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1 FE
FREDHEIZFRIL[10, 12) DFERZITICL TS, EHIZZL S 2BFBICLTREL W,

1.1 SV LITINORERDE—~AV B

SZEL L nx nfTFlOARTHEEGLEL, BEHAE IS ZHBATwELET5. FIZITEER
REEO(n) L ZDIEHLI N Haar BIE 2 L2 EZ UL L, 2D L ¥ (S, Borel, dS) I
MEREM LD, 7272 L Borel i3 Borel E8E2RT. 5SS %, FMdS IR 7
Y ATIIE S, KRETITAIS L SHERERTH 2 7 ¥ Li75% LI LIZA—
R 3. BRI, 7508 DE (5,5) BT sy; &, THDEEREBS > S — s; ZRAI L7z,

S EOSERES f it L, BT E[F(S)] := [ F(S)dS ZEHT 2 L HMEEZEZ
%3, BHIRELRDT, fELTHEROAR2EZITATHS. Tiabb, T5IRS
DE—AVE

ElSiyj1Sizga -+ * Sirse]
REE L7V, T I2T sy 13171 S DITFIBRDT, 1,40, -y 0k J1y J2s - - - > J6 13 {1,2,...,n}
KETEBROETH S, L h—ii, TIRTOEELZELEDT

E[8iyj1Sings * * * Sigi 8017, iy~~~ Sirgh)

EWHTBORBZEHET 3,

1.2 @ : 2O
AR EEFES, QREERYEX 3.

SO(2) = {U = (ugi<ij<e = (COSB —Sine) | b€ R}-

sinf cosf



SO(2) ZHAIFIE S* & Lie# L LCHARBTH 345, SO(2) » Haar ERHE dU 13 S
D—IRERPE L p5 2RI TODE—KT S, wE U € SO(2) DIFFIRTIZ 4D
U1, Uiz, Uy, Ugz B DT, FEREH a,b,c,d TR L THS f50(2) ud ub,us ud, dU DSEHE L
ORTHB, Thiduy = cosh, uyp = —sinb, ugy = sinb, ugyp = cosf & EH#THIL,
BT sinf & cos§ DEDEZFIRE I N,

27 de

/ ulﬁul{guglu% dU =(_1)b/ cos®H @ sinb*e § -
S0(2) A -

_{pnﬂﬂtﬁuﬁtﬁ a+d &bttt bicE,

(atbrerd)l

0 2NN,
LEtETE 2,

1.3 Weingarten calculus

R 2 V%7 R U(n), O(n), Sp(2n) iIKXfL, fTFIRAZDE— 2 » b 2EHET 2 Fikid
[2, 5] T5 2 6h, BIE Weingarten calculus & BHEN T2, Z D4, Don Weingarten
(17) DEFTHARICHKT 3. 2 TINSOWMELRZET T3, K, BB T % Weingarten
BY% % Gelfand pair DB Z AWTEMH T2, AFHOFEETH 5 §3 T, a7 FHH
EE»SBRICEE S 7 VLTI, AROFELBERT 3.

AETHEOLNTVE 7 v F LTI LTH, 7% & 5 % Weingarten calculus 23
montTwsd, #Hlzi, 4,9 228,

2 AVINY M

CDETR, [2,5, 3 12] TRELZ3D2OHHAB 2 %7 FEEU(n), O(n), Sp(2n) D
Weingarten calculus (Z2WTHEHET 5,

2.1 1=HYE
Un)ZnRD2L=FYHELT 5:
U(n) = {U € GL(n,C) | UU* = I,.}.

ZZTUN IR U DRI, TabbEmBITH UT OEBERRTHS. U = (uj)icij<n
%, U(n) DIEBMLE 17 Haar BEEICHED 5 > & AETFIE T 3. FT9URAY uyy B J OB
#Efﬁuij DE—AVFER2EHEL W,




B 2.1, 60, ik 0 s it f 2 {1,2, . 0} KETARET S, 2O
LE kARSI

E[Uhhuizjz Cr o Uy Uag g Yay gy * sz] =0.

. e R ET S, €91, 132=% Y75k DT, Haar BEOWUAZENEDL S U = (uy)
EetfU = (e¥u;) DAMIZALTH 5, Lo THFR

—7 ] = e EDOR 0y oy
Eluiyjy Uigjs + * i Bty sy -~ Uaty] = € B[ty jy Uing * * + Wiy, Wiy By, - “m,]

