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The explicit descriptions of the ramification loci for
the problems of Goldberg
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Abstract

In this paper, we introduce the generalized Bell representation, and solve a problem of Goldberg that
determine the number of equivalence classes of rational maps corresponding to each critical set, when the
degree is small. Moreover, we consider the homogenization of the space of the critical set, and give simple

expressions of singular loci.

1 Introduction

In [4], Goldberg suggested a problem that determine the number of equivalence classes of rational maps
corresponding to each critical set. This problem is based on her theorem (Theorem 1.3 in [4]), and it is
known that this theorem deeply concern with B. and M. Shapiro conjecture (see [1]).

As a joint work with M. Karima (Kabur Univ.) and M. Taniguchi (Nara Women’s Univ.), we solve
a problem of Goldberg when the degree is small (see [2] and [3]). In this paper, after summarizing the
results in [3], we consider the homogenization of this problem and give defining equations of singular loci
such as the exceptional loci or ramification loci explicitly.

A rational map of degree d is a map with the following form,

P(z)
Q(2)’

where P and @ are coprime polynomials with max{deg P, deg Q} = d.

R(z) =

Definition 1

Two rational maps R; and R, are said to be Mobius equivalent if there is a Mobius transformation
M : C — C such that Ry = M o R;.

Let X4 be the set of all equivalence classes of rational maps of degree d, and X ,3’“’ be the set of classes
of rational maps having critical point at co with multiplicity k, where & = 0 means that oo is non-critical.

Remark 1
A rational map R of degree d has 2d — 2 critical points counted including multiplicity. The set of

critical points of R is invariant under taking a M&bius conjugate.
For each rational map R of degree d, the multiplicity of critical point at oo is at most d—1. Therefore,

the space X is the disjoint union of X[(io),X 51), L, Xy (d-1),

Goldberg showed the following theorem.
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Theorem 2 (Goldberg [4])
A (2d - 2)-tuple B is the critical set of at most C(d) classes in X4, where C(d) means the d-th Catalan
1 ( 2d — 2

number = d-1

y ) The maximal is attained by a Zariski open subset of the space C24~2 of all B.

The map ®4 : Xz — C24-2 is defined by sending a equivalence class to the set of critical points, and

the restriction of &, to X ‘gk) is denoted by <I>fik).
Then Goldberg’s problem (see [4]) is written as follows:

Problem 1
o Describe in detail the ramification sets of the maps ®.

e Given a critical set a, determine the number of points in the preimage <I>;1(a).

The critical set is called admissible if every point has multiplicity at most d — 1. She also asked in [4]
whether every admissible set in C2¢~2 is attained by some rational map of degree d.

In the next section, we give the complete answer to these problems for the case of d = 3 and 4. We
use “risa/asir”, a symbolic and algebraic computation system, to obtain the defining equations of the loci
considered.

2 Generalized Bell family

In this section, we summarize the results in ([3]).
First, we give the following extended version of Proposition 5 in [2]. Let CBS’“) (k=0,1,---,d-1)
be the generalized Bell locus consisting of all H + P/Q, for

HZ) =2+ 4+ +az

d—k—2 +

13(z) = aq_k—22 -+ ag,

Q(2) = 24751 4 by_g_p2? 2 .. 4 by,
with Resul, (P, Q) # 0.
Remark 2

If k = d — 1, the generalized Bell locus is the family of polynomial maps C’B‘(,dﬁl) = {29+ c4-12% +
---+ c1z}. If k = 0, the generalized Bell locus coincides with the Bell locus; C’B‘(io) = CBy (see [2]).

Proposition 3
For every R € CB‘(ik), [R] belongs to X‘gk) for every k, and for each element [S] in X ‘gk), there is a unique

R in CB" with [R) = [9).

Hence, each locus X ‘gk) has a system of coordinates consisting of coefficients of representatives R in

the generalized Bell locus CBt(ik).
Now, consider the map tﬁfik) of CB((,’“) to C24-2-k defined from the equation

1 4 2 D/ _p /
STH(9Q%) + P(2Q() - P)Q()}
= 2207k=2 § ooy k322K 3 4 4y =0
by sending
(C, a, b) = (Ck, 050y Gd—k—-2, 0, A0, bd—k—Z’ Tt ,bo)
to

o= (azd-k—.?n et 1a0)'



Set
R¥ = {(c,a,b) € C*27% : Resul,(P,Q) =0},

which is the locus where ®{ is not defined. (In other words, CB") can be identified with C24-2-%—R{") )
Here, we recall the following results in {2].

Proposition 4
The map <I>§O) : CBéO) — C2 - E((2) is bijective, and the exceptional locus E() (2) is the algebraic curve

defined by o? — 4ag = 0. And the map @gl) : CBS) —» C is bijective.

2.1 The case of degree 3 and 4

Now, we recall the following results in [2] and [3].

