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A simplicial algorithm with w-ksections and its convergence
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Abstract

The simplicial algorithm is a kind of branch-and-bound method for solving convex maxi-
mization problems. The subdivision rules sufficient for convergence include w-subdivision,
o-bisection and the conventional bisection. In this paper, we develop a new convergent
subdivision rule interpolating ®-bisection and @w-subdivision.
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1 Introduction

Branch-and-bound is a potent tool for solving convex maximization problems, a typical class
of multiextremal global optimization problems. Algorithms based on branch-and-bound can
be categorized roughly into three types: the conical algorithm [13], which subdivides the
feasible set using a set of cones in the branching step, and narrows down the cone containing an
optimal solution with the help of concavity cuts in the bounding step; the simplicial algorithm
[3], which uses simplices instead of cones in the branching step, and carries out the bounding
steps using concave envelopes; and the rectangular algorithm [1], which uses rectangles in
the branching step and can be applied to only separable objective function problems. Unlike
discrete optimization problems, no matter how many times the branching step is repeated,
continuous optimization problems never yield trivial subproblems in general. Therefore, the
convergence analysis is essential in developing deterministic branch-and-bound algorithms
for convex maximization. In each type of branch-and-bound algorithms, it is observed that
the convergence is accelerated by using the @-subdivision rule, which exploits a by-product
of the bounding step to subdivide cones, simplices or rectangles in the branching step. The
convergence when using this rule was proven by Jaumard-Meyer [5, 6], Locatelli [9] and
Kuno-Ishihama [8] for the conical algorithm, by Locatelli-Raber [10, 11] and Kuno-Buckland
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[7] for the simplicial algorithm, and by Falk-Soland [1] and Soland [12] for the rectangle
algorithm.

In [7, 8], they also proposed a new kind of subdivision rule, called ®-bisection, which is
a hybrid of @-subdivision and the conventional bisection. In this paper, we extend this idea
and develop a rule for subdividing each simplex into a prescribed number of subsimplices
in the branching step of the simplicial algorithm. In Section 2, we formulate the convex
maximization problem and illustrate how the simplicial algorithm solves it. In Section 3, we
modify the relaxed problem solved in the bounding step and review the convergence under the
usual @-subdivision rule. In Section 4, for a given number k, we develop a convergent rule
for subdividing each simplex into k subsimplices in the branching step. If k = 2, then this
subdivision rule coincides with w-bisection; and if k is equal to the problem dimension, it is
the usual w-subdivision. In Section 5, we report the results of a numerical comparison among
-bisection, trisection, quadsection, and the usual @-subdivision.

2 Simplicial algorithm for convex maximization
The problem considered in this paper is as follows:

maximize f(x)

subjectto Ax<b, M

where A € R™*" and b € R™. The objective function f is a nonlinear convex function defined
on an open convex set, which is assumed to be large enough to contain an n-simplex Al

enclosing the feasible set
D={xeR"|Ax < b}.

Also the following are assumed throughout the paper:

(A1) The set D is bounded and contains the origin 0 € R” as an interior point.

(A2) The objective function value f(x) is nonnegative and bounded for any x € A!.

The simplicial algorithm is a kind of branch-and-bound algorithm for solving the multi-
extremal problem (1) to optimality. In the preprocessing, the feasible set D is enclosed in the
n-simplex Al, which is given as conv{v1 | j=1,...,n+ 1}, the convex hull of n+ 1 affinely
independent vectors. In the branching step, Al is subd1v1ded into a set of subsimplices A’,
i € 4, satisfying

Al=|JA; intANintA’ =0, ifr,s€ .S andr#s,
ics

where .# is an (infinite) mdex set, and int- represents the set of interior points. Associated
with each Al is a subproblem:

maximize f(x)

: 2
subjectto x € DNA'. 2
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Since (2) is essentially the same problem as the original (1), it cannot be solved directly.
In the bounding step, replacing f by its concave envelope g’, a minimal concave function
overestimating f on A’, the following relaxed problem is solved:

maximize g'(x)

: 3
subjectto x € DNA’ )

In our case, where f is convex, g’ is an affine function which agrees with f at the vertices of
A'. This implies that (3) is just a linear program and can be solved easily. Let @' be an optimal
solution of (3). Then we have

g(@) > f(x), VxeDnA.