21872, 0 c RIZMFEICENLDT, k#1256 EOROMEAFZHIC0ICHS ZIFNIT
75w, O

COWMEICELD, BRAZEk=1DEEDAEZEINT L, 225 Y Weingarten B

2EHL LD, 2=% Y Weingarten BIE Wg¥(; n) 10 F8E S, LRI T, XTEHX
53,

1 £
2.1 Wg¥(o;n) = = —x* S).
(2.1) g (o;n) k!§H(i,j)@(n+J—1)X (0) (o€ Sk
MZEDOFEN = (A, A, ... ) REEZES, XIS T 2 N5 S, DEEREET,
Pl OBITEIc BT 3fETHS. BLAISATWS X)L, f 13808 A OFHE Young
BoOBEIC—BT 5. TROB[], e 1& (4,7) 25 Young MO DERELE, Thbb
{G,§) € Zs0)? |1 <j< N} EEDZEZRL TS

Bl 2.1. Sy icBWT, EHEEHBI, & H#R(12) KB %21=% ") Weingarten B DE I3
rhEn

1 -1
(n+Dn-1) We'((12);m) = nn+ n—1)

WgU(1d2,n) =
FET8 2.2 (Collins [2], Collins-Sniady [5]). 4 D2DWAFDINi = (éx,...,0), 5 = (J1,-- -+ Jk);
V= (i), 3= (41, J) KRL,

B [i 5y ingy - - * Wi Uil Gagg Uil g7, Z Z 6,(3,4)6,.(4,3)We" (o7 7;n).

0€Sy, TESK

Z T8, (6, 4) Ik

(2.2) 5,(i,7) =

1 Zf (ia(l)’i0(2)7"-,ig(k)) = (le,lé,,l;c),
0 otherwise,

TERINS,



4

W22 n>2LF5, Efup|) 25tEL LS. EBHOESTi=i=j=7=(1,1)Td
%3, EHELZOHEOMLY,

E[lunlY] = Z WgU(o71m;n) = 2(WgV (idg; n) + We¥((1 2);n))

0,7ES?

1 -1 2
:2{(n+1)(n—1) + n(n+1)(n—1)} n(n+1)
ER 2.1. 2=% ) Weingarnte O EBRR (2.1) 1, n < kDL ZIXBEHKRE L LV,

BIZ1E Wg(ide;n) = Grpmp 2% Thidn = L TEKELE v, ZOBBEEE
T3—=20DHkE, =% ") Weingarten BIDOEE%® (2.1) 5
WgY(o;n) = L Z /2 ~x o) (0 €S)
k! Ak H(i,j)el(n +J - 1‘)
4(\)<n

CEEBZT, NDOBH(HEBEERI (VD) P ATRZ2XHIICHRBRTZZ L THB, 2
5T Wgl(idy; 1) = Wg¥((1 2);1) = 1 RErkh, UQ) KBTS Eflunl!] =
23+3) =1L HEIN, n=1THEHE22PH2213BKE2%2T. (bBBAUQ) T
BEBEK juy| = 1 TH3.) Jlokikik, (21) Dn2RIXFE (FER) ZLBVEH
227 BHTHILTHS. f22TR, BPORXTn=1LTERLY, BRORX 24
Bn=1tRALTHEEERL, 12,3, ZOL)RBRI-BOBETHLHILT
% ([5). UTTEZZFRTHABOBENFKET 2, n 2 XERXLBoTERI LK
335,

2.2 HEIRE
RICEESHEELLS.
O(n) = {R € GL(n,R) | RR* = I,,}.

R = (rij) 2 O(n) DIESUL. I N 7= Haar BIBICHE D) 7V FAT0IL T 5, £7, kBHFHK
O Er jiToygy  Tigge) =0 %5, THIIFIE2.1 LARIC, RE -R=(-I,)R
FAAHTHEZ LM,

Mo 2 {1,2,...,2k} DRT7 Y VY, ThbbL2REANDDEREL TS, My DI
i, perfect matchings & bMEIEND. My DILp I,

p=1{p(1),p(2)} U {p@),p(4)} U--- U{p(2k — 1), p(2k)}

EVIBTESIENTE, £4p2i-1)<p2)) (G=1,...,k)»21=p(1) <p(3) <
e <pRk—1) EVIERBEERTLT, p(l),...,p(2k) X po—BNICHRD B I LB



TED, ZOLE, pe My iHLTHR (p(ll) P(22) p(33) p&) - p(2213c_—11) p(22]3c)) € Sy ZRIE
ERBILT, My % Sy HDRAL, BIZIE, Myld3ODER

{L2pu{3.4}, {L3ru{24}, {1,4}u{2,3}
Bo%BY, TNSRENENS, DT

1234 1234 1234
123 4)° \1324)° \1423
XT3,

Hy, % Sop DEAHET, HM(2-12)) (1 =1,2,...,k) £ (2—12j-1)(22j) 1 <i<
J<k)DOoERINDZIDET S, H 13V —RAHE (Z/22)1S, ERABTH D, Hik2kk!,
BCEI Weyl #Th 2, #/\EFER L LIFITND. My, D Sop ~DEDIARIL, Syr/Hy D

eEREXETLRT,
# (Sak, Hx) 1% Gelfand pair TH b, % DI5aiL [7, Chapter VII] CREZI N T3, #