Proposition 5
The ramification locus of ®{” is a; = b2 — 4by, ®(CBY) = C* — E©(3), and & is 2-valent on the
set of points in C* — E©)(3) satisfying that

o2 — 3ajog + 1209 #0, Eg #0.
Here, the exceptional locus E(®)(3) is the algebraic variety defined by Eg = E; = 0. Here

E, :2701% — 9apazoy + (27a§ — T202) g + 203, (1)
Eo = — 270} + (—4a3 + 18aza3)a3 + ((—60a3 + 14402)ap + o303 — 4a3)ad

+ (—192a303 + (180203 — 8002a3)0g)ay + 2560

+ (—2704 + 1440202 — 12802)0? + (—4ada? + 16a3)ap. (2)

In case d = 3, there remain the cases that oo is a critical point.

Proposition 6
The ramification locus of ®$" is given by ¢; — 2by = 0, ®{)(CB{") = C3 — EM)(3) and " is 2-valent
on the the set of the points in C* — EM)(3) satisfying that

3y — a2 #0, 4ad —a2o? — 18agoga; + 4dagad + 27a2 # 0.
Here, the exceptional locus E)(3) is the algebraic variety defined by
{3a1 — ag =0, 9az0; — Zag —~ 2709 = 0}.

Since the map q)gz) : CBgz) — C? is clearly bijective, we have obtained complete description for the
case that d = 3.

Now, we summarize the results in the case of degree 4 ([3]).

Proposition 7
The ramification locus of (Dflo) is given by

(b2ag — b3 + 4byby — bg)ay — braZ + (—3ag + byb2 + 6bgby — 5b%)ay
+ (b2 — 3b1)ag — 4bob3 + b2bZ + 18boby by — 4b3 — 27b3 = 0.



The exceptional locus E(®)(4) is the algebraic variety defined by

{ 640003 + (—9600as a3 — 768003 + 9600aay — 20000d)a? + (12960 — 600a2)a?

+ (—9600asa? + 2400a3as)as + 2304af — 64002ad)a; — 3645043 + (32400504
— 800a)a3 + (—864ad + 240aal)a? =0,

(270003 — 1800as0r4 + 50008 )y — 96002 + (60asas + 57602 — 200a2a,)a
+(—216a4 + 75a8)a? = 0,

(—10800a + 648003 — 3600aZay + 5000f)a; + 55200502 + ((—6912a4 + 60a2)as
+1296as0a2 — 200034z + 218703 + (—486as0q + T5ad)a? =0,

— 13500002 + (54000a5a2 — 40000030y + 750008)c; + (—2688004 + 3420002)0?
+ (972003 + (~43680as04 + 900a3)as — 230403 + 138400202 — 3000aia,)as
+ 133650503 + (864a2 — 5190020y + 112508)a? = 0,

~ 200504 + 8agaz ~ 303 + 12000 =0 }. 3)

Moreover, for a given @ in C® — E(©)(4), b, is a solution of algebraic equation of degree 5, and
other coefficients are determined from b; and a. In particular, @20) is 5-valent on the set of points in
C8 — E()(4) satisfying ES” # 0 and D # 0.

Here, E((,O) = 0 gives the locus where the numerator and the denominator of R has a non-constant
common factor, and D) is the discriminant of the equation whose solution gives the coefficient b; .

E{® = 31250808 + (—2500acy g + (—3750080; + 20000202)as + 2250080, 02 — 1600a00das
+25603)ag + ((200003a2 — 5003a?)al + (22500302 + (—205002a; 02 + 16000a)as — 90002ad
+1020apa?a? —192afa; — 2250008 ) oy —900ai ) o3 + (82502 a3 +560ap o az — 128a}) o +(—630apar o3
+144a303 + 22500301 )as + 108apal — 27a?al +1500ad 02 — 170003 a? a2 + 320apa} ) ad + ((—160003 a3
+160001 a2 — 36apa3)ad + (102000 o + (5600303 — T46ap0ias + 144at)as + 24apa; ol — 6ada?
+1560003 1 )2 +((—6300d a2 +24apa?) ad + (356 o3 —80af ) 0F — (T2apah — 1803 af — 19800ad oz
+12330a02)as — 13040001 03 + 9768ap0ia; — 160002 )0y + 1080203 + (~T2ap0q a2 + 16a3)al
+(16ag03 — 4alal — 1350ad)ad + (1980a2a;iag — 2080903 )al + (—120aka3 — 682a002aZ + 1600ty
+27000ag) a3 + 144apa; o — 3603 a3 — 180003 a1 a2 +4100d 0 ) o + (25603 af + (— 19203 0y a3 — 1280302
+144ag0laz —27a})ai+((14403az —6aga?)a? — (80apar a2 — 180 ar)as+16ag ol —4aiad — 1056003 a2
+248a202)ad — (27akad — (18agar oz — 40)af + (dagad — afa? + 972003)a2 — (1015203 a2
—682ap03 )03 — 481603a3 + 5428apaial — 1020ataz — 43200af)a? + (3942a¢caf + (—4536a3a2
—2412apaiay + 56001 ) + (3272000103 — 7460303 — 3132003 ) )z — 5760903 + 14402 af — 648003
+8748a 02 ay — 1700090} ) g + 16203 02af +(—108apay 02 +2403 ) ad + (24apal — 602 a3 — 2754003 oz
+154170202)a3 + (1663203a;1 02 — 12330apa’as + 200005 )as — 1920304 + 248ap0?a3 — 5004 a?
—32400adas + 540a3a?)a? + (6912033 — 640030 ag + 144apad)af + (—4464a0 0 + (—2496aa2
+3272a00ia; — 6300f)as — 96apa1al + 2403as — 21888ade )af + ((2808c2as — 108apad)ad
+(—1584ap1a + 356aias)a? + (320apal — 80aia3 — 3456030 + 1663203al)as + 1526402a; o
—13040cpa3as + 225003 ) + (—486aka3 + (324apar oz — 72a3) 0l + (—T2a9 03 + 180302 +21384a3) a3
+(—22896a2a; 02 + 1980003 ) a + (—57600203 + 10152002 a2 — 205004 a2 — 7776003 ) s —640apr; 05
+160c3a3 + 319683102 — 180002a3)ay — 6318ada; 0 + (58320302 + 3942apa}a; — 900af) ol
+(—44640ap01a3 + 10200302 + 15552001 )3 + (768003 — 192020 + 46656a3c2 — 3132003 cias
+2250ap0t)a; — 21888ada o + 1560009 adaj — 250003, + 38880ada; )as — 1024a0 + (768a2aras
+512a03 — 576apaas + 108at)aj + ((—576aas + 24apa?)a? + (320apa; 02 — T203as)az — 64apah
+160203+9216adas —192a2a?) o} +(1080dal +(—T2a001 a2 +1603) a3 + (16ap i —4af ok —8640a) a2



