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Abstract. The James constant of a Banach space X was introduced by Gao and Lau
[3] and has recently been studied by several authors. In this paper, we present some
recent results on James constant of 2-dimensional Lorentz sequence space.

1 Introduction

In the paper, we consider the James constant J(X) of a Banach space X:
J(X) = sup{min{[|z + y|., |z — yl|} : =,y € Sx},

where Sx = {z € X : ||z|| = 1}. This notion was introduced by Gao and Lau [3]
and recently it has been studied by several authors (cf. [5, 6,17]). v2 < J(X) <2
for any Banach space X. In particular, J(X) = v/2 if X is a Hilbert space. If
1 < p < oo and dim L, > 2, then J(L,) = max{2"/?,2'/7'}, where 1/p+1/p' = 1.
J(X) < 2 holds if and only if X is uniformly non-square; that is, there exists a
& > 0 such that z,y € Sx and ||(z —y)/2|| = 1 — 6 imply [|(z +y)/2|| <1-0.
Banach spaces with uniformly normal structure are characterized in terms of
James constant (see [4, 5]). The Schaffer constant g(X) of a Banach space X is
defined by
9(X) = inf{max{|lz + yl|, |z — y|l} : z,y € Sx}.

We know that 1 < g(X) < v2 < J(X) < 2 and ¢(X)J(X) = 2 for all Banach
spaces X.

A norm || - || on R? is said to be absolute if ||(z,w)|| = ||(|2|, |w])|| for all
(2, w) € R?, and normalized if ||(1,0)|| = ||(0,1)|| = 1. The £;-norms || - ||, are
such examples;

(|2|P + |wP)P if 1 < p < oo,
”(Z’w)”P =

max{|z], [w[} if p = co.



Let AN, be the set of all absolute normalized norms on R2, and ¥, the set of
all convex functions 9 on [0, 1] satisfying max{1 — ¢,t} < ¢(t) <1 (0<t < 1).
As in Bonsall and Duncan [1], AN, and ¥, are in 1-1 correspondence under the
equation

P() =1t ) (0Lt <) (1)
Indeed, for all ¥ € ¥y let

|w]

a1+ ol (21) it (ew) £ 0,0,

0 if (z,w) = (0,0).

I(z w)lly =

Then || - ||y € ANy, and || - || satisfies (1). From this result, we can consider
many non {,-type norms easily. Now let 91,(¢t) = {(1 — t)P + tP}/P € ¥,. As is
easily seen, the £,-norm || - ||, is associated with ),.

In this note we present some recent results about James constants of two
dimensional Lorentz sequence space d®(w,q) and its dual d®(w,q)*. In gen-
eral, J(X) # J(X*) for a space X and its dual X*, whereas we will obtain
J(dP(w,q)) = J(dP(w, ¢)*) for all w, q.

2 James constant

We first discuss James constant of absolute norms. Let X be a Banach space
and z,y € X. We say that z is isosceles orthogonal to vy, denoted by = L; v, if
|z +y|| = ||z — y||. We define a function S(z) on X by

A(z) = sup{min{||z +yl|, |z — y[I} : y € Sx}.
To obtain J((R?,|| - [|l4)), we need the following lemma.
Lemma 1 ([3]). Let 1 € ¥y and z € Sge.,). Then there exists uniquely a
vector Yo € Se,|.||,) with x L1 yo. Moreover, B(x) = ||z + yol|y.
From this lemma, we can write
J((R%, || - ly)) = sup {l|lz +ylly : 7,y € S®2,-14) T L1 y}.

We recall that an absolute normalized norm || - || on R? is symmetric in the
sense that ||(z, )| = ||(y, z)| for all (z,y) € R? if and only if the corresponding
function 1) is symmetric with respect to ¢t = 1/2, that is, (1 —1t) = (t) for every
t € [0,1]. Using Lemma 1 we can obtain the following formula by using % in Ws.
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Theorem 2 ([11]). Let ¢ € VUy. If ¢ is symmetric with respect to t = 1/2, then

2—-2t 1
2 . _
I, ) = ma, “ose (2 ! %) .
Corollary 3 ([11]). Let ¢ € ¥,. Assume that 1 is symmetric with respect to
t=1/2.
() If ¥ > 1y and M; = maxo<i<1 P(t)/12(t) is taken at t = 1/2, then

(R, [)) = 20 (;) |

(ii) If ¥ < 1y and My = maxo<i<1 ¥2(t)/¥(t) is taken at t = 1/2, then
I 1) = 73y
Example 1. Let 1 <p<ooand 1/p+1/p =1.
(1) If 1 < p < 2, then J((R?, || - ||p)) = 2¢p(1/2) = 21/7.
(ii) If 2 < p < oo, then J((R?, || - [lp)) = 1/45(1/2) = 2'/7'.
For 0 < w < 1and 1 < ¢q < oo, the 2-dimensional Lorentz sequence space
d®(w, q) is R? with the norm

”-T”w,q = (x;q + wx;q)l/qi T = ('Tl: 1;2) € R27

where (z3,z3) is the nonincreasing rearrangement of (|z1|, |z2|); that is, z] =
max{|z;|, |z2|} and z3 = min{|z1|,|z2|}. Note here that the norm || - ||, of
d®(w, q) is a symmetric absolute normalized norm on R?, and the corresponding
convex function is given by

v (§) = { (1—t)7 +wtd)’? if0<t<1/2
o (#+w(d— 1)) if1/2<t<1.