PREAE DS, AR EITXL

1
wH(o) = A C;{:k XAo¢) (0 € Su)
TEBRIND, TIT, xP 12X = (2X,2),...) IXIET 3 Sy DEEFIIEE. HREBIK
WA B H AETH S, Thbb, wr(o()=w(o) BTN, € Hy, 0 € Sy I
LTI, R w (o) BTEAREIRE HyoH IS LIRS 22\, S, OIBENE Do
TRES Z L LARRIC, Sy DHMIRAKRE HioH, b kDB TEE 3. MARKEHOZES
RER {0, | uFk} ZRTEETS. ETRIL1OFEHp= (k) <N, 0,=0x) € S

*
(1234 %m-1 %

®=\1 223 -~ 2%-2 2%-1
VC‘%@% _‘ﬂﬁ@/.t = (ul,. . ,,ul) [ k ‘:ﬁLT, Q%tﬂ@&)i&ﬁ32m XS2M2 XX Szm C
Sok B B (0(4), Oua)s - > Ouy) PBE 0, ELTED S, TDEE Sy =| |y HeopuHy
BRYILY, Eo, XEEHBRTHS.

[E A Weingarten B%t %

2k L f2>\

. . w
TERTS. EBLY, EHXR Weingarten BIBUITH H, RAETH 3, S 2BV,

n+1 N -1
n(n+2)(n-1) Wed(opin) = n(n+2)(n—-1)

(2.3) WgP(o;n) = Mo) (o € Sa)

Wg(opz);n) =



3T, Haar PIEEICHED n x n 7 v F AERITHI R = (ry;) DITFIRSE— 2 v Micxt
L, MTFOARIRY 32,
EHE 2.3 (Collins-Sniady [5], Collins-M [3]). 2 2DHFEAFDH i = (iy,...,im), § =
(jl? R ,j2k) “:ﬂL’
BlriviiTiag "+ Tigegn] = Z Z Ap(i)Aq(j)Wgo(p_'lq; n).

PEMa qE My,

IIT, TEAG) RKRTEE S,

(2.4) ,(3) = {1 (p DETDRT {a,b} I i, =D L &),

0 (BHLUY).
ﬁ] 2.3. IE[T]17"127'217'22] %ﬁﬁ]« J: :). iﬁ@@?ﬂ%fﬁ i= (171’2a2)v j = (152’172) "6‘5
5. M) =1, AJJ) =127 T I %pqge M iE, ThEhp={1,2} U{3,4},
q={13}U{2,4} ¥ TH3. LEdoT,

-1
n(n+2)(n—-1)

E[r117m12721722) = Wgo(p‘lq;n) =

2.3 HIzzE
RICRISSRBPEL D,

Sp(2n) = {S € U(2n) | SSP = L,,,}.
I, SPik

2.5 o=yt J=g=( 0 &
I, 0

TED 3,

R BEDIF AL, [7, Chapter VII| THREH X 1 CT\V> 3 twisted Gelfand pair (Sak, Hi,€) D
BRE2AVSE, JITecldSu KB ABBROAE (O H, ~DOHIR) Thbs. o8-k
WXL, twisted FrERESE %

(o) = 2%k~ Z (Q)x*Me¢) (o€ Su)
(€Hy
TEHT S, 72771, AUA= (A, A, A 0,0 ). SHRBSIZHL, 72 (Co¢’) = e(C)e(¢’) (o)
BETD(CEHy & o€ Sy ICHLTHRDILD.



4, #% Weingarten BI% %

(26)  WeP(oim) = 28 it o) (o€ Sw)
. g (o;n) = — (o g€
(2k)! & Tl jper(@n — 20+ + 1) 2

TEERT S, WARKEOARTLo, b 2HV2 L, I,
2n -1 S R 1
prey oy M G GO0 Ry ey Py &
Haar IBEICHE 9 2n x 2n T v & ARIZATHN S = (si5) 2EZ & 5. EXHDOBE L FAK
0:, k ﬁgéﬁti 6 Lf]E[Siljlsigjz e 'Sikjk] =0 &. 7’2 5

TEH 2.4 (Collins-Sniady [5], M [12]). 2 2 DIRZFDHN & = (i1,...,02), 7 = (1, - - » Jok)

XL,
]E[silhsizjz ) "Sizkjwc] Z Z A (Z AI Wgsp(p 4 n).

pEMok g€ Mo

TIT, BEAG) IR0+, -1owThrofiz b, RTEL3S,

2.7) MOES | IECRR

{a<b}ep
2L, e,..., e i Z C ODEEERIKT, (,-)s 13 (z,y)s =2TJy TEX 2 RAFHHER.