+(=57600f 0102 — 120ag03)as — 43520203 + 4816apaie3 — 900atay — 138240d)ad + (583208 0d
+(8208aa3 —4536a0Far+82504)ad+(—24960p 01 03 +56003 0l +46656a3 a1 )z +51200a5 — 128020
—1728003a3 - 6480agatas +1500a0a})ad + ((—4860afas + 162a0a?)af + (2808apar af — 630adas)ad
+(=57600i3 + 144aZ03 + 3888ajas — 275400303 )03 + (—3456aa; a3 + 19800apaday — 375005 )
+9216a20% — 10560a02ad + 20000t + 622080das — 324000302 )ay + 7290208 + (—486c0a as
+108a3)a3 +(108apa3 —27a3 a3 —874803) aj + (213840301 ap — 135000 a3) ad — (86400203 +97200p 0202
~2250ate; — 34992a8)03 + (6912ag01a] — 16000303 — 77760030z + 2700002a3)as — 1024090
+2560f05 — 13824003 + 43200afa?ad — 225000patas + 312508 — 466560

DO = (6afay — of — 27aza? + 108azas — 3240 )?

x12(108caf g — 6480 a5+ (—108apar a2 — 27a) a3 + 320003 +9a3 af) a§ +4(2916ad a2 + (97202 a,
—1863a003)as—234apa; ad+27adas)as +8lapa; ad+(—27apad +81alaz)ad — (51a;ad —291603a4 Jas
+803 — 2592003 + 50220003 s — 16204)a + (495720 a1 03 + 108032 + 4284apaias + 27at)a?
+(—972a3a3+(8316ap01 02 +210603 )03 +(—2412c0 03 — 73803 0 — 3499203 ) a3 +80 ah — 9201602 g
—424440903)as + —8lataf + 54a10303 + (—9ad + 1944030y — 4860apal)ad(—13500a0a; ol
—3888ajaz)as + 4320a004 + 13200f03 + 933120, — 329508a202)al — 4((18225a3a3 + 66150301 g
—849a003)ad + ((6156adas — 232200a?)a? + (—378apa;af + 450032 )as — 330apad — 9202ad
~31590agarz — 117693af0) o + (486a0an af + (— 1620003 + 51308 arz)ad + (— 3240103 + 1579502 a; ) o
+(51a3 — 276210303 + 718200l ay — 36450) a3 + 6030apasad + 531ada2 — 435942030, s
+(=972a001 2 —8103) a3 +(324 0§ — 91802 ad +218703) a2+ (603c1 o —99387ad 0y a 571050003 g
~960§ + 505440303 — 6696agala + 2025040, + 69984ad)ad + 2((2025003a; — 24975a202)al
+(—43335a 0103 + (63450303 — 6642a00f @ — 4920f)03 — 1062000103 + 317030} — 81405003 )ad
+(291603a + (—6804a0a1 az — 19170%)ad + (1836c0d + 12960202 + 102060a8)a2 + (—369a’
+68040dan a;y — 192240003 )as + 5405 + 133920203 + 57672000303 — 2610ata; — 12028500802
+(243afaf — 16210304 + (2704 — 11664ada; + 8262a0a3)ad + (22680apa af + 1512080z )a?
+(~67500003 + 75607 03 — 858762af a2 — 536301 a?)as — 468a;1 0§ + 28026003 o2 — 246780a0aday
+1012503)as — 4860fazaf + (3240103 — 328050301 )ad + (—54ad + 225990203 — 1346220002 ay
—18225a4 )03 + (55242a001 04 + 63450502 — 11678580301 )as — 5184apad + 54alal + 15629760302
~733860cfaias + 344250a0at)a? + 4(50625a8 10 + (303750302 + (29700020 a2 + 3060090)as
—2025a303 — 1305000303 + 88af0s + 45562508)af + (9720020 + 1539a0a?)ad + (756000 a2
+1386aaz)ad + (—972a00a3 — 450003 + 2430003az — 61155aa?)as + 27a a3 — 123390020, 02