Therefore, if g'(@°) < f(x*) for the incumbent solution x* of (1) obtained during the algo-
rithm, we can conclude that A’ contains no solution better than x* and discard it from further
consideration. Otherwise, A’ is again subdivided into smaller subsimplices in the branching
step. Unlike discrete optimization problems, no matter how many times the branching and
bounding steps are repeated, (2) can have infinitely many feasible solutions. In that case, at
least one infinite sequence of simplices is generated in a nested fashion:

Al AP . DA S AL S 4

The convergence of the simplicial algorithm depends largely on how to subdivide the sim-
plex Al = conv{v§ | j=1,...,n+ 1}. The simplest subdivision rule is bisection, where the
longest edge of A’ is cut at the midpoint. Then A’ is divided into two subsimplices, either
of which is the successor A™! in the sequence (4). Under this rule, the sequence gradually
shrinks to a single point. Since @' € A’ for i = 1,2,..., we have |g/(@') — f(@')] = 0, as
i — oo. This exhaustiveness guarantees that the incumbent x* converges to a globally optimal
solution of (1).

Although not exhaustive, an often-used alternative is @-subdivision. The simplex Al is
subdivided into up to n+ 1 subsimplices, radially at @'. Let J* be an index set such that r € J:
if @' is affinely independent of v;’s for j % r. Then the children of A’ are given as

ir _ i i i i i
A" =conv{v},...,v,_1,@" v, {,...,vi 1}, re.

The w-subdivision rule has been said to be empirically more efficient than bisection. The
theoretical convergence was, however, an open question for some decades until Locatelli-
Raber proved it in 2000 [10, 11]. In the succeeding section, we will outline an easier alternative
proof given in [7], which provides a clue leading to another kind of convergent subdivision
rule.
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3 Relaxation of the relaxed subproblem
Introducing an auxiliary variable 7 > 0, let us relax the feasible set D a little bit into
D(7) ={x € R"| Ax < (14 7)b}.
Since b > 0 under the assumption (A1), it holds that
D=D(0) c D(7') cD(7"), if0<7 <7

Definition 3.1. For a positive constant o, a point x is referred to as a o-feasible solution of
(1)if x € D(o).

Let 6 > 0 be a prescribed tolerance, and let
F =max{f(v§-) lji=1,...,n+1}, i=12,....

Note that F’ is nonnegative under the assumption (A2), and besides nonincreasing in i. Let us

select a number M to satisfy
M>F!/o,

and define a problem in x and 7:

maximize g'(x)— M7
subjectto x € D(t)NA!, 7>0.

(P)

It is easy to see that (P) is equivalent to a linear program

maximize dA —M7
subjectto AVA—bt<b, eA=1, 4 >0, 72>0, ©®)
where e € R""! is the all-ones vector, and
d=[g(V)),- & (Vo)) = [F (VD) s f (V)] V=1V Vo]
The dual problem of (6) is written as
minimize Mb—+v ©)

subjectto pgAV+ve>d, vb<M, u>0.

Since (5) is always feasible and the objective_function is bounded from above by F, both
(5) and (6) have optimal solutions, denoted (A',7') and (', V"), respectively. Obviously , an

optimal solution of (P¥) is then given by (@', ) with @’ = V4.

Proposition 3.1. If DN A’ # 0, then the optimal value of (P*) is an upper bound on the sub-
problem (2), i.e.,
g(@)—M7 > f(x), VxeDNA.



101

Proposition 3.2. If g'(@') — M1' < 0, then DNA! = 0. Otherwise, @' is a 6-feasible solution
of (1). ‘
If DN A’ turns out to be empty, then A’ is discarded from further consideration. We may
therefore assume that g/(@’) — M7’ > 0 and @' € D(c) for every i. Let
A, =conv{v}|jelJ'}, J={j|A;>0}
Then A’, is a |J'|-face of A?, on which @' lies. Even more remarkable is the following:

Lemma 3.3. It holds that
g (x) < WAX+V, VxeA.

In particular,
g'(x) = pAx+V, ifxeA.

Lemma 3.3 suggests that we can adopt uiA and V! as the coefﬁ.cients and write gi explicitly
as follows:
¢(x)=pAx+v, i=1.2,....