ERE 2.2. T = (ST = (SO)T = JSJT £h 5, EOEHIZTHIRY OBEELE R EAL
BObHAN—L T3

AR 2.3. HIREIHKIC X 2 [EA Weingarten BIIDE R (2.3) 1 [3] THDTEIF L /2. [14]
LS, ¥ 728X Weingarten BIBIDER (2.6) 13 [12] THDTHF L 7-.

AR 2.4. 2=%Y) Weingarten B#IZ, n> kDL &,

(e <]

WgU(o; n) _ (_l)k—l Z Qb—ti2r (o_)n—(Zk—l+2r)
r=0
DIHTRTILNTES, ZIT, 0€85, T, LoDV A 7V Z0BERIIRIC
n— oot EDWHEEE 252 T 5, fa,(0) 3E# 0 DEBR~NOTROBZ EITR
Jucys—-Murphy 7T & HECBHE L T3, RICEEEIL, c€ S, DA 7N A T u=
(1,..., ) THBLE, Catalan$ Cat(r) = & ZTay (o) = [T, Cat(u;—1)
EEIFS. BLLI[18, 15), EXRH - 5&4&%@%&1 8] Z &,

Wg(0(12);n) =



Class C | N#H22[H 7 v ¥ LT
Al U(n)/O(n) circular orthogonal ensemble (COE)
All U(2n)/Sp(2n) circular symplectic ensemble (CSE)
ATl | U(n)/U(a) x U(b)
BDI | O(n)/O(a) x O(b) chiral ensemble
CII Sp(2n)/Sp(2a) x Sp(2b)

(n=a+b)
D III O(2n)/U(n) Bogoliubov-de Gennes (BdG) ensemble
CI Sp(2n)/U(n)

Y i R AT/ v i AL

3 VI iRl

BIETIIHEM a7+ Leff2fk-o7:. AEOTETH 2 ZDETIE, HHED 2
VXY N ARZERY 2 V>, Weingarten calculus % BE T 5.

3.1 VIRV MRHEMES VY LTS

K1TEZoNTVB 7ROy 7 FABREREEZS, FOUFNALAIL .. &
e, HlRAL—=FRDIRUHBONTWVRE, GHHARD (Bff) 287+ Lie#Td
2 k) HNHEM (DHIBRL—FR) IO TRLINBZEBMSNTVS  (Cartan
D)) . 7FEL, TITRIVILTIEDBEHREZERL, SU(n)/SO(n) % & T
%2 U(n)/O(n) 2 ExHKS.

ETG/K %M1 BB T oHFEROEN»ET S, QO: G- G %, K2EERLK
ET2X9BGOMNEETS (ZZ Cartan &G EVH), ZDE &,

S={sQ9¢") | g€G}

EBLLE, GBS
gg.V = QQVQ(Q(;I) (g() € G, Ve 5)

(BB IATFIOR) LEBNICERL, AR S~ G/K G DERLAARTHRILT 3.
X% GOHaar fIBH) 7 FufThle 5L, V. =XQX HIRSIERZLEZSY
FArfTHTH S, ZOV ENHRERG/K BT 25 v ¥ A T5ILER. DLERRS
WHED, VECE (M12H) 0F v FafFile by 5V 5 ATHERTIR, h
SIRENFNR I DEDFID L S IKRITh TV 3, 7k 2iF[6] 2BH.



COEOHWIX, TEEDOa VA7 MV ERG/K ZNENIINIET S 7 VLTIV =
Vc = (’Uij) bcﬂt,

Elvijr Viggo -+ Vi) F703 Elviyj,vigj, - - Vi Vi 35 Vi35 - Vigg)

% 38§ 5 F#k (Weingarten calculus) 25232 & TH 5,

3.2 Circular class (A I, A II)

AT BB ZEE Un)/O(n) &2 %, Cartan N&1E Qg) = (¢7) ! TH 5. U % Haar
MR nxn2=fVFHILTHLE, AIROI Y FUTHIRYV = VA =UUT T
Y, SiEnxnWHr=y VFHLEI—KTE ZOVIZT VY AFFHERICEVT
COE 1791 L MHEN T\ 5,

EE 3.1 (10]). V = VA = (j)1<ijen ZEZ D, ZODIHRAFEDI i = (iy,...,0%) &
j = (jl, e 7j2l) 0:*\1‘11,

El[ViyipVisis * * Vigk—1604 Ujndz Vgaga * Vizr—1imn] = Okt Z 50(i’j)WgAI(U§ n).