+4698agaa; — 600aF)ad + (729a0a 0f + (—243a903 + 810afaz)al + (—513a103 + 3863702y )od
+(8103 — 673110303 + 5670apaias — 45900f)a3 + (—7182a0a;03 — 3321a3a2 + 7982550 Jas
+5022a003 + 1071030 — 36693003 o} + 748278020l s — 12825000t )a + ((—2916ap0 g + 243a3)ad
+(972a003 ~ 34020303 + 5904903)ad + (20790, of — 14580 a2 + 206550903 )0 + (—32408
+99387agaj + 3402apaiaf + 297000t ap + 206671508 a3 — 23004apa;al —~ 661503 a3 — 538002a3 0 vz
—1148175030%)as +13122a02 0l +(~58320001 62 +972003 az) o -+ (486arpad — 61560203 — 1180983y
+557685a8a3)ad + (97201 05 — 4293810301 a3 +2430000af e — 5062505 ) a3 + 233280 04 + 315900020
+101250403 — 5196312080, + 3936600a3a2)as — 2531250408 — 2((10125003a; + 135000202)as
—10125a8 @105 + 12000003z — 320%)ad + 3(405003c: 0 + (~121500203 — 61200pa2a; — 1440t)al
+(4860c001 0 — 3280303 + 2430000 Jas — 216a9af + 9atad + 2295000803 — 171000202a;
+3360a0ai)ag — 6(14580fa] + (—162a001 a2 — 16203)ab + (—54apad + 6390203 + 7290003)ad
+(=351a105 — 137700301 a2 — 10908090} )a? + (54ag — 38070adad + 6408agalal — 2040040
+82012503) a3 + 7074ap0 0 — 5660303 + 7654500302 — 12150203)ad — 27(2702a§ — 1801030
+(303 — 1944afa;z + 1512000%)ad + (—612apc1 03 — 2280 az)od + (180ag0s — 34402ad — 8262003a;
+158760307) a3 + (276003 + 39726031 03 + 9060c0adas + 1000a3)as — 48a] + 12204020l
—17436agaia3 + 1850010 — 58320008z — 281880ada?) e +162(18adazal + (~12a1 3 — 729030, o
+(203-40503a3+95400af oz + 750t ) ad+(—390a0 1 a3 53503 a3 — 320760301 ) a2 +(T2a00f+30602ad



144180302 + 19710a0?as + 45000904 ) a3 — 4804 af + 107640 o — 10050a03a? + 125003y
—262440ada; )as — 81(108a3a3 — T2a302af + (120104 — 291602 ) a + 5400c0s) o) + (10802ad
~2520apa?a2 — 15000tz — 19683a3)a? + (432apa1af + 900a3ad — 10206003 a; 02 + 607500203 ) a3
—1440203 + 34560303 + 29700a202al — 22500apatas + 312505 — 62985603).

The details of the number of preimages are shown in the following Table 1, where E,(CO) (k=0,---,4)
mean the coefficients of equation

34828517376r° + 5038848 B r* + 186624 E{"r — 864E 1 + 16 BV Er — (EV)2 = 0

obtained by eliminating b, b1, bg, a2, a1, ap from the resultant r = Resul, (ﬁ, Q), and each I Igo) means an
algebraic variety that the defining equation is omitted here.

| #(@EO))‘I(OL) a l Remark J
0 EM(4)
1 EQ=EQ =E% =0, EY #0 inv=1
2 EQ =E® =0, E® #0 inv=2
3 E® =0, E® #0 inv=3
4 0 inv=4
1 0 5-ple
2 I io) 4-ple
2 ) double+triple
3 I§°) triple
3 Ié?z) double+double
4 Iéo) double
5 otherwise

Table 1: The number of inverse images.

If co is a simple critical point, we have the following.