Then we can show the following:
Lemma 3.4. The gradient of g' is bounded, i.e., there exists a constant L such that
IWA| <L, i=1,2,....
Lemma 3.5. It holds that
k i k :
gi(x) <g'(x), xeAl, i=1,... ,k

Lemma 3.6. If A" is generated by subdividing A' radially at an arbitrary point W' € A, for
each i, then there exists a subsequence {i, |r =1,2,...} such that

u? 1 e AP NAE, 5=1,2,....
Using these lemmas, together with the bounded convergence principle (see e.g., Lemma

II1.2 in [4]), we can derive a convergence resuit:

Theorem 3.7. If At is generated by subdividing A! radially at an arbitrary point W' € Aﬂr for

each i, then ‘
liminf |g*(u’) - f(u’)| = 0.
j~p00

Since @' € A%, the convergence of the algorithm with the usual ®-subdivision, where
u’ = @' for each i, is just a corollary of Theorem 3.7:

Corollary 3.8. If At s generated by subdividing A’ radially at @' for each i, then

liminfg'(a) - ()| =0
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Theorem 3.7 is, however, not sufficient to ensure the convergence to an optimal solution
or an approximately optimal solution of (1). For this purpose, we need to further restrict the
selection of u’ for each i. If we select w’ = @' € A’;L for each i, as in Corollary 3.8, and update
the incumbent x* with @' appropriately, then x* converges to an optimal G-feasible solution

which satisfies :
x*e€D(o) and f(x*)> f(x), Vxe€D

Although it is a rather satisfactory result from a theoretical viewpoint, @-subdivision rule has
a serious weakness, i.e., A’ is subdivided into up to n+ 1 subsimplices for each i. This means
that we need to solve n+ 1 linear programs, in the worst case, to update the upper bound on
foverDN Al. To overcome this, we develop a new subdivision rule called @-ksection, which
holds the number of subsimplices generated at a time below a prescribed number k < n+1.

4 Simplicial algorithm based on w-ksection

In establishing the ®-ksection rule, we need to make an additional assumption:
(A3) The objective function f of (1) is strictly convex.

Therefore, if x! # x2, we assume
FA=2)x"+2x%) < (1-2)f(x") +Af(x?), VA €(0,1).
Let ,
k' = min{k,|J'|}, i=1,2,....

In the @-ksection rule, A’ is subdivided radially at a point in a k'-face of A, . Before giving the
detail, let us see how the sequence (4) behaves under the assumption (A3) if such a subdivision
rule is applied.

Lemma 4.1. If A" is generated by subdividing A' radially at a point ' in a k' face of Al, for
each i, then {V% |i=1,2,...} has an accumulation point v? forj=1,...,n+1. Among v? ’s,
there exists an accumulation pointu® of {0’ |i=1,2,...}.

On the basis of this observation, let us develop the procedure for w-ksection (also see
Figure 1). For each subset K C J* with |[K| =k, let

AL )
ug = Z A——]Vlj, Ag = Z l}.
jeK K JjeEK
Also let
px = min{||v§ —ug|| | j € K}.

Among ug’s we select as u’ the one with the largest pg, say

pxi = max{px | K C J',|K| = ¥'}.
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v,

Figure 1: o-Bisection when J' = {1,2,4}.

For u’ = g, the children of A are given as
i i P i i
AT =conv{vi,...,v,_, @V, ,...,V, 1}, rek’,

some one of which is adopted as Ait! in (4).

Lemma 4.2. There exist a number k° € {2,....k} and a set J° C {1,...,n+ 1} such that
K=k and J' = J° for infinitely many i. Moreover,

(i) for each K C J° with |K| =k°, the sequence {Vi |i=1,2,...} has an accumulation point
v%e{v?]jEK}, and

(ii) for each j € J°, the sequence {l]’ |i=1,2,...} has an accumulation point lj(-) > 0 such
that e ) = 1.

Theorem 4.3. If A" is generated by subdividing A' according to the ®-ksection rule for each

i, then
lilglinflgi(mi) - f(@')| =0. (7)
—»oc

Let us incorporate the @-ksection rule into the simplicial algorithm. For two prescribed
tolerances € > 0, o >0 and anumber k € {2,...,n}, the algorithm can be described as follows:

algorithm simplicial_w_ksection
find an n-simplex Al = conv{v% yeen ,v,thl} enclosing D;
select a number M > F' /o for F' = max{f(v}) | j=1,...,n+1};
define the convex envelope g! of f on Al;
solve (P') of maximizing g!(x) — M7 subject to x € D(6)NA! and 7 > 0;
let at(A!) + g'(®@') — M1! for an optimal solution (@', 7!) of (P');
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(x1,81) « (@, f(@")); L+ {Al}si 15
while £ # 0 do
select a simplex A' = conv{v},..., v} } with the largest value of & from .Z;
if a(A") < (14 €)B* then
L0
else
let @' denote the o-feasible solution providing ct(A’);
identify the set K’ C {1,...,n+ 1} and the point u’ € A’ according to w-ksection;
subdivide A’ into A" = conv{Vi,..., vi_l,ui,viJrl, cees vle} for r € K%
for r € K’ do
define the concave envelope g™ of f on A'r;
solve (P¥r) of maximizing g"(x) — M7 subject to x € D(6) NA" and T > 0;
let @A) < gir(@') — Mt for an optimal solution (@*,7") of (P")
end for
xt!  argmax{f(x) | x = X, @",r € K'} and let B! « f(x'*1);
&L LU{A" |re K\ {A};i+i+1
end if
end while

end.