oE€Sok

T T, (4,7) BEH22TEZ 6N T3, ¥ 7 Weingarten BIE Wghl(o;n) 12, EHXR
Weingarten BB D n 2 n+ 1 KB EMZI 7LD TH 3,
ok f2)\
@) 2= T e + 25 — 1)

RIZ, A 11 BNFRZ2R U(2n)/Sp(2n) 2% 2 5. Cartan &I Q(g) = (¢°) 1 TH
5. U%Haar fIEIHED 2n x 2n 2 =2 UTHIE$ 2 L &, ANIBD T & ATHIF
V=VAL=-pyyPTthh, SiI2n x 2n self-dual (ie. V =VP) =% V{75I£kic—3K
T35, ZOVIE7 VY LTIERICBWT CSEfTF LN TV 5, ROEHETIE, §
SRERICTEROIC, V=VJEBL, JIRQ5) TEBINTVS,

I 3.2 ([12]). V = (41 j<om ZLEDE I CED B, ZODHZFEDHN G = (iy, ..., %)
2: .7 = (jh .o 7j2l) ‘:NL,
E[{}ilizﬁisu . .ﬁi2k—1i2k'ﬁj1j2ﬁj3j4 o .ﬁjZI—ljZI] = O Z 50(iv j)WgAH(U; n)
o€Sok

Weingarten BIBE Wg* (o5 n) 1%, #I3E WeingartenBID n & n— L KEEBZ b DT
H3,

w’\(a) (0 € Sag).

Wgtl(o;n) = Wg(o;n+1) =

2kk‘! f/\U/\
—(2k)! = Tlpser(@n = 2i+

Wgh(o;n) = Wgs(o;n — ) )71’)‘(0) (o € Sar).
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XK 3.1. ATREB XU AILE (COE, CSE) O Weingarten Bi%kiz, 2N FHhBER/HR
Weingarten BID 7 X =8 2D L F5 L b DICH->T0wS, REZDLILbOH
BB 200, ALEERIZT SR, LB Weingarten B ZFEL 2L 25, B
HDEAL /#H3E Weingarten BIEUZ—E L 7D 72,

3.3 Chiral class (A III, BD I, C II)
A TII B #522R9 U(n)/U(a) x U(b), n = a + b, E X 3, Cartan #&ri%

I, 0
0(g) = Iglly,  Iy={°
(g) ab94ab ab (0 _Ib)

ThH3. U% Har BRI nxna=g YTl T3L, AR V¥ LT501F
V=vAl=yrurL, ths VoRbhiZ, VICERS (FvFAThv) 751,
PRI AW =V, =ULLU*%2EZZZLIZLE). WIRZALI—FDdD2=%Y
ThHh, I, IR TH2,
EHE 3.3 ([12]). W = (wij)1<ijcn 2 EDEHICED B, ZDODIWAFDIN i = (iy, .. ., ix)
&j:(jl,...,jk) ‘\:i‘jL,

]E[wil.‘h Wizjp *** wikjk] = Z 66(i7 j)ngIH(U; a, b)

ocES)
Weingarten BI WgA ™ (0 a,b) 13 Sy, LOEEHTH Y, LUTTHEIZON B,
1 sx(1%, (=1)")
Wegt'(o;a,b) = ] Z f,\/\_S,\-WX,\(a) (o € Sk).

Ak

TIT, saTy,...,Tn) S nEERD SchurBTHATH 5.
Schur ZIHR DR s,(1") = sa(l,...,1) &, X{HSNTVB L HIC 1) =

EMlppa +i—9) THEASNBY, (1% (-1)) = si(l,...,1,-1,...,~1) iKiz %
a b
Dk RRARKNAEARBASNTOEVE S TH 3.

#l 3.1.
(a=b+1)(a—b-1)
(n+1)(n-1)
4ab
n(n+1)(n—-1)

WgA(idy; a,b) =

WgA((12);a,b) =




R BD I B2 O(n)/O(a) x O(b), n=a+b, & Z 5. Cartan &L Q(g) =
I'gl'y TH %, R% Haar BIEICHED) n x n ERfTHIL T3 &, BDIH S V¥ L5751k

Qa

V=VBPl=R['RI!, TH3H», ANBOLELFELXSIKCW =VI,=RIR %%
ZBZEICLE). WIERNHLOERTHY, I, K275 TH S,
EE 3.4 ([12). W = (wij)i<ijen EED LI KED B, WMAFDIN G = (i1,...,02) I

XL,
BDI
E[wi1i2wisi4 o 'wizk-ﬂzk] Z AP (p; a,b).
pEMay

TITA(G) IREE23TE LN T 5%, Weingarten 8% WgBP1(0; a,b) 13 Sy £
il H, A2l #Thh, MTTHEION S,

DI 2’% anZa(1%, (-
WgPoa,t) = 28 S PRI G)  oesw)

Ak
TZT, Zy(x,. .. z0) 1En BEOHESEHA (20nal polynomial, [7, Chapter VII.2| £H8)
TH5.
PRYFRE Z20(1") = [Tphea(n+2i —i— 1) BAISH TR 225, Z,(1%, (-1)") 340
SIRTWN,

7 3.2.