Proposition 8
The ramification locus of the map <I>4(11) is given by

2Clb% - (C"l) + 4b0)b§ - (Sbocl + 2a1)b1 + 4boc¥ + ajcy + 2a9 + 16b[2] =0,

@2‘)(039)) = C5 - EM(4), and <I>£1) is 5-valent on the set of points in C® — E(1)(4) satisfying D) # 0
and EY # 0, where D) and E(()l) are given below. Moreover, the exceptional locus E()(4) is the
algebraic variety defined by

2503 + (—30asas + 8a3)oz + 10a3 — 3aj03 =0,
2001 — 8ou0z +303 =0, (1003 — 24af)as + 9403 + 50000 = 0

DM = 6405 + (352502 — 43203 — 98402 a3 +27a})of + ((—984a;3 + 634a3) o + (5544040 — 1800aias
+10805 — 240000 ) vz + 97204 — 3834003 +2106a] 03 + (—3240§ +12240ag 0 ) a3 + 339690 ) a3 + (2703
+(—1800asa3 + 36803)a3 + (—3834a3 + 25920202 — 738c4as + 108a§ — 522000 )a? + (32400403



—2052a3a3 + (32403 — 18360ag)a3 — 13284apadas + 4284apa))ay — 72908 + 4860205 — 8latal
+6156a00403 + 9288agaial + (—7452a00f — 27000a3)as + 12960pa] — 499500202)a? + (1080403
+(210603 — 7380303 + 8a4)as + (—20520403 + 1296afa? — (20405 — 14580a0) 0z — 21240902 )ad
+(48603 — 324004 + 540403 + 3024apaya? + 1512apada; — 936agaf + 20250a8)aZ + (9720008
~13608apcia3 + 8316apajaf + (—1296c0ad + 11880003ay)as — 264600203y + 2916apa403
~1944apaas + (324a00j + 121500%) a3 — 86670030303 + 495720t as — 77760308 + 20250003 a,) oy
+(~32403 + 108a3)af + (3240402 — 204adas + 3203 — 648ap)ad + (—81aj + 54020 — 9ata?
~3888apasr3 + 1320a003) 0§ + (324c0a3 + 367200302 — 2412ap0]as + 384apad — 810002a,)ad

+(~97200 0403 + 6480 aod + (—108apaf — 36450af) ol + 12690030 s +108adad) a2 + (3888002 asad
~24624agada3 + (38880305 — 20250003) a3 + 405000303) s — 87480203 + 5832a¢a3ad — 972aato3

412150003040} — 7290003 afas + 11664adal — 25312504

B = 25605 + (—192040 — 12802 + 144a2ag — 27a4)at + ((144as — 6a3)a2 + (—80aya? + 18a3as3
~1600ap) ez + 1603 — 4afa3 + 160agaas — 36apaf)ad + (—27a4 + (18auas — 403)ad + (—4a3 + a3a?
+1020a0a4)a3 + (560apaj — 746a00] a3 + 144apaf) oz + 24apag03 — 6agadal + 2000 az — 5002a3)a?
+((—630apaz+24apaj)a3+(356c0asa —80agafas +225003) a2 +(~ 72000 +18apaad —2050a2 a3
+160aja})az — 900agaj + 1020aa3a3 — 192adajas — 250003aq)a; + 108apad + (7200040
+16ag03)as + (160003 —4agafal —9000das)ad + (8250802 + 56002 adas —128a%ad)a? + (—63002asad
+1440fado} — 375008 a3 + 20000 ) as +1080daf — 270 adaf + 225003402 — 160003 adas +256a3ad
+3125a8.

The details of the number of preimages are shown in the following Table 2, where E,El) (k=0,---,4)
mean the coefficients of equation

8503056r° — 196835E5 7 + 11664ES"r — 864ES"r? + 256 BV EVr — 256(ESM)2 = 0

obtained by eliminating b1, by, a1, ag, ¢; from the resultant » = Resul, (ﬁ, Q), and I ,gl) (k = 2,3) are given
as follows.
D = {6405 + (352040, — 43202 — 9840203 + 27ad)at + ((~984as + 634a2)a? + (554dasal
— 18003 a3 + 108a3 — 240000 )z + 9720 — 3834a3ad + 21060503 — (32408 — 122400004 )03
+33960005)ai + (2704 + (—1800cq03 + 368a3)s + (—3834a3 + 25920303 — 738alas
+ 10804 — 5220a004) 0} + (32400403 — 20520503 + (32405 — 18360y )a? — 13284ag02as
+ 428400 — 72908 + 486aZa5 — 8ladad + 6156apasal + 9288apadc?
+ (—74520005 — 27000a3)as + 129690 — 499500203 )0 + (108asad + (210602 — 738a2as
+ 8a)aj + (—2052040a3 + 12960502 + (—204a5 + 14580ag)as — 21240g02)03
+ (486a3 — 324ajaf + 5dajad + 3024apas0? + 1512000303 — 936a0ad + 2025008 )02
+ (9720003 — 13608calo} + 8316apaial + (—1296aaf + 11880002 as — 2646002a3)as
+ 2916090403 — 1944apadas + (32490 + 1215003)ad — 86670a2aial + 49572020k as
— TT76a3a§ + 202500030 )1 — (32403 — 10802)al + (3240403 — 204033 + 3205 — 648a0)ad
+ (—8laj + 54ojal — 9ajad — 3888agasas + 132000l + (324a90d + 3672000202
— 24120p0fas + 384apaf — 81000dcs)ad + (—972a0a40f + 648agaad + (—108agad
— 3645003 )03 + 12690a)cias + 10802a])a? + (3888002040l — 2462403ada? + (3888020l
— 20250003) a3 + 405000303 ) — 87480203 + 583203a2ad — 972030403 + 12150003 asa?
— 72900adadas + 11664adad — 25312508 = 0} \ {ESY = E(Y = BV = 0}.