Theorem 4.4. Suppose € = 0. If the algorithm simplicial_® _ksection terminates after i itera-
tions, then X' is an optimal o-feasible solution of (1). Even if not, every accumulation point of
the sequence {x' | i=1,2,...} is an optimal G-feasible solution.

Let us introduce the following notion of solution to the convex maximization problem (1):
Definition 4.1. For two positive constants € and ©, a point x* is referred to as an (€, 0)-
optimal solution of (1) if

x*€D(6) and f(x*)> f(x), VxeD.

1+¢
Corollary 4.5. If € > 0, then the algorithm simplicial_@_ksection terminates after finitely
many iterations and yields an (&, ©)-optimal solution x* of (1).

5 Numerical results

Lastly, let us report numerical results of comparing the algorithm when using ®-bisection,
o-trisection, @-quadsection, and the usual @-subdivision. The test problem was a convex
quadratic maximization problem of of the form

maximize f(x)+5.0dy

8
subjectto Ax+By<b, (x,y)>0, ®



Table 1: Average number of branchings and CPU time (in seconds).

mxn k q=02n q=0.3n qg=0.4n
# time # time # time

60x100 2 3.2 0.0819 11.2  0.2304 204.4 4.044
3 3.0 0.0774 6.7 0.1526 2722 4.459

4 30 0.0797 _6.8 0.1593 326.7 5.218

g+1 3.0 0.0794 6.8 0.1594 296.2 4.528

60x150 2 3.6 0.1373 10.4 0.3861 19.6 0.8458
3 3.6 0.1280 10.0 0.3319 24.5 0.8985

4 39 0.1378 11.1 0.3556 25.0 0.8913

g+1 3.9 0.1354 11.3 0.3401 21.2 0.7353

80x150 2 1.8 0.1458 54 0.3333 424  2.486
3 1.8 0.1459 5.3 0.3161 112.2  5.556

4 1.8 0.1492 5.5 0.3179 2064 90914

g+1 1.8 0.1463 55 03117 1346 6.118

where
f(x) =0.5x"Qx +cx.

To make the feasible set bounded, the vector b € R™ was fixed to [1,...,1,#]" and all com-
ponents of the last law of A € R™*7 and B € R™*("~9) were set to ones. Other entries of A,
together with components of ¢ € R? and d € R4, were generated randomly in the interval
[-0.5,1.0], so that the percentages of zeros and negative numbers were about 20% and 10%,
respectively. The matrix Q € R7*? was symmetric, tridiagonal, and the tridiagonal entries
were random numbers in [0.0,1.0]. Note that the objective function of (8) can be linearized
simply by replacing the nonlinear part f with its concave envelope. Therefore, we may per-
form the branching procedure in the x-space of dimension g < n, not in the whole space of
dimension n. In accordance with this decomposition principle [4], we coded all computer pro-
grams in GNU Octave [2], and tested those on a single core of Intel Core i7 (3.20GHz). The
values of the two tolerances € and o were fixed at 10> and 10719, respectively.

Table 1 shows the computational results. Three different sizes (60, 100), (60,150) and
(80,150) were selected as (m,n), and q was set to 20%, 30% and 40% of the whole set of
variables for each (m,n), i.e., the triple (m,n,q) was up to (80,150,60). Ten instances were
solved for each (m,n,q). The column labeled ‘# lists the average number of iterations, and
‘time’ lists the average computational time in seconds; and the rows k = 2,3,4, and g+ 1
represent the results of @-bisection, @-trisection, ®-quadsection, and the usual @-subdivision,
respectively. ,

We immediately see from Table 1 that both the number of iterations and the CPU time in-
crease rather rapidly, as the percentage of nonlinear variables increases, for every subdivision
rule. It is, however, a well-known characteristic common to deterministic global optimization
algorithms. Instead, we should notice that there is a little difference in performance among
the four subdivision rules. It is presumed that the number |J'| of v’s spanning @' is in general
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rather small compared with g. As a result, the number &’ of children of A¥ would be often de-
fined by |J¢|. This finding needs to be confirmed in further studies. Anyway, we may conclude
that the w-ksection rule performs at least as well as the usual @-subdivision when k = 2,3,4.
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