T)"

=20~-TYXT°+7T +1) ,
and

RHS of (20) = 32£—l— T* 6TE

k=0

o [Z]k kL @ [2),
+2 E = T +10T E =t T
&= k! & k!

=6T(1-D)+12T°A-T) 2 +2(-T) > +10T(A-T)*

=2 -TY*(T*+7T +1) =(23) =LHS of (20).

That is, the identity ( 20 ) holds true. |
Note. We have

1. E [A']k T - (l T)-—A

i k!
w‘ 2][( - I 1 k+
2. [ k Tk= k4 T 1
Zo k! z(k 1)' E
» 2L(3+K) = 3
= FoaT YR TR 2T -T) .
e R -7y
3, iMT=i [k Emm(kﬂ)
k=0 k! k=1(k"‘1)i

zz]k(k+1)T T{E - T 2 ka}.

k=0 k-l

(21)

(22)

(23)

(24)

(25)
(26)

(27)

(28)
(29)
(30)

(31)
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