) = {po=p1=py =ps = 0} \ (K U{E = E{" = 0}), where
po =500a3 + (—600as0z + 67503 — 360ajas + 72a4)a? + ((4050a3 — 1380a32)a?
+ (—5400as0? + 352803as — 5760} )an — 243003 + 55080203 — 3834aa? + 1080adas — 108af)oy
+ 67503 + (—324043 + 1048a3)a3 + (—729003 + 12744a2a? — 5922a%a; + 82808)a2
+ (97200405 — 162000303 + 95040502 — 2376a a3 + 2160)ay — 364505
+ 583202a] — 3402a3 03 + 864afal — 81adal,
p1 =2003 + (Tdagay — 902 — 42a}a3 + 12a))a; + (—207as + 68aZ)a + (2520402 — 156a3as + 240
— 450ap) a2 — 8103 + 540303 — 9ajaj + 270apasaz — T2ap03,
p2 =490a403 + ((—1845a3 + 616a3)az + 1899as0? — 1398a3as + 25805 — 2250a0)a; — 13503
+ (567asa3 — 188a3)a2 + (—40503 + 180202 + 111ajas — 24af)as + 8lasal
- 540303 + (905 — 4050ap)a? + 3510apaias — 738apasi,
p3 =(1600a3 — 1865a2)a? + (7503 + (7855asa3 — 262403)ry — 234003 — 63210202 + 5502a50i3
—1062a%)a; + 6450403 + (—612002 + 13270203 + 232a4)a? + (103050403 — 79620302
+ 19410503 — 144a])a; — 283503 + 23760203 — 639ajos + (54af + 20250a0a,)a?
— 166500paia3 + 3402000 + 2812502

#(@gl))'l(a) o Remark
0 E(l)(4)
L == =0 B 0| e
2 B =BV =0, EY #£0 inv=2
3 Eg) =0, Ef) #0 inv=3
4 i inv=4
1 ) 5-ple
2 0 4-ple
2 0 double+triple
3 13(1) triple
3 0 double-+double
1 Iél) double
5 otherwise

Table 2: The number of inverse images.

Next, if oo is a double critical point, we have the following result.

Proposition 9
The ramification locus of @,&2) is given by ¢, + 3b% — 2cabg = 0. <I>£2) (C’Bf)) =C* - E®(4), and <I>((12) is
3-valent on the set of points in C* — E(?)(4) satisfying
D® =108a? + (—108azaz + 27a3)a; + 3203 — 902a? # 0,
EY =270304 + (403 — 18apazc)ad + ((—a2 + 6ag)a? + dagad — 14402a;)0d
+ (—18a203 + (80902 + 19202) a1 )as + 270} + (403 — 144apaz)a?
— 160 + 1280202 — 25603 # 0.



Moreover, the defining equation of E®)(4) is the algebraic variety defined by

{302 —8a; =0, af—16a; =0, of—256ap=0}.

The details of the number of preimages are shown in the following Table 3, where E,(f) (k=0,---

mean the coefficients of equation
256r° — 3E{ 12 + 18Er — 27ESY =0
obtained by eliminating by, ag, c2, c; from the resultant r = Resul, (ﬁ, Q), and

I = {10802 + (~108azaz + 2703)ay + 3203 — 90302 = 0} \ {EP = EP =0}
I? = {8az — 302 = 8ay — dazon + o = 0} \ {EP = 0}.

#(@f))‘l(a) l o Remark l
0 E®(4) ()
1 EP =E® =0,EP #0 | inv=1
2 EP =0, EP #0 inv=2
1 Iéz) triple
2 152) double
3 otherwise

Table 3: The number of inverse images.

Finally, since the map lbff) : C’Bf) — C3 is clearly bijective, we have obtained complete description

for the case that d = 4.
For d = 3, 4, the complete answer for the problem of Goldberg was obtained.

3 Homogenized Bell family

In the previous section, we see that the generalized Bell locus CB‘(ik) gives good coordinate system for
the space Xék) of equivalence classes, for each k = 0,--- ,d — 1. In this section, we introduce another

)

family of rational maps that gives “coordinate system” without depending on the multiplicity of critical

points at oo.

Considering the composition of

ag-k—224"F2+... +ap
zd-k—l + bd_k_zzd—-k—2 44 bO

Fz)=2""14c2b+ -tz + e cBP,

and linear translation M(z) = z — 3, we have

2% + (bd_k_z + Ck)Zd_1 +---+ fid_.k_zzd“k_"’ + ddﬁkzd"k +---+ap

MOF(Z):. Zd~k—l+,_,+b0

’

where

M
B=3 cibar-1-; (ckx1 =1, M =min{k+1,d—k—1}).
=0
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Therefore, for k = 0,--- ,d — 1, we can use the following family

MBY =

{zd +ag_1297  + -t agp_22F 2t ag k2% F 4+ }
zd—k—l+,,_+b0 ’

instead of the generalized Bell locus CB,gk) .