Kato and Maligranda in [6] computed the James constant of d®(w, ¢) in the case
where ¢ > 2.

Theorem 4 ([6]). Let g >2 and 0 <w < 1. Then

J(d®(w,q)) = 2 (——1——) "

1+ w



For the case where ¢ < 2, we attempt to calculate it and we had a partial answer
in Mitani and Saito [11] and Suzuki, Yamano and Kato [16] by using Theorem 2.
In Mitani, Saito and Suzuki [12] we have a complete answer.

Theorem 5 ([11]). Let q=1. If 0 < w < /2 — 1, then

2

IfV2—-1<w<1, then
J(d?P(w,q)) =1+ w.

Theorem 6 ([12, 14]). Let 1 < ¢ < 2. (i) If0 < w < (V2 —1)*79, then
J(dP(w,q)) =2 ( ! )Uq
’ 1+w
and

9(dP(w,q)) = (1 +w)"4.

(ii) If (V2 — 1)279 < w < 1, then there exists a unique pair of real numbers so, s,

such that

1—w P!
((1+w)) <8 <w/C D < g <1

and (14 &)1 (1 — ws? 1) = w(l — )" (1 + ws?™) fori=0,1.

(ii-a) If (V2 — 1)1 <w < /2" — 1, then
s )a-1\ 1/4 1/q
J(d(2)(w, ¢)) = max { (%) , 2 (i—_—*l_-—(;> }

g—1\ 1/¢
9(d?(w, ¢)) = min { (M——) (14 w)l/q} :

and

14+ ws? !
(ii-b) If v2' —1 <w < 1, then
(14 sg )‘1_1)1/"

1+wsi™!

J(d (w,q)) = (

9(d?(w, q)) = (M)l/q

14 wsi

and
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We next consider the dual space of d®(w,q). For ¢ = 1, it is known that
d®(w,1)* is a 2-dimensional Marcinkiewicz space m,, given by the norm

_ *$*+y*
1z 3), = maxfar, S,

where z* = max{|z|, |y|}, y* = min{|z|, |y|}. For ¢ € ¥, let || - ||}, be the dual
of the norm || - ||y. Namely, ||z}, = sup{|(z,y)| : ¥ € S&e,,)} for any z € R?.
Then || - ||, € AN, and the corresponding convex function ¢* in ¥ is

() — su (1-s)(1—t)+st
Vi = oesl P(s)

for t with 0 <t <1.

Theorem 7 ([13]). Let0<w < 1. (i) If1 < ¢ < 00, then

)
1—t)P + Wl PP)l/P if 0<t< -2 _
(@ =2 +wire) ! = 1+w’
1
*)=< (1 1/p-1 if Yo
Yug(t) = § (L +w)VP it o St<goo
1
P+l Pl -tV if —— <t<1
(-, i o ses)

where 1/p+1/q = 1.
(i) If g =1, then

(
1—t, if 0<t<——,
1+w
1
* ()= L if _w_<t S
'l/)w,l() < 1+w? 1 14w = < 1+w7
1
t, if —— <t<1.
\ Y irests

Hence,

Theorem 8 ([13]). Let 0 < w < 1. (i) If 1 < g < 00, then
(2l + Pl e i o] > Jul,

1, 9) g = & (L) (Je] + ol i wlel < ly] < w2,

| (gl + W' PlzP)? i W™tz <yl

(ii) If ¢ =1, then



(max{lzl, wlyl} i wlzl > lyl

I@ )i = dollel + 1) i wlal < Jyl < wa,

maxfo ol b} i w el < Jg]
Namely, ||(z,y)[I1 = [I(z, y)|m.,-
We consider the constant J(d®(w, ¢)*) for w, q.

Theorem 9 ([13]). (i) Let either ¢ > 2 and 0 < w < 1, or 1 < q¢ < 2 and
0 <w<(vV2—-1)>9 Then

J(dD(w,q)") = z(ﬁ)l/q.

(ii) Let g=1. If0 < w < V2 —1, then

J(dP(w,9)%) = 7w

IfvV2-1<w<1, then
J(d®(w,q)*) =1+ w.

Hence J(d®(w, q)) and J(d®(w, ¢)*) coincide for such cases. In the case where
1<g<2andw > (v/2 - 1), we recently obtained the following result.

Theorem 10 ([13,14]). Let1 < g < 2 and 1/p+1/g=1. If(v/2-1)> 1< w < 1,

then there exists a unique pair of real numbers sg, s1 such that

1—w 7!
Y < s < w9 < $1<1
w(l+w)

and (14 )7 11 — ws?™) = w(l — 8) (1 +ws?™?) fori=0,1.

(1) If (V2—-1)27<w< V2" =1, then
s g-—1 1/q 1/q
J(d?(w,¢)") = max { (2§1++w29)‘1 ) 2 (1 41- w) }
0

. \g— 1/q
g(d®(w, ¢)*) = min { (?ﬂﬂl)__i) (1 + w)l/q} .

14 ws!™!

and
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(ii) If v2'—1<w <1, then

J(dDw,q)") = (M)/

1+ wsg'l
and Ve
2(1 + 51)47t
d® w,q)*) = (—— )
9(d=(w,9)") 1 +ws‘{_1
Thus,

Theorem 11 ([14]). If1<g< o0 and 0 <w < 1, then
J(dP(w,q)*) = J(dP(w,q))

and
9(d®P(w, 9)*) = g(d?(w,q)).
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