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1 Introduction and Preliminaries

For a nonempty subset C' of R", we denote C*, the dual cone of C and
defined by
C*={ueR"uIz20, V z€C}.
Further, for 2* € C, N¢(z*) denotes the normal cone to C at z* defined by
Ne(z*)={deR"| <d,z—z*> <0, VzeC},
clearly, (C — z*)* = —Ng(z*).
We consider the following multiobjective nonsmooth fractional program-
ming problem,
f(z) + s(z|D)
g(z)
subject to h(z) £0,

(FP) Minimize

x €C,

where C is a convex set and D;,i = 1,--- ,p are compact convex sets of

IR" and f;, gi, hji=1,---,p, 5 =1,---,m are real valued locally Lips-
chitz functions defined on C. The index sets are P = {1,2,--- ,p}, M =
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{1,2,---,m}. We denote the feasible set {z € C|h;(z) £0, j=1,---,m}
by F. Let I(z*) = {j € M|h;(z*) = 0} denote the index set of active con-
straints at *. We assume that for each i € P, fi(z)+s(z|D;) = 0, gi(z) > 0.

The minimal index set of active constraints for F is denoted by
I= ={j € M|z € F — hj(z) =0}
We also denote
IS(z*)=I(z*)\ I~ = {j € I(z*)|z € F such that h;(z) < 0}.

Definition 1.1 A feasible solution z* for (FP) is efficient for (FP) if and
only if there is no other feasible x for (FP) such that

fo(@) + 5(z1Di) _ fio (@) + 5| Dig)

, for some ig € P,
Gio (1‘) Gig ("E*)

and
filz) +s(@|Dy) _ filz") +s(2"|Di) . p
gi(z) 7 gil@) 7 |

Definition 1.2 Let f: R" — IR be a locally Lipschitz function. Then

(i) it is said to be generalized convex at x if for any y

f)—flz) 2<&y—z>, VEEbf(),

(ii) 4t is said to be generalized quasiconver at x if for any y such that f(y) <

f(z),
<§,y—"$>§0, v€eacf(x)a

(ili) it is said to be generalized strictly quasiconvez at x if for any y such that

f(y) < fl2),
<§,y—$>< 07 eracf(l'),



2 Optimality Conditions

We will establish necessary and sufficient optimality conditions for the frac-
tional problem (FP).

We consider the following nonlinear programming problem:

(FPu) Minimize (f1 (.'L') + S(IL‘IDl) — U1G1 (.’L'),
< fo(2) + 8(2| Dp) — upgy())
subject to h;(z) £0, je M, z € C;

where for each u = (uy,--- ,u,) € R].

Lemma 2.1 If z* is an efficient solution for (FP), then z* is an efficient

solution for (FPy.) where u* = L&)t [Dg)

gi(z*)
We denote ¢;(z*) = fi(z")+s(z*|Ds)

- gi(z*)

Theorem 2.1 If z* be an efficient solution of (FP) and h;(-),j € M are
generalized strictly quasiconvex at x*, then there exist ™ € IR?, u* € R™,
and z; € R",i € P such that

0€ 30 77 [0:(fi(z*) + (z%)T2) — ¢i(2*)0egi(”)]
+ Zje1<(m') N;achj(m*) + Ne(z*), (*)
0 >0,i€P, pi20, €M, Y7 17=1
Corollary 2.1 Let z* be an efficient solution for (FP), and hj,j € M are

generalized strictly quasiconvez at =*, then there exist 7* € IRP, u* € R™ and
z¥ € D,;,i € P such that
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0€ ZTi*[aC(fi(I*) + (z ) z;) — ¢i(27)0c9:(z)] + Zﬂ*a hi( Ne(z”

(z;*)Ta:* = s(z*|D;), 2zf € D;, i € P,
/‘;hj(l‘*) =0, j€ M,

p
>0, i€P 20, jEM, Y =1

i=1

Theorem 2.2 Let z* be a feasible solution of (FP) and assume that the
conditions (x) hold at z*. If all of the functions fi(-),i = 1,---,p, —g(:)
and h;(:),j = 1,--- ,m are generalized convex at x*, then x* is an efficient

solution of (FP).

3 Mixed Duality

We introduce a mixed type dual fractional programming problem and estab-

lish weak, strong and converse duality theorems.

),

A@) + 9"z + Y ienr, 15h4() SoW) + 9" 2 + X iean 11 (Y)

(FD) Maximize ( R

91(v) 9(y)

subject to  0€ Y gi(y) (Be(ri(fi(y) +y72)) +7: D Beprihy(y)) — > (£ily)

i€P JjEM; ieP

Tz + Y ki ()0emigi(y) + Y Beprsihy

JEM; JjEM2

pihi(y) 20,5 € My, z € D;,i € P,

pi20,jEM, >0, N=1LyeC

1EM

Ne(y),

)
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where M, is a subset of M = {1,--- ,m}, My = M \ M;. Assume that for
eachi € P, fi(y) +yTz + > e, Mihi(y) 2 0,4:(y) > 0.

Theorem 3.1 (Weak Duality) Let z be a feasible solution for problem (FP)
and (y, z,7, u) be a feasible solution for problem (FD). If all of the functions
fi(-), 9i(-), i € P, and hp,(-) are generalized convez at y, and pih;(-), j €

M, are generalized quasiconvez at y, then the following cannot hold:

fio(2) + 5(21 D) _ FioW) +yT 2 + 225 cp, 1503 (y)

, for some ig € P
9is(2) 9i0(y)

and

fi(z) + s(z|Di) _ fi) +y 2+ X enn, 1ihi(Y)
9:(z) - 9(y)

, Vi€ P

Theorem 3.2 (Strong Duality) Let z* be an efficient solution of problem
(FP). If the assumptions of Theorem 3.1 hold and hi(-),j = 1,--- ,m are
generalized strictly quasiconvez, then there exist > € R, 2* € D;, i €
P and p* € R} such that (z*,2*, 7%, u*) is an efficient solution of (FD),
(*)T2; = s(z*|D;),i € P and the optimal values of (FP) and (FD) are

equal.

Theorem 3.3 (Strict Converse Duality) Let z* and (y*,2*,7*,u*) be effi-
cient solutions of (FP) and (FD), respectively. If in addition the hypotheses
of Theorem 3.2 hold, then y* = z*, that is, y* solves (FP) and the objective
values of (FP) and (FD) are equal.

138



4

Special Cases

We give some special cases of our dual programming,.

(1) If D; = {0}, i =1,--- ,p and I; = (), then our mixed dual problem

(FD) reduce to the Mond-Weir type problem (D;) in Weir and Mond [13].

(2) If D; = {0}, ¢ =1,--- ,p and I, = (§, then our mixed dual problem

(FD) reduce to the Wolfe type problem (D,) in Weir and Mond [13].

(3) If D; = {0}, i =1,--- ,p, then our mixed dual problem (FD) reduce

to the mixed dual problem (M D) in Nobakhtian [10].
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