Let HBj, be the family of rational maps of degree d consisting of all P/Q, for

P(z) = 2% + (1 = ba—1)ag—12*"1 + (1 = (1 = bg—1)bg—2)ag—22z* 2 + -
R o (1 - (1 - bd—l) s (1 - bl)bo)ao,
Q(2) = bg—12%71 +--- + by,

with Resul, (P, Q) # 0, where coefficient parameters are given as elements of projective spaces, (b4_; :
.- :bp) €P4H(C) and (1:a4-y:---: ag) € P4C).

Moreover, we define H B‘(ik) (k=0,---,d—1) are the classes of rational maps with k-ple critical point
at oo, i.e.,

HB(I:) - f . P(Z) =24 + (1 - bd-l)ad_lz“‘l +--- 4 (1 - (1 - bd-l) vee (1 - bl)bo)ao,
¢ Q  Q2)=2*F1+bg r224F2+... +by, withReul,(P,Q)#0 '

Remark 3
For each k, the coefficient aq_x—1 of each rational map in H B‘(ik) is vanished. Therefore, we have

HBP = {(ba—r—2,--- ,b0,8d—1," - Bd—k~2,d—k, - - ,a0) € CX¥727% . Resul,(P, Q) # 0}
Moreover, HBy is the disjoint union of HB&O), ,HBf;"l)_
From the above argument, we have

Theorem 10
Forevery Re H Bfik), [R] belongs to X ;k) for every k, and for each element [R] in X ¢(ik)’ there is a unique

R’ in HBY with [R'] = [R].

Hence, for each locus X (Sk) has a system of coordinates consisting of coefficients of representatives R
in HB.

Here, we consider the map &, of HB, to P24-2(C) defined from the equation

Pha (2)Qb,0)(2) — Pv,a) (2)Qp.ay(2) = 02422242 + g 3227+ + ayz + a,
(b,a) (b,a)

by sending
(b,a) = ((0:--':0:lzbd_.k_gz---:bg),(l:ad_l:'--:ad_k_z:O:ad_k:---:ao))
k
to
a=(0::0:k+1:a0_5_3::0p) € PP%C).

N e’
k
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3.1 The case of degree 3
Recall that a rational map in H B3 has following form,

23 + (1 - bz)azzz + (1 - (1 - bg)bl)alz + (1 - (1 d bz)(l - bl)bo)ag
byz2 + b1z + bo '

R(z) =

Theorem 11 R N
®3(HB3) = P4(C) — E(3) and ®3(H B3) is 2-valent on the the set of the points in P*(C) — E(3) satisfying
that

DiSCI'(q) 71: 0, Eo(a) 7é 0,

where,

Discr(q) =3aza; — a2 — 12apay,
Eo(ar) =27a2a? + (—1800302 + 403)0d + (dag0d — 02a? — 14dagadon + 6agasal)o?
+ (80apasasad — 18apadas + 192020203)a; — 16apayay + dagaial

+128020}03 — 144adasaias + 27a ol — 2560305 = 0.
Here, the exceptional locus E’(S) is the algebraic variety defined by
E@) = {108a§a% + (~108asasas + 27ad)aq + 32a403 — 9020 = 0,
3azon — o — 120001 =0, —2Taua? + 2Tazazar — 8ad — 27agal = 0}, @)

Proof The map 3, is defined by

(b,a)=((bgtb12bg),(1 :va2:a1 :ag))»—»az(a‘; : "'Zag),
where
(873 :b2a
az = 2b,

ag = (—a1bj + (—az + a1)by + ag)by — a1b2 + 3bo,
ay = (2a0b0b§ - 2aob0b2)b]_ - 2aobobg + (—2b0a2 + 2a0b0 - 2a0)b2 + 2b0a2,
gy = (agb0b2 - agbo)b% + ((boal - aobo)b2 — bolll + agbo - aO)bl + boal. (5)

The map &;3 is not defined if and only if the coefficients of R satisfy the following condition,

r =Resul,(nm R, dn R)
=(apbobz — agbp)bi + (agbpaibs + (aoboas — 2apboa;)b3 + (—2agboaz + agboar )b3

+ (aoboaz + boar — agbp)bz — boa1 + agby — ag)b3 + (a2b2b3 + (boa? — agboar — 2a2b3)b;
+ ((boa1 — agbo)az — 2bga? + (3agbo — ap)a; + a2b3)bs + ((—2boay + 2apby — ag)asz
+ boad + (—2agbo + ap)ay — 3aob2)b2 + ((boa1 — aobo + ag)az + 3aob?)bs + boa; )b?
+ (—2a2b3b5 + (—2agb2ay + 4a2b? — 2a2bo )b + (4agbag + 2boa? — agboay
— 2a3b3 + 2a3bo)b3 + ((boar — 2agb?)ag — 2bpa? + (—2b3 + agby — ag)ay + 3agb?)b3
+ ((—boay + b3)az + 2b2a; — 3agh? + 3agho )by — biaz )by + aZbbs
+ (2a0b3az — 2a2b% + 2albo)bs + (b3aZ + (—4daobi + 2agbo)az + alby — 2a2by + a3 )b
+ (—2b3a2 + (2aob? — 2agbo)az + boa?)b2 + (bZaZ — 2bZa; )by + b3 = 0. (6)
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For each a € P4(C) — E(3), corresponding coefficients by, by, by are determined as solution of

q(bo) = 12b(2) - 4azbo + azoy — 4a0a4 =0,

b2 = Qy4,
1
b1 = 503.