(a—b)*(n+1)-2n
n(n+2)(n—1)
4ab
n(n+2)(n—-1)

S EIX C 11 BIx#522 [ Sp(2n)/Sp(2a) x Sp(2b), n=a+b, & X %, Cartan W&k

WgPP! (025 0,b) =

WgPPl(0(2);a,b) =

I, o
o) = Lol Ty = (Ob f;b)

TH%. S% Haar FIEICHED 2n x 2n RIATINE T2 L, CIE T VI ALTHIRV =
VO = ST SPI THBH, SR W =VI, =SSP %Ex5ZLicL L), Wiz
WE—FpORRTHD, I IHERTHITH S,

2—(21,.. ng) ﬂx.ﬂl/

]E[wil'izwi:su o 'wizk—ﬂzk] = Z A;(i)WgCH(p; a, b)
PEMag

11
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CITA() BEE24TEZSNTWS, Weingarten I Wg©(0; a,b) 1& Sor, LD
Bl H, twisted @ TH Y, UTTEZON B,
e w214 (=1
Wg~"(0;a,b) = 2k)' ;f —————Z, D) (o) (0 € Sa).
ZIT, Zy(zy,. .., x0) BnEBOMRHESHN (symplectic zonal polynomial, [7, Chapter
VIL2 Ezample 7/ 2#8) TH 5.

Z5(1") =l per@n =204+ +1) TH 3,

fl 3.3.
(a—b)?(2n—1) -
n2n+1)(n-1) °
4ab
n(2n+1)(n—-1)

Wg(o(12);0,b) =

WgC(o9);a,b) =

EM32. AFkEL, JPERTIA—F a> 0D Jack HHRA L T3 [7, Chapter VI.10].
oL E
W=Ze W=z, JP=2%z

3.4 BdG class (D III, C I)

D II1 BIN#2E[ O(2n) /U(n) & 2 5. Cartan &% Q(g) = (¢°)~1T, {g € O(2n) | g) =
9} =0(2n)NSp(2n) =2 U(n) L% 3. R%* Haar JIEIZHE D 2n x 2n EHRATH & T3 & %,
DIIES V¥ Af75)idV = VP = RRP TH 3.

EE 3.6 ((12]). VREEDEIRED, V = (dj)icijam = VI ZEZ D, HAFOF
t=(11,..., %) KL, kDEEE SIEE[Dii, 0150, - Digp_yie) =0 TH B, kHEED L
 k=2m &L,

E[ﬁilizﬁish e ®i4m—1i4m] = Z Ap(i)WgDHI(p; n)
FEM4m

Weingarten B35 WgP ™ (g;n) 1% Sy, EDOBIETH D,
(3.1) WgPH(Co¢’sn) = Q)W (o5n) (0 € Sym, ¢, ¢’ € Hom)

27T, (Z OB DV TIE, Appendiz THEL (iR 3.)



& iC C TR F52ER Sp(2n)/U(n) & X %, Cartan N&13 Qg) = 1,91, T, {g €
Sp(2n) | g) =g} ={(22) |heU(n)} =2 U(n) L% 3. S% Haar FIEIHES 2n x 2n
PRFHET 2L E, DIIES v AfF5IRV = VP = 81" SPI' TH3, VORb
DicW =VI, =SI' S°#EX 5,

R 3.7 (12)). W 2LED XD ICED, W = (Wij)icijcom = WI 2EZ B, FTAFODF
i=(in,...,00%) KRL, Kk DSEEA S 13 B[ty Wi, - - Win_yipe) = 0 TH B, k HHMEHD

E[wilizwisu e 'wi4m—1i4m] = Z A;J (i)WgCI(p§ n) :
pEM4m

Weingarten B33t WgC!(o;n) % Sy, EOBSITH D,
(3:2) Wet(¢a¢’sn) = e((YWgP M (o5n) (0 € Sum, ¢,¢' € Hom)
2T, (ZoBEBUCOWTIZ, Appendiz TFHL {BR3))

(3.1) £721% (3.2) D & 9 %R %W IS %, bispherical functions &5, DIIME L
C 1% 0 2-O0) Weingarten B DHEV>1E, 3L [12] TRA+H7/ 57D T, Appendix T
HL(ERT 2.
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A Remarks on Weingarten functions for BdG classes

A.1 Introduction

Weingarten calculus is a method for computations of moments of matrix elements from
Haar-distributed unitary, orthogonal, or symplectic random matrices. In a recent work
[M], we extended these methods to random matrices associated with classical compact
symmetric spaces. Cartan classified those spaces into seven infinite series labeled by A I,
AII, AIII, BDI, CI, CII, and D III. In Weingarten calculus for each class C with C =
AL AL ..., weintroduced a function Wg€ on symmetric groups, called the Weingarten
function for class C.

