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Construction of Infinite Product Possibility
Space
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Abstract: In this paper, we construct infinite product posssibility space. Then,
we show that there exists countable independent fuzzy variables.
Keywords:Possibility measure, product possibility space, independent fuzzy vari-
ables.

1 Introduction

Dubois and Prade wrote a book on Possibility theory [1] in 1988. Then, B.
Liu [5] has studied it with axiomatic foundations. K.Iwamura and M. Kageyama
have studied possibility-based fuzzy linear programming problems with finitely
many independent fuzzy sets [2]. They summarized axiomatic foundation of
possibility measure and independence in K. Iwamura and M. Kageyama [3].

Here, we will extend K.Iwamura and M.Kageyama, (3] to infinite product pos-
sibility space. In section 2, we give brief definitions. In section3, we show how to
construct infinite product possibility space. In sectioin 4, we show the existence
of coutable independent fuzzy variables.

2 Definitions

Let © be an arbitrary non-empty set. Let P(©) be the power set of ©. We
call a real valued set function Pos on P(©) possibility measure if it satisfies the
following three axioms [5].

P1: Pos{©} = 1.

P2: Pos{0} = 0.

P3: Pos {U;A;} = sup, Pos{A;} for any collection {A;} C P(O) .

Each element in P(0) is called an event. To an event A, a number Pos{A} which

indicates the possibility that A will occur is assigned. We call (©,P(0), Pos) a
possibility space. A fuzzy variable £ is defined as a function from © to the set of
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real numbers R. Let &,. .., ¢, be fuzzy variables on ©. Then &;, ..., ¢, are said
to be independent if they satisfy

Pos{f € Ol¢,(6) € By & - - & £,(0) € By} = /n\Pos{B € 0)&(6) € B}

i=1

for any subsets By, ..., B, of R, where a A b = min(a, ).
Let T be an infinite set. Fuzzy variables &,¢ € T are called independent fuzzy
variables if for any subsets B, of R,t € T,

Pos{6 € ©|&(0) € By Vt € T} = gjﬁ Pos{0 € ©|&(0) € B;}

holds.

3 Infinite Product Possibility Space

Let (64, P(6;),Pos;),t € T be a family of possibility spaces. For any Br €
?(O71), where O = [[,.7 O, we define a real valued set function Posr{} over
?(Or) by

Posp{Br} = sup (g% Pos;{6:}), (3.1)

6reBr

where 6 = (6,,t € T),8, € ©,,t € T, 0p € Or.

Theorem 3.1 Let Br = Il.cr B, B C ©;. Then we get

Pos B} = su inf Pos, {6 3.2
o183 = s GafPosfa) (32)
= inf( sup Pos;{6 3.3
inf(_ sup Pos,{6,) (3:3)
= %g%:(Post{Bt}) (3.4)
Proof; Let, for any t € T,
sup Post{ﬁt} = bt. (35)
0::0,€By
Then, we get
Pos:{6;} < b; for any 6, with 6, € B, (3.6)

and for any € > 0 there exists 65 € B, such that
bt —e< Post{ﬂf}. (37)
Therefore, by ( 3.6), for any 6; € B,

i 100+ < ] 10yt < 1 ’. .
tl/I&}; Posy {6y} < Posi{6;} < bt’tlfgffr Posy {6y} < tlllelg by (3.8)
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Furthermore, for this (> 0), there exists 8¢ = (65, € T') € [,cq By € ©r such
that

i r <] ’ 6, =i ’ €, . .
t1,r€1§ by < t%gg(Post {65} +¢€) tllrelg Posy {0} + € (3.9)

And so, we further get

1 ’ — <1 ’ E, — i ' e, . .
inf by — 2¢ < tl’relg"(POSt {0:}) —e< tllrég" Posy {65 } (3.10)

t'eT

This statement with ( 3.8) tells us that

inf by = inf Pos;{0
A

and so, through ( 3.5) we finally get

inf( sup Posi{6:}) = sup (%ngPost{Bt}), (3.11)

teT 6;:0:.€By 0T39T€nt'eT B,

sup Pos;{6,} = Pos;{B;} [by P3 in the possibility measure axioms|, (3.12)
6::0:€B;

%2; (Ht:SGItIEBt Pos{6:}) = %g.qu Pos;{ B} (3.13)
O
Theorem 3.2 We see that
Posr{67} = 1, (3.14)
Posp{0} =0, (3.15)
Posp{U;A;} = sup Posr{A;} for any collection {A;} of P(Or) (3.16)
holds.
Proof; By ( 3.4) and ©7 = [[,cr ©t, we get
Posr{©r} = PosT{H ©:} = %él% Pos;{6:} = tlgqﬂ 1=1.
teT
Posp{0} = PosT{H 0} = %2; Pos; {0} = %2%:0 =0.
teT
For any collection {A;} of P(©r), we get
Posp{U;A;} = sup (1‘21; Pos;{6:}) (3.17)

OreU; A;

and
sup Post{A;} = sup sup (inf Pos;{6;})
i i freA; t€T
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by (3.1). Let sup, supg ¢4, (infier Posi{6;}) = b. Then, we get

sup (1nf Pos;{6;}) < bfor any 1 (3.18)

OreA; teT

and for any € > 0 there exists i(e) such that

b—e< sup (mf Pos;{6;}) < (3.19)
9T€A1( ) teT

From ( 3.19), for this € > 0, there exists 6%, = (62t € T) € Ai()(C UrAs)
such that

— ¢ < inf Pos, {6} 20
GTSelilp“(lgi’f" Posi{6;}) — e < tlél:,ﬁ os {07 } (3.20)

holds. So, ( 3.20) with ( 3.19) leads to
— 1 d
b—2e< %&ﬁ Pos;{6;.}. (3.21)
On the other hand, for any 6% = (62, € T) € UpAy, there exists k¢ such that
07 € Ayg. Using (3.18) with i = k¢, we get

mf Post{é’ } < sup (mf Post{Gd})
04, eA

which leads to
. d
tlg Pos: {67} < b. (3.22)

Therefore, by ( 3.21) and ( 3.22) , we get

b= sup (infPos,{6%}),
ﬁdEUkAk =

which tells us that

6reu; A; €T

sup( sup (inf Pos;{6;})) = sup (1nf Pos;{6;}),
i Or€A; teT

sup Posr{A;} = Posp{U; 4;}

holds. O

4 Countable Independent Fuzzy Variables

Let T = {1,2,...}. Let & be a fuzzy variable from ©; to R. Let B; € P(6,)
be given for i € T. Define £;(6) = &(6;) for any 6 = (6;,i € T). Then , we get

{9 € @Tng(O) & Bz} = {01 € @z|€z(61) € Bz} X H @ta
teT\{i}



{0 € Or|&;(0) € B;,Yi € T} = {0 € O1¢:(6;) € B;,Vi e T}
= [J{6: € ©:/6:(6) € B:}.

i€T
By (/3.2) and ( 3.3) , we get

Posp{& € B;,Vi € T} = inf Pos;{¢; € Bi},

Posyp{¢; € B;} = Pos;{¢; € B;},i € T.

Hence , we get
Posp{& € B;,Vi € T} = inf Posp{¢; € B;},

le. ,

Theorem 4.1 There exists coutable independent fuzzy variables.
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