And we can also check that the other coefficients ag, a1, az are uniquely determined by e and (b, : b; : by).
Therefore, #®;(a)~! = 2 except for

Discr(q) = 3aza; — a3 — 12ap04 = 0. (7

Here, eliminating six variables ba, b1, bo, a2,a1,aq from the expression (6) by using (5), we have the
following equation

432r% + (2160402 — 2030204 + 1603 — 576cpauas + 2160g03)r

+ 270208 + (—18a4azas + 403)a3 + (4dagal — a2l — 144apaia; + Bapasald)al

+ (80apoya3a — 18apaday + 1920203a3)on — 16apag0s + dagaiosd

+ 128020302 — 144c2asclag + 270dal — 256a3a3 = 0. (8)

Here, the exceptional locus E(B) corresponds to the condition that this equation has 0 as unique solution.
Therefore a defining equation of the exceptional locus F(3) is given by

E@3) = {27&4&% — 9azaz0a; + 203 — T2apa402 + 2Tapa? = 0,
27030} + (—180403s + 4a3)03 + (dagal — adol - 144apada; + 6apagod)o?
+ (80a0a4a3a§ - 18a0a§a2 + 192a3aia3)a1 - 16a0a4ag + 4a0a§ag
+ 128020303 — 14402as03a2 + 2T0da) — 2560303 = 0},
and can be simplified as (4).
Let Ep(a) be the constant term of (8). The locus Ep(ar) = 0 corresponds to the condition that the

equation (8) has 0 as one of solutions. Then, #®(a) < 2 on the locus Ey(ax) = 0.
Moreover we can check that the equation

a2t +as + a2t +arz+0p=0

has a solution of multiplicity at least 3 if and only if & belongs to E (3). 1

Now, we investigate in detail about the structure of the map 63.

e On the affine 4-space Uy:
On the space, Uy = {(1 : a3 : az : a1 : ag)} = C* C P4(C), the ramification locus (7) and the
degeneration locus Eg(a) = 0 are written by

3aza; — o2 — 1209 =0 and Eo(l,ag,- - ,a0) =0,
respectively. Moreover, the exceptional locus is written by
E(3) UUs = {10802 + (—108azar; + 27ad)a; + 3203 — 90202 =0, —3azey + a2 + 1200 = 0}.

and we can check that this algebraic variety coincides with the algebraic variety E()(3) in Proposition
5.

e On the hyperplane H; = {(0:a3: - : ap)} 2 P3(C):



— On the affine 3-space Us:
On the space Us = {(0:1: a2 : a1 : ap)} = C3, the ramification locus (7), the degeneration locus
Ey(a) = 0 and the exceptional locus are written by

3a; — a3 =0,

E()(O, 1, a0, 04, 010) = 404? — a%af — 18apgazay + 40&00(% + 270% =0,

and

EB)UUs = {3a; — a2 =0, 9op0q — 203 — 27ap = 0}

= {3&1 — Olg =0, ag —27ap = 0}7

respectively. And the last algebraic variety is coincides with the algebraic variety EM)(3) in Propo-
sition 6.

— On the hyperplane Hy = {(0:0: a2 : a1 : ag)} = P?(C):
x On the affine 2-space Us: N
On the space Uz = {(0:0:1: 01 : @)} = C? Discr(q) = -1, Eo(a) =0 and
E(3) ul, =0.

This fact is coincides with the result that <I>§2) is bijective.
* On the hyperplane H; = {(0:0:0: o1 : o)} = P(C):
On the hyperplane H;, each rational map is non-admissible, because

E@3) > Hi.

The above result can be summarized as following Tables 4 and 5.

the critical sets of all rational

The affine space Uy 5 { functions that oo is non-critical

The space of
critical sets Us D {“oo is simple critical”}

P4(C) o {a} | H3 =P3(C) U, D {“oc0 is double critical”}
_ p2
H=P(C) | g, =pt (C) | non-admissible

Table 4: Construction of the map 63

| #(33)"(a)] o Remark |
0 E@3)
1 {Bo(a) =0} — E(3) | inv=1
1 {Discr(q) =0} — E(3) | double
2 otherwise

Table 5: The numbers of backward images.

Here, we remark that the exceptional locus E(3) contains the space {(0 : 0 : 0 : a,0)}, and
{Discr(q) = 0} N {Ep(cx) = 0} = E(3).
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