The Weingarten functions have explicit Fourier expansions. In fact, the Weingarten
functions for class A III and unitary groups are linear combinations of irreducible char-
acters for symmetric groups. Similarly, those for classes A I, BD I and orthogonal groups
are given in terms of spherical functions for the Gelfand pair (Sax, Hy), whereas those
for classes A II, C II and symplectic groups are done by twisted spherical functions for
the twisted Gelfand pair (Sa, Hk,€). Here Hy is the hyperoctahedral subgroup in the
symmetric group So;. However, in the paper [M] we could not give such expressions for
BdG classes — D IIT and C L.

The purpose in this note is to establish new Fourier expansions for the remaining
two Weingarten functions. They essentially coincide with the Weingarten function for
unitary groups. Our tool is the theory of bispherical functions developed by Ivanov [I]. !
Throughout this note, we employ notations in [M].

A.2 Bispherical functions

We review the theory of bispherical functions developed in [I]. Let m be a positive integer.
Consider the symmetric group Sy and hyperoctahedral subgroup Hy with k = 2m. We
denote by H,, the C-vector space consisting of all complex-valued functions on Sy, with
property

\ f(¢al') = €(Q) f(o) for all o € Sy, and ¢, ¢’ € Hopm. (A1)
Here ¢ is the signature function on Syy,.

For each partition A of m, we define the function ¥* in H,, as follows. By virtue of
the property (A.1), it is sufficient to determine the values of ¥* at o, (u b 2m), where
0, is the canonical permutation in Sa,, of coset-type p (see the definition in [M, §2.2.1}).
We now set

(A2)

9N 2/ A if = 2v with some v - m,
g, =
g 0 otherwise.

Here x) is the character value of S,,. We call the function ¥* a bispherical function.

1The author would like to thank Pablo Diaz for telling me about Ivanov’s paper [I].
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Lemma A.1 ([I]). The family (9*)srrm forms a linear basis of H,p,.

We need convolution products of ¥* with irreducible characters x*, zonal spherical
functions w”, and twisted spherical functions 7*.

Lemma A.2. Let A\-m, ut+ 4m, and p+ 2m. Then

1.
s if p=2)U2),

Eaxg =9 % y# =
X X {0 otherwise.

2. P xwf =9 x x¥ and 1° x 9 = PP % 9,

Proof. The bispherical function ¥* is a matrix element of the irreducible representation
of S4m associated with 2 U 2X (see [I, §1]), whereas the irreducible character y* is the
trace of a representation matrix associated with u. Therefore the first claim follows from
the orthogonality relations for matrix elements (see, e.g., [CST, Lemma 1.5.7 (i1)]).

Under the identification between the functional algebra L(S4m) and the group algebra
C[S4m], the element ¥ in Hp, is of the form e tre;, with some ¢y € C[Syn], where

+_ 1 -1

m= |H2m| Z ( and om = |H2m| Z E(C)C

(€EHzpm, (€EHom

Spherical functions are by definition w” = x*e;, and 7 = x?%e;. Since €, and e, are
idempotents, we obtain the second claim. a

We also need a mirror-symmetric version of #H,,. Denote by H,, the C-vector space
consisting of all complex-valued functions on Sy, with property

f(¢o¢) = (') (o) for all o € Sym and ¢, ¢’ € Hop.
Let Z,, be the anti-isomorphism of L(Sy,,) defined by
[I(f)](a) = f(a_l) (f € L(S4m)a S S4m)~

This gives a bijection from H,, to H,,. For each partition A - m, denote by 9* the image
of 9* under Z,,.

Lemma A.3. ¥ (03,) = (—2)*™x> for all \,v - m.

Proof. From Lemma A.4 below, 9*(03,) = 9(05}) = (—1){™9*(03,) = (—1)5)260) A,
O

Lemma A.4. Let pt k. There erist x and y in Hy with o, = zo,y and €(z) = €(y) =
(—1)8w),
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Proof. 1t is sufficient to prove existences z,y € Hj satisfying 0(—15 = TOR)Y With e(x) =
e(y) = —1. We can take z = (1,2) and y = (1,2)(1,3,...,2k — 1)(2,4,...,2k). In fact,

(
(1 2 34 - 2%-1 2 (1234 - 2%—1 2
TOWY =21 2k 23 ... 2k-2 2%-1)Y"\1 345 ... ’

3
4 2k 2
which equals 0(75. O

Lemma A.5. 9* x 77 = pyg,\%ﬁ'\ for all A\t m and p - 2m.

Proof. We can see that Z,(7?) = 7. In fact, it follows from Lemma A.4 that n°(c;') =
7#(0,,) for each p + 2m. Therefore 9* x n° = Z(x? * ¥*). The result follows from Lemma
A2 0O

A.3 Weingarten functions for class D III

Recall the Weingarten function for class D III given in [M, §5.1]. Define the element 701!
in H,, by

TP (5,,) = (—=1)™(2n)4) (v +m).
We remark that the definition in [M] has a slight mistake. The Weingarten function
WgP™ is defined by the convolution product of TP with the orthogonal Weingarten
function Wg©(+;2n) in L(Sgm)-

DIII( n) TDIH*Wg ( )

|H2m,

Proposition A.6. The Weingarten function WgP™(:;n) on Sy, belongs to H,, and has
the expansion

WgP (.. )

22mm' Z C,\(n -

In particular, for any v F m,

=)™ (=)™
DI, . _ U (yep — 1
Wg™(omin) = 22m—t() | Z C,\ (n— 1 = om—t) V8 (vin—3).

Here WgU(v; 2) is the value of the unitary Weingarten function WgV(-; z) at a permutation
of cycle-type v.

Proof. Recall the identity nf®) = o LS e FACA(R)X), given in, e.g., M, §2.1.2]. This
gives

—1)m2t) -1)m™
TP (g,,) = L%‘z__ Zf'\CA(")Xf) _ % Zf’\C)‘(n)ﬁf\(mu).

AFm T Mm
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Equivalently, TPH! = g_—lL > x-m FACx(n)¥*. Combining this with the expression Wg®(:; 2n) =

'g:::" > okom 5% (see [M, §2.2.2]), we have
WgDIII amn f’\C',\ n) A x wP).

Lemma A.2 implies that 9* x w? = 2 x 9* = 6,,,,\U,\J—,(§£),—!;19*. Since

Ci(n) _ H n+j-—i _ 1
Dyn(n) o, @n 42— (2-1) - 1)2n+2j~2i—1)  2mCy(n-1)’

we obtain the first identity. The second identity follows from the definition of unitary
Weingarten functions (see [M, (2.1)]). O

Example A.1. Using values of unitary Weingarten functions (see, e.g., [M, Example
2.1]), we have

WgDm(J( )5 ) =:21‘W8U((1)7n - %) = z(n—_l l) = 2n——1 1
DIII _1 1y = = :
We (00,2 m) = We"((1,1);n ~ §) = 4n+Hn-3) @n+1)(2n-3)
D 1 Ly = 1 —
WeP ™M (o) n) =§W8U((2)an —3)= 8(n— 1(n+1)(n— _) (2n-1)2n+1)(2n - 3)’

A.4 Weingarten functions for class C I

The discussion is parallel to the one given in the previous subsection. Define the element

TClin H,, by
Tfl(ag,,) = (—2n)e(") (v m).

The Weingarten function for class C I (see [M, §5.2]) is

WgCl(n) = TS« Wg™ ().

|H2ml

Here WgSP(-; n) is the symplectic Weingarten function (see [M, (2.8))).

Proposition A.7. The Weingarten function WgC(:;n) on Sy, belongs to H,, and has
the expansion

WgCI :

22mm' Z C’,\(n+
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In particular, for any v+ m,

Well(g, - (1) *xo ("D“ww Uy, 1
g8 (o2;n) = 92m— Z(u)ml Z C,\ (n + ;) = 92m—¢(v) & (u,n+ E)
1

= St Wg' (v;-n—1).

Proof. As in the proof of Proposition A.6, we see

c1 (=2)*® A A
T, (o) = i Z FrCx\(n)x;
AFm
It follows from Lemma A.3 that TCT = L S f*Cy(n)9*. Using this and Lemma A.5,
11 |H2m| f”U”
WeCl(n) = —— ACy(n (G % 7°
e tin) |H2|m!zf ) TSl 20 D3 )

pt2m

A
=l fﬂ:f DéA(n)

The result follows since

Ci(n H n+j—1 B 1
D}, (n ) L@ =204+ (@2 - 1)+ 1)(2n-2i+2j+1) ~ 22"Cy(n+3)’
Note the identity WgU(V; 2) = (-1)!MWgY(v; —2). O
Example A.2.
1 1 -1
WgCI(U(z);n) = EWgU((l); -n - %) = 2(—n— l) = m+1
2
1 1 1
Weoeain) = mWell i =) = g T T @ D@ty
1 -1 |
WgCI(U(ll)a ) 23WgU((27 2)’ -n-= %) = 8( —_n— —)(—TL + % )(_n —_ é)
2
1
T @2n+1)(2n-1)(2n +3)
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